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Preface 


This book is intezided to provide an account of those parts of pure mathematios that are 
most frequently needed in physios. The choice of subject-matter has been rather difficult. 
A book containing all methods used in different branches of physics would be impossibly 
long. We have generally included a method if it has applications in at least two branches, 
though we do not claim to have followed the rule invariably. Abundant appHcaiuons to 
spShtal problems are given as illustrations. We think that many students whose interests 
are mainly in applications have difficulty in foUowing abstract arguments, not on account 
of incapacity, but because they need to ‘see the point’ before their interest can be 
aroused. 

A knowledge of calculus is assumed. Some explanation of the standard of rigour and 
generality aimed at is desirable. We do not accept the common view that any argument 
is good enough if it is intended to he used by scientists. We hold that it is as necessary 
to science as to pure mathematics that the fundamental principles should be clearly 
stated and that the conclusions shall foUow &om them. But in science it is also necessary 
that the principles taken as fundamental should be as closely related to observation as 
possible; it matters little to pure mathematios what is taken as fundamental, but it is of 
primary importance to science. We maintain therefore that careful analysis is more 
important in science than in pure mathematics, hot less. We have also found repeatedly 
that the easiest way to make a statement rea^ppably plausible is to give a rigorous proof. 
Some of the most important results (e.^. theorem) are so surprising at first 

sight that nothing short of a proof can make them credible. On the other hand, a pure 
mathematician is usually dissatisfied vht^'a.fl^rem until it has been stated in its most 
general form. The scientific applications are often limited to a few special types. We have 
therefore often given proofs under what a pure mathematician will consider urmeces- 
sarily restrictive conditions, but these are satisfied in most applications. Generality is 
a good thing, but it caii be purchased at too high a price. Sometimes, if the conditions 
we* adopt are not satisfied in a particular problem, the method of extending the theorem 
will be obvious; but it is sometimes very difficult, and we have not thought it worth 
while to make elaborate provision against cases that are seldom met'. For some exten- 
sive subjects, which are important but need long discussion and are well treated in some 
standard book, we have thought it sufficient to give references. 

We consider it especially important that scientists should have reasonably accessible 
statements of conditions for the truth of the theorems that they use. One often se^ a 
statement that some result has been rigorously proved, unaccompanied by any verifica- 
tion that the conditions postulated in the proof are satisfied in the actual problem — and 
very often they are not. This misuse of mathematics is to be found in most branches of 
science. On the other hand, many results are usually proved imder conditions that are 
sufficient but not necessary, and scientists often hesitate to rise them, under the mistaken 
belief that they are necessary. We have therefore often given pirooffi under more general 
conditions than are usually taught to scientists, where the usual sufficient conditions 
are often not satisfied in practice but less stringent ones are satisfied. Both troubles are 
due oMefiy to the fact that the theorems are scattered throu^ many books and 'papers, 
and the scientist does not know what to look for or where to look. 
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The book oaa be read oonseoutiYely, but some parts are independent of much that 
precedes them, and it is possible, and indeed desirable, to study different chapters 
concurrently. In some cases we hare given special cases of a theorem before the general 
form where the latter involves more elaborate treatment, especially where the student 
is likely to meet applications to several instances of the special cases before he needs the 
general theorem. 

We hesistated before including a chapter on the theory of functions of a real variable. 
This is far from a complete treatment, but fuller works are mostly longer than the 
theoietioal physicist has time to read; and unfortunately they sometimes relegate 
theorems that are frequently needed to small type or unworked examples, or omit them 
altogether. We have aimed at giving accounts of the principal methods of the theory 
but not at proving every result in detail; but we think that students will benefit by 
filling in some of the details for themselves. If a student has difficulty in achieving the 
degree of abstraction needed in most of this chapter, we advise him to read as much as 
he can stand and then proceed to a later chapter, referring back when necessary. He 
will find that he has covered the whole of it before finiahing Chapter 14, «.nd that he 
knows both what is there and why it is there. We have not succeeded in avoiding foirward 
references altogether, but the most serious, the proof in Chapter 1-2 of the theorem that 
an algebraic equation of degree n has « roots, used m Chapter 4, is so time-honoured 
that a few smaller transgressions may, we hope, be forgiven. 

The notation of special functions has grown up haphazard, and is inconvenient in 
several respects. Quantum theorists are’ rnakiag wholesale changes of dafinitioTi to 
ensure normalization, but we consider that this replaces the old complications by new 
ones. We have modified the usual definitions’ of the Legendre functions, with the result 
■that a more symmetrioal treatment becomes possible and the relation to Bessel functions 
becomes free from complicated numerical factors. We have returned to Heaviside’s 
definition of the function but denoted it by Kh„. Among other advantages, this 
simplifies the relation to Legendre functions of the second type. We have dropped 
the r notation for the fEbctorial function, which seems to have no 
whatever. 


The nnmediate stimulus for the book was the announcement •that the second «dition 
ot Operatiom^ Methods in Mathematical Phpaiea by one of us was out of print. Meet of 
this -teact ^ been incorporated and laijer developments have been added. Mae chapter 
on dispersion was somewhat out of place in the tract, as it was largely indepemdeut of 
the op^tionill method, but was included because the notion of j;cDup vdooity h ad not 
previously been disouased in.rdation to the method of steeped descents. It now 
a more imtnral in a chapter on asymptotic expansioDs, in which some methods 
widely us^-but hitherto accessible only in scattered papers are also dflanr i' tw d. Most 
of Parteeian Teneora hsa also been incorporated. The applications of thermodynamics 
in it to hydrodynamics, and elasticity would be more suitably treated in textbooks of 
Bne'latter subjects. • . • ' 

not tried to give adstailed, account of any branch o^ physios ; that is a,mattar 
“^«‘^.,fpecdal*esJ*books. 

Buiehted,^ ^i^y ffiend^ for theit encouragement diuing.the ’writing 
halned in tim proof reading. HMi.st 
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been invaluable. It is only fair to him to say that in some places we have persisted in 
OUT ways in spite of his vigorous protests. Dr J. C. P. Miller gave us special help with 
Chapters 9 and 23, and Mr H. Bondi with Chapter 24. We have also had valuable 
suggestions at various points from Professors M. H. A. Newman, A. 0. Offord, 
L. l^senhead and H. W. Turnbull, and from Mr A. S. Besicovitoh, Miss M. L. Cartwright 
and Mr D. P. Dalzell. 

We also t}ia,Ti1r the Universities of Cambridge, London and Manchester for permission 
to use examination , questions as examples, and the staff of the Cambridge University 
Press for their care in the printing and their readiness to meet the wishes of a rather 
exacting pair of authors. 

HAEOLD JEFFEEYS 
BEETHA JEFFEEYS 

1946 

-The main sections of each chapter are numbered decimally at intervals of 0*01; 
subsections are indicated by further decimals. When the argument of a section or 
subsection continues that of the previous one, the numbering of the equations also 
continues. 

Notes at the end are numbered according to the subsection referred to; references to 
them are indicated by a small index letter in heavy type in the text; for instance, the * 
on p. 33, in subsection Mil, refers to note Mila, which will be found on p. 669. 

Sources of examples are indicated by the following abbreviations: 

M. T. Mathematioal Tripos, Fart n and Schedule A. 

M. T., Sohed. B. Mathematioal Tripos, Fart HI and Schedule B. 

Frdiim. Freliminacy Examination in Mathematics. 

M/c, m. Mandieeter, Final Honours in. Mathematics. 

I.C. Imperial Ciollege, London. 
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Chapter 1 

THE REAL VARIABLE 


dem days dey wuz monstus fon’ er znizmers.’ 

'jOEL CHANDLER HABBIS, TJnciU BtmUS 

1*01. The relation of mathematics to physics. The simplest mathematicsl 
nation is that of the number of a class. This is the property common to the class and to any 
class that can be matched with it by pairmg off the members, one from each class, so that 
all members of each class are paired off and none left OTer. In terms of the definition we 
can give meanings to the fundamental operations of addition and multiplication. Con- 
sider two classes with numbers a, b and no common member. The sum of a and h is the 
number of the class consisting of all members of the two classes taken together. The 
product of a and b is the number of all possible pairs taken one from each class. We cannot 
always give meanings to subtraction and division, because, for instance, we cannot find 
a class whose number is 2-3 or 7 /5. But it is found to be a great convenience to extend the 
notion of number so as to include negative numbers, ratios of numbers irrespective of 
whether they are positive or negative, and even irrational numbers. When this is done 
we can define all the four fundamental operations of arithmetic, and the result of carrying 
them out will always be a number within the system. We need trouble no more about 
whether an operation is poasibh with a particular set of numbers, since we know that it is, 
once we have given sufficient generality to what we mean by a number. So long as we 
keep to the fundamental operations we can use algebra; that is, we can prove formulae 
that will be correct when any numbers whatever are substituted for the s 3 nnbol 8 in them, 
with only one exception, namely, that we must not divide by 0. 

Now the formulae may still be correct when we replace the letters in them by something 
other than numbers, and it is to this fact that the possibility of mathematioal physics is due . 
It is therefore useful to know just what conditions have to be satisfied if we are to take 
over the rules of algebra into any subject that does not deal entirely with numbers. We 
may then have to find new meanings for the fundamental operations (or have them found 
for us) and/or the sign = , but csm still manipulate the symbols with their new meanings 
in the old way. A suitable set of conditions is as follows.* We say that they are to hold 
in a fidd F consisting of all elements of the system considered: 

(1) Eor any a, b of JT, a+h and ab are uniquely determined elements of F. 

(2) 6 + a =3 o + 6. (Commutative law of addition.) 

(3) (a + 6) + c = a + (6 + c). (Associative law of addition.) 

(4) ba = ab. (Commutative law of multiplication.) 

(5) a(bc) = (ab)c. (Associative law of multiplication.) 

(6) a(b+c) = ab+ac. (Distributive law.) 

(7) There are two elements 0 and 1 in J*, such that a+0 = a, al = a. 

* (8) For any element a of F there is an element z of F such that a -f a; == 0. 

' (9) For every element a of F, other than 0, there is an element yoiF such that ay = 1. 

* Stated first by Ded^nd for the case where + sind x have their ordinary arithmetio meanings; 
in general by H. Weber., 

tvr 



2 Maihernatics as a Umguage 1 -01 

It is to be noticed that the first seven rules are true if F consists only of the positive 
integers and 0, but the last two are false of that since there is no positive or zero 
integer x that makes a+aj = 0ifa=l, and there is no positive or zero integer y that 
makes ay = 1 if a = 2. The eighth rule introduces negative numbers and hence sub- 
traction. The ninth introduces reciprocals and hence division and rational fractions. 
The rules are true if F consists of all rational numbers, positive or negative. 

The rules mention no ordering relation: that is, they suppose a meaning attached to 
equality and therefore to 4= , but do not distinguish between greater and less. We could 
agree to arrange the numbers in any order, keeping the same correspondences between 
them according to (1), (7), (8), (9), and the rules would stiU be true. Algebra and pure 
geometry can get on to some extent without such a distinction, but higher mathematics 
cannot, nor can any kind of physics. A measurement is not a statement of exact equality 
but of equality within a certain range of error. We therefore need new rules concerning 
inequalities. 

(10) For any a, 6 of F, either a > 6, a = 6, or 6 > a. (Law of comparability.) 

(11) For given a, h of F, only one of a > 6, a — 6, 6 > a can be true. (Trichotomy.) 

(12) If a > 6 and b>c, then a > c. (Transitive property.) ' 

(13) If a >6, then a-fc> 6 + c for any c. (Additivity of ordering.) 

(14) If a>6, oO, thenaofec. (Multiplicativity of ordering.) 

(16) Ifa>6, 6<a. (Definition of <.) 

The use of mathematics in science is that of a language, in which we can state relations 
too complicated to be described, except at inordinate length, in ordinary language. The 
rules satisfied by the symbols are the grammar of the- language. This point of view has 
been developed greatly in recent years, especially by R, Carnap. But for a language to 
be suitable it must satisfy two conditions. It must be possible to say in it the things that 
we need to say; that is, it must have sufficient generality. It must also be self-consistent; 
that is, starting from the rules themselves it must be impossible to deduce something 
declared to be false by those rules. It would, for instance, be fatal to the scientific useful- 
ness of mathematics if it was possible to prove by it that for some a and 6, a is both greater 
and less than 6. It was always taken for granted until the later nineteenth cgntury that 
mathematios was consistent. But then an unexpected set of difficulties cropped up, and 
showed that a complete analysis of the foundations was necessary. The great PHncipia 
Ma^h&matica of Whitehead and Russell showed that all the propositioiis asserted in 
mathematios concerning real numbers (not only ratios of integers, positive or negative) 
oouldi be restated as propositions about the elementary notion of comparing classes by 
pairing their members, and demonstrable from the axioms of such comparison and others 
relating to pure logic. Later workers have modified som6 of the latter axioms, and the 
best .choice of axioms is still a matter of discussion. Godel and Carnap, more recently, 
have ^own that the proposition that a given system of axioms for mathematics is con- 
sistent caxmot be proved by methods using only the rules of the system. But it is found 
impossible to prove certain propositions that could be proved if the system was inconsis- 
^nt. We have to„ come back to something like ordinary language after all when we want 
K) (AotU m a t h em atios ! This work on the boundary between logic and what we usually 

tfee ^ementecfmathen^ has a considerable modem literature, and it is well 
d^^hysicists to know of its existence, “^ough its detailed study is a matter for specialists. 
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1*02 Phyawd magnitvdea 

1*02. Physical mag nitudes. Generality requires that, in any particular field, the 
language shall contain symbols for the things that we need to talk about and for the 
processes that we carry out. A shepherd would be seyerely handicapped if he had to do 
his best with a language containing no words for sheep and shearing; in fact he would 
make such-words, and that is what we habitually do in science. So long as the language 
is consistent it is none the worse for containing a lot of words that we do not use. A pure 
mathematician, working entirely on the theory of numbers, can use ordinary algebra 
freely in spite of the fact that he may not need to use negative numbers or fractions. For 
him rules (8) and (9) are just an unnecessary generality. Now in physics the fundamental 
notion of measurement corresponds closely to that of addition, and most physical laws 
are statements of proportionality, which corresponds to the notions of multiplication and 
division. This is the ultimate reason why mathematics is useful. Thus, for instance, we 
can say that if two bars are placed end to end to make one straight bar, the length of the 
combined bar is the sum of those of the origiaal ones. This is not a theorem or an experi- 
mental fact; it is the definition of addition for lengths. Purther, it is irrelevant which is 
taken first; thus the commutative law of addition holds. Again, if we unite three bars, the 
total length is independent of the order; hence the associative law of addition also holds. 
These are experimental facts established by actual oompaxison with other bars. These 
rules are enough to justify the use of scales of measurement for length, by which any 
length is compared with a standard one by means of a scale, every interval of which has 
been compared with a standard object in the process of manufacture. Quantities measur- 
able by some process of physical addition have been called /undomcTitoZ magniladlfis by 
N. R. Campbell.* The most widely important ones are numbers (of classes), length, time, 
and mass, but physical processes of addition can also be stated for area and volume, for 
electric charge, potential, and current, and many other quantities. 

There is a divergence of practice among physicists at the next stage. A statement that 
a distance is 3*7 cm. contains a number and a unit. It is ofben thought that algebra applies 
only to munbers and therefore that in the mathemaiical treatment the symbol used for 
the distance refers only to the 3*7 and not to the centimetres. The unit matters, 'otherwise 
we should find ourselves saying that 10 mm. expresses a different length from 1 cm. and 
that 1 cm. is the i^ame as 1 mile; and this is contrary to physios because the only justifioa- 
tion of using measurement at all is in the direct physical comparison by superposition. 
We avoid this difficulty if we say that the symbol for the length refers to the length itself 
and not simply to the number contained m its measure. ‘ 1 mph = 2*64 cm.’ is a useful 
statement; either symbol, ‘1 inch’ or ‘2*64 cm.’, denotes the same length. In general, 
theorems this procedure can always be followed. When a particular application to a 
measured system is made we naturally give the symbols their actual values in terms of 
the measures, which will include a statement of the units; but in the general theory the 
unit is irrelevant. The symbols will then be said to stand, not for numbers, but fotpTiysical 
magn^rudes. 

The alternative method would be to let the symbols stand for the numbers, but then 
confusion can occur, and does, between the relations between measures of the same system 
in differeut units, which are different ways of saying the same thing, and of different 
sy^ms in the sime units, which say different things. If, however, the numerical values 
in terms of special units are used for a and bmab, their product will be the number in the 

• ‘Elemmtaty’ might be better. 
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expression of ab in what is usually called the conaiatent unit for ab. The word germane, 
introduced by E. A. Guggenheim, is better because itisnotinoonsistentto measure distances 
upward in feet, horizontally in yards, and downward in fathoms; it is merely a nuisance. 
With adequate care this method can be used correctly, but it has several disadvantages; 
in particular it then leads to placing too much emphasis on the units and too little on the 
fundamental physical comparisons without which the units would be useless. It also 
suggests many comparisons that are physically meaningless, as we shall see in a moment. 

If we use the notion of magnitude and iretaia the processes of algebra the question will 
at once arise, what do we mean by a = 6 and a+b if a is a length and b a time or a mass? 
A meaning could be attached to a + 6, though it would be very artidoial, but no physical 
process will give one to o = 6. But ajb would have a meaning, being respectively a velocity 
or a length per unit mass. 

The group of irules (10)-(14) therefore needs ihodifioation. Those up to (9) could stand, 
though they bring in many additions and subtractions and possibly some multiplications 
and divisions that we shall never have occasion to use; but in addition to the three possi- 
bilities enumerated in (10) we must adihit a fourth, that a and b may not be comparable 
and therefore belong to different fields, and their product and ratio may belong to other 
fidds again. This is a further disadvantage of the use of symbols to denote only the 
number stated in a measure, since all numbers are comparable, and the language would not 
exhibit the fact that it is meaningless to say that a time is greater than a density. We can 
then say also that if a and b are not comparable, a -1-5 is not a physical magnitude and 
addition does not arise. The whole field of phymcal magnitudes is thus divided into plots. 
Magnitudes in the same plot will be comparable, but their product will belong to a 
different plot unless at least one of them is a number. t 

The language needed for physios is therefore not quite the same as ordinary algebra. 
Since the latter is self-consistent and the statement that some magnitudes axe not com- 
parable cuts out some propositions from it and adds no new ones, the language of magni- 
tude is also self-consistent. It will be seen that the modification corresponds to the notion 
of dimenaiona. Quantities of different dimensionaare not comparable; also some quantities 
of the same dimensions are not. Pox instance, according to one pair of definitions in use, 
electric charge and magnetic pole strength have the same dimensions, and they are both 
fu nd a me ntal magnitudes, but it is meaningless to add them. The field of physical magni- 
tudes can be taAen to satisfy the laws of algebra, but is classified; comparable quantitie 
satisfy (10) , and are capable of addition at least in calculation; incomparable ones do not 
It should be noticed that failure of addition by a physical process is not confined to in 
comparable magnitudes. Por instance, there is no process of combining two substancei 
pf density 1 g./cm.® to give one of density 2 g./om.® Density is not measured directly bui 
ealoulated &om the additive magnitudes mass and length, and is called a derived magni- 
tude^ Some quantities can be both additive and derived; thus electric current measured 
by its magnetic effect is a fundamental magnitude, but regarded as the charge passing 
pet unit time it is derived. Many derived magnitudes are ratios of two magnitudes of the 
same di mensi ons; thus we could r^;ard the shape of a trian^e as specified by two ratios, 
th(^ of two, sides to the third. These ratios are pure numbers and the rules of algebra 
can be apj^ed to them withoi^t change.* 

^ ***™^*** ^ iiceatoQeiO.t was advocated by W. Stroud; for duoussion and appUcations to teaching, 
B. Heodeison .Engineering, 116, 1923, 409-10. 
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1 *03 Beal mmh&ra 

1*03. Real numbers. Most of the present chapter will be already familiar to those 
who have studied a good modem book on calculus, and it is not intended to compete with 
standard works on pure mathematios. We think, however, that some discussion here is not 
out of place, for several reasons. First, the latter works for the most part do not emphasize 
v^y the refined arguments that they give have any relevance to physics, and physicists 
therefore tend to believe that they are irrelevant. Secondly, they are liable to be so long 
that a physicist can hardly be blamed if he decides that he has not the time to work 
through them. Thirdly, the attention to very peculiar functions has led the subject to 
be regarded as the pathology of functions. The reply is that every function, except an 
absolute constant, is peculiar somewhere, and that by studying where a function is 
peculiar we can arrive at constraotive results about it that would be very hard to obtain 
otherwise. But we are entitled to regard ourselves as general practitioners and to restrict 
oiirselves to the kinds of peculiarities that occur in physics; rare diseases may be handed 
over for treatment to a specialist, in this case a professional pure mathematician. 

The nature of the problem was foreshadowed in a theorem of Euclid that the ratio of 
the hypotenuse to one side of an isosceles right-angled triangle is not equal to any 
rational fraction. Euclid, it must be remembered, made no use of what we should now 
call numerical measures of physical magnitudes. When he said that two lines were equal 
he meant that one could be placed on the other so that the two ends of one coincided with 
the two ends of the other; this is the direct physical comparison and does not require any 
numerical description of the lengths. When he said that the square on the hypotenuse 
was twice that on a side he meant that it could be cut into pieces and that the pieces could 
then be put together so as to make the square on the side twice over. He was working 
throughout with the quantities themselves, not with the numbers that we choose to 
associate with them in measurement with regard to any special unit. The use of numbers 
for this purpose is a choice of a language. What Euclid’s theorem showed was that the 
language of rational numbers was incapable of describing simultaneously the lengths of 
the side and the hypotenuse of a triangle that could easily be drawn by the rules of his 
geometry. 

Measurement in terms of a unit is too useful a procedure to be lightly abandoned, and 
it could be retained, consistently with Euclid’s theorem, in any of the following ways: 
(1) Since an infinite number of pairs of integers a, y can be found such that a:® -I- y® = «®, 
where z is another integer, and so that xjy is as near 1 as we like, we could suppose that the 
sides of a right-angled triangle satisfy a;®-fy® = z® exactly but that a; = y is not true 
exactly but only within the errors of measurement, and the sides are always exact mul- 
tiples of some definite length. (2) We might say that xjy can be exact but a::®-f y® = z® is 
only approipmate. (3) We can say that the language of rational numbers is not enough 
for what we need to say, and that we need a fuller language in which x = y and a:® y ® = z® 
can be both said consistently. The last alternative is the one that has been universally 
adopted by the admission to arithmetic of irrational nrunbers. It does not contrsidict 
Euclid’s axioms; the first does, since he assumes that a line can have any length, 
and the second contradicts one of their best-known consequences. An experimental 
proof that it is right is impossible because either (1) or (2) could be true within the 
errors of measurement even if «, y, z were restricted to be integers. But they would 
be mtolerably oompHoated, and the adoption of either would require the 
of an unknown and indeterminable standard of length such that all actual are 
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exact multiples of it, besides abandoning the simpKoity of Euclid’s rules without experi- 
mental reason. The universal practice in physics is to adopt alternative (3) and create a 
language of sufficient generality. We introduce real nimbers and assvnm that the opera- 
tions of addition, subtraction, multiplication and division can be applied to them in such 
a way that the same fundamental rules as for rational numbers are satisfied, and that an 
ordering relation satisfying rules (10)-(16) can be defined. They differ from the rationals 
in possessing a certain property of compleieneaa, which ensures, for instance, that there is 
a real number ^2 whose square is 2. It is not obvious that this can be done without incon- 
sistency (and it was certainly believed for 2000 years that real numbers were meaningless*) , 
but the 19th century investigations of Dedekind, Cantor, and others have established 
their workability for all practical purposes. That is enough justification for our pur- 
poses. But the logical justification involves the consideration of infinite collections. 
It is indeed obvious that the evaluation of ^J2 by root extraction or by successive 
approximation to a continued fraction, if taken to a finite number of steps, can never 
yield anything but a rational number; to give any exact meaning to .y/2 in numerical terms 
requires an infinite number. Euclid’s procedure does lead in a finite nrunber of steps to 
a ratio that can be identified with ^2, but does not describe it in a numerical way, and 
the proof that his axioms are themselves consistent has so far been completed only by 
way of the numerical approach. The notion of y^j2 is accepted at school largely because 
we believe that a consistent system of measurement of physical objects is possible and 
Euclid’s axioms look plausible; but we forget that the Euclidean triangle is not the real 
tnangle, or, if we remember, we think that the real triangle is an imperfect representation 
of the Euclidean one. Physically the Euclidean triangle is an idealized approximation 
to the real one, and we cannot take it for granted that the idealization does not introduce 
new troubles of its own. 

1*031. Nests of intervals: Dedekind section. The fundamental property of real 
numbers is that they can be approximated to as closely as we please by rational numbers. 
'When we say that 

V2= 1*414..., 

we assert the following set of propositions: (1) 2 is between 1® and 2®; (2) .2 is between 
1*4® and 1*6®; (3) 2 is between 1*41® and 1*42®; (4) 2 is between 1*414® and 1*416®; and so 
on to any desired accuracy. At each stage this process can be regarded as separating the 
decimals, to a given number of places, into two classes, those whose squares are respec- 
tively greater or less than 2. At stage 3j for instance, the squares of 1*414, 1*413, 1*412 
ace less than 2, those of 1*416, 1*416, 1*417 greater than 2. We say nothing at this stage 

about the fractions 1*4141, 1*4142 1*4149; but at the next stage we say that 2' lies 

between the squares of 1*4142 and 1*4143. By taking a sufficient number bf deormals 
we can make the unconsidered interval as small as we like, since we divide it by 10 at 
each step.* Thus any decimal with a finite number of places will ultimately be classified 
according as itsi^square is less or greater tlm.'n 2. Now this process determines a unique 
mfimte demmal, which we can take to be tj2, and it can be regarded as the limit appfoaohed 
Ity the auooessiye a^roximations from eithmr side.’ 

> ' ^Pris pcocem, wh^ is flapable^of great extension, is an example of the definition of a 
q/! ijjstereblsi We denote an h^tervsl with ratiopal end-points a, h bv 

‘iemtioiud numb^’. ' 
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(a, b), and a nest of intervals is a sequence of intervals (Oj, bi), (a^, b^), (<*„, 6„), . . . such 
that each mterval (On+i>^»+i) “ contained in its predecessor (a^tb^), and the length 
bn—o>n of ’itli mterval becomes arbitrarily small as n increases. We can express the 
last statement more precisely as follows: if e is any positive rational nxunber, we can find 
a number N such that b^—a^<e for every n>N. Any nest of intervals defines a real 
number, which lies in every mterval of the nest and can be regarded as the limitiog value 
of the approximating sequences Oj, Ua, ... andfe^, b^, ... of rational numbers. 

At each stage of the process we restrict the range and obtaiu closer and closer approxima- 
tions to the real number we are defining. 

A nest of intervals may turn out to define a rational number. Por instance, if we con- 
sider decimals whose squares are respectively just less and just greater than 2*26, we get 
the nest (1,2), (1*4, 1-6), (1*49, '1-61), (1*499, 1*601), ....The only decimal lying in all these 
intervals is 1*5, whose square is in fact 2*25. For every rational number we can construct 
such a nest, so that the rationale are themselves real numbers. 

A smgle real number can be defined by many different nests of intervals. For instance, 
mstead of dividing the interval by 10 at each stage we could divide by 2, in this way 
generating a binary fraction or ‘ decimal to base 2 ’. It would take more than three times 
as many steps to get as good an approximation, but the process defines the same real 
number as before. Two nests (a„, b^^) and (a„,yd,j) define the same real number if and only 
if contains («,»,/?„) for sufiaoientiLy large m, and contains {a^,b^ fpr 

sufficiently large in fact only one of these conditions need be known to hold — ^the other 
follows as a consequence. 

We now come to the most important property of the real number system. If we abandon 
the condition that the intervals of a nest shall have rational end-points, and consider 
a nest (a„, 6„), where the and 6,i'may be any real numbers, and 6„— is ultimately 
smaUer than every positive real e, it can he proved that there is one and only one real number 
lying in every interval of the nest. In other words, if we apply to the real numbers the 
process that we have applied to the rationals, we get nothing new, but remain within 
the system that we have already defined. This is the property o£ completeness me n tion ed 
in 1*03. 

It can be shown that the real number system is essentially the only one satisfying the 
rules (1)-(15) and possessing the completeness property; that is, it is characterized 
abstractly by these conditions. 

.pother important way of defining real numbers is by a Dedekind section or out. If the 
ratioiaal numbers are divided into two classes L and M such that every member of £ is 
less than every member of JR, there is only one ireal number greater than or equal to every 
member of L and at the same time less than or equal to every member of JR. If tbia real 
number is rational, then it will be either the greatest member of L or the smallest member 
of B. For instance, L might consist of the negative rationals together with 0 and the 
positive rationals whose squares are less than 2^ and 22 of the positive rationals whose 
squares are greater than 2. This cut defines the real number ^2. 

Dedekind section arises most naturally when the numbers are classiaed according 
as they possess or do not possess a certain property. For instance, ‘x has a square 
not greater than 2-26’' desfines an L class, the largest member of which is f* 6; ‘r has 
a square less than 2*25’ defines an L class with no largest member, "■•nd 1*5 is the 
smaflest member of the B class. *« is rational and has a square less than 2’ 
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L aoid B classes of rationals with no hugest and no smallest member respectively. 
‘x is real and has a square less than 2’ defines an L class with no largest member 
and an JR class with smallest member ^2. 

In terms of the Dedekind section, the completeness property of the real number system 
is equivalent to the statement that any out in the real numbers defines a real number. 
Thus many problems that have no answer in the rational number S 3 rstem can be solved 
in terms of real numbers. We have so far considered only *J2, but we are also ready for 
IT and e when they turn up, and shall not need to search for a statement of each problem 
in such a form that it can be solved in rational numbers. The use of the real number 
system therefore avoids a lot of complications with no relevance to physios. 

The methods of nested intervals and of Dedekind section are equivalent. If L and B 
classes exist we can form a nest of intervals, taking aj, . . . from L and h-i, ... from JZ, 
in such a way that the conditions required for a nest of intervals are satisfied. Conversely, 
if a nest exists, an infinite number do, and of any pair («„> Am) ^ “w 

into the L dass and into the B dass; and it can be seen that any number must be 
either an or a of some nest defining the same real number. 

1*032. e; indirect proo&. A peculiarity of the basic theorems about rpal numbers is 
that many of them seem incapable of direct proof. They are proved by the process known 
as reduetio ad abmrdmn. We have to state the contradictory of the theorem and show 
that this itself leads to a contradiction; and then we argue that the theorem cannot be 
false and therefore must be true. But since most of the theorems have conclusions of the 
form a: = y, their contradictories are inequalities of the form ‘x<y or x>y\ Most be- 
gmners find it much more difficult to handle inequalities correctly than equalities, and 
of all the difficulties found in mathematical physics the greatest found by many students 
is in learning to approximate. That is why lower marks axe obtained in problems of small 
osdllations in dynamics and of potentials of nearly spherical bodies than in any other part 
of the Mathematioal Tripos. Nature does not consist entirely, or even largely, of problems 
designed by a Grand Examiner to come out neatly in finite terms, and whatever subject 
we tackle the first need is to overcome timidity about approximating. A difiPerence 
between the theory of the real variable and dynamics is that in the former we are willing 
to consider arbitrarily dose approximations carried to any number of stages, whereas in 
the latter we only want an approximation dose enough for the practical end in view/ 
But e:q>erience in the one will tend to produce confidence in the other. 

The simplest type of argument of this form is: if a; > 0, and a; <e, where e is positive but 
can be chosen as small as we like, then a; = 0. Eor no value ofa; greater than 0 can be less 
titan every positive e. An immediate extension is obtained by considering the modubua 
oxabadhctevcdmoix, denoted by |x | and read ‘moda;’. This is equal to a;when a: is positive 
orzero.andto —a;ifa;is negative. It is therefore always >0.Theaif| a; | <efor all positive 
e,.]*! = 0 and therefore * — 0. Note that |aj| + [y| >|»+y|, \x—y\>\x\ — \y\. 

It is necessary for this argument to use a symbol for the quantity. If -we said 
‘e = 0*001 ’, and proved that | a: | < 0*001 by calcnlation, an objector might say ‘you have 
not .proved that »= 0;.it mi^t be 0*0001’. The symbol e, to denote an cerbitrarUy 
innall quantity, prepares us for such an objection, since by proving that | ® [ is less 
any e we ate Tesdy to disprove any value of x, other than 0, that an objector 
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The essential point is that we are concerned with processes that in the most general case 
could be completed only in an inOnite number of steps, e.g. showing that two sets of 
intervals determine the same real number. We overcome this and obtain a fimte proof by 
saying that if o + 6, | a — 6 1 has a definite value M, which is not zero. If, then, we can show 
that M <e for every positive e, it follows that Jkf = 0, contrsuiLcting the hypothesis, so 
that a and b must be equal. 

1*033. Sets. A limit-poinb of a set of numbers is a number * such that for any e > 0 
there is a member of the set, y, different from x, such that 0 < | * | < e. It follows that 

there are infinitely many values of y satisfying this condition. For by definition there 
is one; call this y^^ and take a new e, say e^, less than | a: |. Then there must be 

another y of the set, say y^, such that 0< |y 2 ~®| <®i* process can evidently be 

continued indefinitely.* 

Clearly no finite set can have a limit-point. But an infinite set also may have none; 
consider the set of all integers. No member has another within distance 1 of it, and no 
number not an integer can have more than one within distance In the set of rational 
numbers every member is a limit-point since there is a rational number as near as we 
like to any other. The same applies to the real numbers. A set may have only one limit- 
point; consider for instance the numbers where n can be any integer. There are 
infinitely many within any finite distance from 0, which is therefore a limit-point; but 
around any other number, rational or not, we can take an interval that contains no 
member of the set, other than the number itself if it is a member. A limit-point of a set is 
not necessarily itself a member of the set. We can, for instance, make a set of rational 
numbers whose limit-point is .^2 by taking the successive approximations to ^2 by 
decimals, but ^2 itself is not a rational number. 

1*034. If a set has infinity many members toithm a finite range a^x^b, then it has at 
least one limit-poini x sti^ that a < a; < 6. For if we bisect the range, one half at least must 
contain an infinite number of points of the set; bisect that half. One half again contains 
an mfinite nmnber, and we see that by repeating the process we can find an interval as 
small as we like containing an infinite number of points of the set. But this corresponds 
to the method of specifying a real number by a nest of intervals and therefore identifies 
a real number such that any small interval about it contains an infinite number of points 
of the set. It is therefore a limit-point of the set. 

1*035. An infinite set is enumerable if its members can be paired with the positive 
integers in such a way that to eaQh member corresponds one and only one positive integer, 
and vice versa. Thus the squares 1*, 2*, form an enumerable set, since to each n 

corresponds one n* and to each one n. The rational firactions between 0 and 1 form 
another, for they can be arranged I, |, f , f , . . ., and the one that occurs in the 

nth place can be paired with n. The whole of the positive rationaJs form another, since 
they can be arranged J, J, -J, f, J, f , f , Here the numbers are arranged in groups, 

the sum of the numerator and denominator being the same for all in each group and greater, 
by 1 than in the previous group, while those in each group ate arranged in order of 

* It duould be noticed that expressions sudi as ‘the process can be oontiaued indefinite^' and 
‘and so on’ cover applications of mathematioal induction. We shall sdldom state such axgmnents in 
fhll, for reasons of ,q>ace. The student diould, however, complete some of them for himsdf for 
practice. 
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iuozesisizig utimerator. In these two cases the oompaiison with the positive integers 
requires complete rearrangement from the natural order. 

Not all infinite sets are enumerable. Far the most important exceptions are the set of 
all real numbers and the set of all real numbers within a given finite interval. Cantor 
proved that however we may try to put them into a one-one correspondence with the 
positive integers there will always be some omitted. 

1*036. Necessary: sufficient. If two statements denoted by I and II are so related 
that if I is true, then II is true, we say that I is a suffid&nt condition for II and H is a 
Tiecessary condition for I; that is, I cannot be true unless H is true. If H is true if and 
only if I is true, then I is a necessary and sufficient condition for II, and vice versa. In 
this case we may also say that I and II are equivalemi. 

In general if a necessary and sufficient condition can be .stated for the truth of a 
given proposition several can. For instance, a necessary and sufficient condition that x, 
a real quantity, shall be 0 is | a: j <e for any assignable positive e; but others are a:® = 0 
and ** = 0. A necessary and sufficient condition that a*® — 26a; -t- c> 0 for all x is that 
o>0, oc— 6®>0; but another is that c>0, oc— 6®>0. 

A necessary and sufficient condition may contain superfluous information. For 
instance, if oa;®— 26a;-f-c>0 fof aU x, we must have o>0, oO, oc— 6®>0, and oon- 
versdy. Hence a > 0, c> 0, ac> 6* is a necessary and sufficient condition. But if oo 6®, 
either o > 0 or c > 0 implies the other and one of them is superfluous in the sense that it 
follows firom the other information given. On the other hand either a > 0, c> 0, or ac> 6* 
by itself would not guarantee that aa^—ibx+oO for all x: none of these conditions 
alone is sufficient. A set of necessary and sufficient conditions for the truth of a 
proposition is called mimmal if the conditions left when any part of them is removed 
are not suffiment. 


1*04. Sequences."' In considering the properties of a' set we are not restricted to 
taking the members in any particular order. In the argument of 1*034, for instance, the 
points actually in any range are determined by the specification of the set, just as, if we 
put some balls into a box, what balls are in the box has nothing to do with their rearrange- 
ment by shaking or sorting. 

When we come to study properties essentially connected with a particular order we are 
dealing with sequences. The numbers 1, 2, 3, ... in ascending order Constitute a sequence; 
if they were rearranged, but in such a way that we always knew where to find a particular 
one, they would form a different sequence but the same set. If we write for the i^th in 
a given arrangement, the property = 1 is true for all n for the original order but 

for no other. . In general if s^ is compiletdy specified when n is given, s,^ may be described as 
afmcUon of the positive integrcd variable n, and the values a^, a,) •••> **'■> fo^- successive 
values of n, form a sequence. (Those who have some knowledge of series often suppose at 
first that the tebns of a sequence are to be summed, but this is not so.) Both 


1 i i 

’ 2’ 3’ 


n 


2 , 1 , 2 ^ 1 , 2 , ... 


( 1 ) 

( 2 ) 


! diEKAa/99^^ are possible here will be found in Kl Knopp’s theory (mi 
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are sequences. In the first the members are the members of an infin i t e set arranged in a 
certain order. In the second they are the members of a finite set repeated over and over 
again. 

A sequence whose general term is can be denoted by {a^}. 

1*041 • Bounded, unbounded, convergent, oscillatory. Let M be an arbitrary 
positive number; it is possible that whatever M we take there is at least one value of 
such that \ 8^\>M. Such a sequence is called uribov/nded, = w is an obvious example, 
for we need oiily take » to be any integer greater than M. By an argument simi l a r to that 
for limit-points, an unbounded sequence must have an infinite number of terms such that 
I I is greater than any assigned M. 

If we can choose an M such that all | [ are less than AT, the sequence is called bounded. 
Both the sequences given at the end of 1*04 are bounded; the condition holds for both if 
if -3. 

If there is a number a such that, given any positive number e, we can choose m so that 
for every 7i>m 

I I 

the sequence is said to be convergenA^ and to have limit a. We then write 

a^-^a (w->oo), (2) 

or lim a^ = a. 

The arrow is read ‘tends to We can write simply 

lim3„ = «, (3) 

if no ambigoity is possible. Of the above examples 1*04(1) is convergent with limit 0; 
we need only take m > 1/e. 1*04 (2) is not, because whatever a and m we take, if e < J, 
there will be terms with n>m such that | e | >i>€. 

The most important property of a convergent sequence is that if we have a rule for 
calculating each term, then we can calculate the limit to any accuracy we hke. Some 
methods of approximation (cf. Chapters 9, 17)will prove that a quantity lies within a given 
range, but this range is not arbitrarily small; the accuracy may be enough for the 
application in view but is not capable of being improved indefinitely. 

A sequence ikat is bounded but not convergent is said to oacMatefimtdy, or simply to 
osciUate. An example is 1*04(2); another is 

Unlike 1*04 (2), all are different. The sequence is bounded, because | | < 2 for every n; 
but it does not converge since for large n the ipembers are alternately near to 1 and — 1, 
and (1) cannot be satisfied if e< 

If for any M there is an m such that > Jf for all » > m, we write 

( 6 ) 

and are examples. 

If for any M there is an m such that a„< —M for all »>«», we write 


a„ = — » and a„ = — »* are examples. 


( 6 ) 



12 LimU^pointa 1*042-1-044 

Note that no definite meaning is attaqhed to infinity as such.® What we do is to give 
meanings to all the ezpiessions that contain the word infinity or the symbol oo. s„->oo 
is a shorthand statement of the property of stated in the definition of ’/and 

does not imply the existence of any real quantity denoted by cxs. 

Other types of unbounded sequences are represented by 


«„==( — 1)»«, Sn^nooa^Tm, = n(l — cos7r»). 

These cannot be said to tend to anything particular, not even infinity, and are sometimes 
called infinitely oscillating. Unbounded sequences can be called divergent', but dijfferent 
writers use this term in different senses, some (e.g. Bromwich and Hardy) excluding 
infinitely oscillating sequences and some (e.g. Khopp) including finitely oscillating nriPfl 
A useful device is to classify sequences according as they have or have not the properties 

(1) for any m, and any positive M, there is an n > m such that > M, 

(2) for any m, and any positive M, there isnan>m such that a„ < — M. 

Sequences with neither property are bounded. If a sequence possesses (1) but not (2), 
it is bounded bdow, unbounded above, and similarly for the other two cases. 


1*042. If an infinite set has a limit-point, s, then we can form a seguencefrom its memb&n 
whose limit is sj if it has more than one limit-point we can form seguences tending to any of 
&em. 

We have shown (beginning of 1*033) that there is an infinite number of members of 
the set within a given distance of a limit-point; if we take spemmens in the order indicated 
we have a sequence with the property required. 


1*043. Any sequence formed of different m^mb&rs of a hounded infinite set with only one 
limit-point s will corwerge to the limit s. It is clear that in forming a sequence tending to s 
we have a choice at every stage; hence the number of different sequences that can be 
formed ffom the set is infin i t e. We have to show that they all have the same limit. For 
any m, the number of terms of a sequence with n>m]s infinite. But since the set is 
bounded and has only one limit-point, any interval not including the limit-point can 
contain only a fimte number of members. Hence for any e only a finite number of members 

he outside the range « ± Je, say Sp, s^. Let m be the greatest of a, /? /t. Then for 

all » greater than m, a| <|€<€, and therefore the sequence converges to a. 

The result does not follow if, the members of the sequence are not required to be dif- 
ferent ^d some can recur infinitely often. For instance, if the set is that of the reciprocals 

of the integers, its only limit-point is 0; but if repetitions are allowed we can form from 
it the sequence 



whiph is osc^tory. If no member recurs more than a fixed number k times, however, 
the result stiU foUows by a simple extension of the argument. 

1*044. If Si, > for (Mn, and the sequence is bounded, then the sequence Converges. If 
ferwme OT, ^ ate e^ to « for » > m, then the sequence is convergent to a by definition. 
if^,then&ranymtherea*dinfimt^ymany differ Since, further, 

^ T^ues of form an infinite set bounded above by 

lipelpw va.. ««*»<«» 'fche‘^[iBial numbcirs x can be classifi^ accordins as thev hdve or 
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have not the property ‘x is not exceeded by any value of This defines a out in the real 
numbers, say at a; = s. Then for any «<8 there is an m such that 8^>x-, then all for 
n>m satisfy taking x — 8 — ^ we see that for these values of n, |a«,— « | <e, 

and the result follows. 

It is obvious that the result will follow also if for aU n greater than some given 

value; also if greater than some given value, subject to the sequence 

being bounded. 

1*045. The general principle of convergence. A neee88arg and sufficient condition 
for convergence of a sequence is ihai for any positive wwiriher e toe can cdioose m so that 

for aU values of n and p, greater tkan m, 

( 1 ) 

First, we show that the condition is necessary. Let s be the limit. Then we have to 
show that an m exists such that (1) is true. For any positive o) we can take an m such 
that for all values of n and p greater than m 

\8n-8\<0), |aj,-«l«i), (2) 

and therefore 

l«p-«»l<2a>. (3) 

Take 6) = ie; then |«j,— a„|<e. (4) 

To prove that the condition (1) is sufficient, we notice first that, since s^, 

are finite and all«p,withp>m, satisfy (l)withn = m+1, the sequence is bounded. First 
suppose that of tiie members of the sequence, only a finite number are different. Then 

(1) all members after a certain one are equal, in which case the sequence converges, or 

(2) at least two recur indefinitely, say and x^. In the latter case, however large m may 
be, there will be n, p greater than m such that s^^ = ccj_, Sj, — z^, and (1) will be false for 
any e less than J Ix^—x^ |. 

Next suppose that an infinite number are different. Then their values form a bounded 
infinite set, which must therefore have a limit-point s. 

Hence there will be a subsequence of the a„ in their original order, but not necessarily 
consecutive, with a as a limit; that is, for any (o we can find ?%, so that if a„ is a member of 
this subsequence^ | — a | < w for all n > m^. But the condition (1) says that for all n a nd p 

greater than some m^, | s^—Sp | «w; therefore for some m, the larger of nii and m 2 , all 
I a^ — a I < 2ft) for p > m. Since ft) is arbitrary, for any e we can take a = ^e, and then for 
e, 1 ftp — a I < e for all p greater than some assignable m; that is, the sequence converges 
to a. 

The device of introducing a subsidiary arbitrarily small positive 'quantity, usually 
denoted by ft), S, or tj, which is later defined as a fraction of e, will be met frequently in 
theorems where the quantity to be proved less than e is expressible as the sum or difference 
of several parts. 

1*Q5. Series. If the nth term of an infinite secies is the sums 

82 = U^ + U2, »a = Ui-hU2 + U2, ..., 8^<=U^ + U2+...+Un, ..., 

constitute a sequence. If this sequence is convergent we say that the series 

... +u^+ 
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Series 

whereni3nowmadeindefimtelygreat.isconvergent;aiidw6^theIim^^ fi, 

To ewy tteorem .bout soquKio* oorosponds ouo about series; for if fj ) i. . 

The geometric series is ^ 


Here, if :i? 4=1, 


2 

»-o 


K = 


1 — 



Htet take a > 1. We em take the terms in batebee; 

-nd tbe sums iu bmekem after the tat are retjeriduety less tbau 

— i. _ 1 1 

2®’ 4®’ •••’ 2®-^’ •— 

^>* = ^+i+(Hi)+(i+i+i+i)+.., 

All the 

The related series for log 2 T^ / oo. 

Here , • 


{ 1 


l/ 1 


Vn+1 

»+2/^ 

\»+,3 

“»+i) ■'■•*•) 
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and the sum in brackets is > 0 whether n—p is even or odd. But also 


(n+2 n-fs) (»+4 w+s) ■"}’ 


and every expression in brackets () is positive. Hence 
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and this is less than e for all », > m if (m + 1) > 1/e. Hence the series is convergent. 

The argument can be adapted at once to show that if > 0, % > u^+i for aU n, and 
iben tile series 

%-«2 + « 8 -‘ M 4 +*** 

is convergent. 


1*051. Absolute convergence. If the series S | «„ | converges, converges; for the 

sum of any batch of terms to Up cannot have a modulus greater than the sum of the 
corresponding terms [ % | to | | . In this case S is said to be absoVuidy convergent', if 

S is convergent but S | | is not, S is said to be conditionally convergent. (The word 
sermconvergent is sometimes used, but the prefix is misused, and the same word is also 
used for asymptotic series, which are best not regarded as infinite series at all. This word 
is therefore best avoided.) 

We have seen that the series obtained firom that for log 2 by taking all the aigna positive 
is not convergent. Hence the series for log 2 is conditionally convergent. The geometric 
series, if convergent at all, is absolutely convergent. 

1*052. Rearrangemexit of series. Thesurnof anabsoJ/utd/y convergent series is vnctitered 
by talcing the terms in any order. Let S be absolutely convergent, with sum s, and 2 v„> 
the same series, but with the terms differently arranged. It is understood that every term 
of either series appears in the other, but not in general in the same place. Take an arbitrary 
positive quantity and choose m so that the sum of the moduli of any batch of terms 
after the wth formed firom the first series is less than o). Take m’ so that all the terms 
up to Ujp appear in the second series for values of n' less than m' . Write 

+ — Vi+ ... + Vyp>. 

Then «„,is the sum of a set of- terms of the first series after the with and its modulus 
.is <(!>. Also if we take n', p' > m', Sp,~8'p, is the sum of another set of terms of the first 
series after the mth and therefore its modulus also is ««. Hence the second Series is 
convergent. Let its sum be s'. Then 

I 1 = I I <3o, 

and can therefore be proved less than any arbitrary e by taking o = Je. Hence the two 
scries have the same sum. ^ 

The theorem is not true of conditionally convergent series. It can be shown that if 
2 is conditionally convergent we can rearrange it so asto make the ftum anything we like. 
They have a precise meaning when the order of the terms is given, but not otherwise. 
They usually converge too slowly to be of much use for computation, but they can be used 
in theoretical work. 
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Tests for convergence based on the use of ‘comparison series ’ are so closely related to 
tests for uniform convergence that we shall postpone them till we discuss the latter 
property (1*113, 1*116). 

1*053. Double series. Similar remarks apply to dcmble aeries, in which the general 
term is Th® condition of convergence is now that we can choose m, n so that for all 

jT <t V g. 

p.p'greaterthanmandaUgf.j'greater than»,thesums 2 S S S ®r,«diff®rbya 

quantity with modulus less than e. Absolute and conditional convergence can be defined 
sinulaily, and it is again true that an absolutely convergent double series has the same 
sum however the terms are arranged. The proofs differ only in complexity from those for 
simple series. 

1*054. Multiplication. Absolutely convergent series can be multiplied and give 
another absolutely convergent series. Por let Swg be two such series. Then the 

00 00 P* ^ 

product series is S S “r®«* if re are chosen so that 2 2 1 1 < w for all 

r -1 «««1 r - 3 ? 

p,p'>»reandallg', g'>re, 


P* ^ P 0. P 

S,SK««l-2 S|«f®8l = S s 


I I + 


S S l«r®«l 
= I 1 ®.!+ S |« r | S|®a 

f— 1 r-3>+l 1 

<w 2 1 re, I -f w 2 1 ®s 1 <<«>(£r+ T), 

r»l s-»l 


where B. and T are finite, since 2 1 “r | 2 | | are bounded. Hence the series 2 S 

r«l s-*l 

is absolutely convergent. It can therefore be arranged in any order. Summing first with 
regard to re we have 


A less stringent condition for the multiplioation of series is given by a theorem of Abel, 
munely, that if 

«®o = «o«o. 

t®i = «o®l+«fl® 0 . 

tUg = «o®* + “l®l + »2®0> 


«>» = «o®n + «i®n-i+***+«»®o. 

then 

provided only that aU three series are convergent. The proof regnires considerations that 
will be devdoped later (1-1132). Only special rearrangements of the terms are possible 
if eithdr S or S is conditionaUy oonveigent- 

1*06. Liinits of functioiis: Gonthmity. In the* most general sense, when we say 
^ ^ fhnotwM^ of in some range of values of x we mean that fbr every value of x 
range one or mcrrgp values of/(a?) exist. We can, for instanoe, speak of a function of a; . 
equal to 1 if a; is rational but to 0 if a? is irrationfll , Such a function would be fisirlv 
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regarded by a physicist as pathological, and he is interested in a much narrower class of 
functions, roughly speaking such as can be represented by graphs.* It wiU usually also 
be required that the function shall be single-valued, but not necessarily. Thus for the circle 

we have S/ = ± *“ 

and 2 / is a function of x\ but we get its values over the whole circle only by taking both 
signs for the root. A single-valued function of a; in a range is one that has precisely one 
value for each value of x. We shall in the first place consider single- valued functions only. 

If a; is a real variable, its values within any assigned interval constitute an infinite set, 
and the corresponding values of f{x) in general constitute another. From these sets we 
can form sequences; we take values 

^ 2 > •••> 

and the corresponding values off{x) I 

f{^)» fi^n)^ •••* 

If we write = 0 ;+ and the limit of is 0, the limit of x^ is x. The theory of con- 
tinuity concerns the circumstances under which the limit of/(a;^) will hef(x). In practical 
cases it usually is, but not always. The sequence {/(a:^)} unbounded or oscillatory; 

and even if it is convergent its limit may not hef{x). It may also happen that different 
sequences of values give limits for /(o?^) , but different ones. Physically the latter cases are 
exceptional, but it is important to notice that they can occur for quite ordinary functions. 
The commonest is where f{x-hh), for some value of x, has one definite limit as ^->0 
through any set of positive values, and a different one as A ^ 0 through any set of negative 
values. Such a case is called an ordinary or simple discontinuity. For instance, if 


f{x) = 0 {x< 0), f{x) =, 1 {x> 0), 


the limit oifQh) through any set of positive values is 1 , and that as ^ 0 through 

any set of negative values is 0. This is a very common function in physical applications, 
since it represents, for instance, a force that begins to act on a system at a definite instant 
and thereafter is constant. It is usually known 
as the Heaviside unit-function. The postage on 
a letter, considered as a function of weight, has 
simple discontinuities. The value at a? = 0 usually 
does not need to be specified in experimental 
applications, because for an object to be visible 
it must have some size, and therefore if a? is a 



position coordinate we cannot observe a quantity 
at an exact value of x, but only a mean value over 


Simple discontinuity: the Heaviside 
unit function. 


a range. Similarly, if a; is a time we cazmot observe a quantity at a single moment but 
only over a non-zero interval. The usual tendency in pure mathematics is to insist that the 
fiu 5 ^ction shall be specified for all values of the independent variable, but in physics it is 


^ * This function is frequently u^ as a warning. It can be used for that purpose at once. We might 
try to define a pathological function as one that is neither a continuous function nor the limit of one. 
But nothing could be more ordinary than the function cos*“m Ito, which tends to this function when 
m first tends to infinity and then n does. 


JMP 
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usually ftTiAngh that its integral shall be determinate. As the value of the function at a 
flinglfl point, provided it is finite, does not afifect the integral, it is usually irrelevant to 
physical applications, and if a special value is assigned it is for the sake of convenience. 

The notations, for A > 0, 

lim /(a: + A) *=/(«+), lim/{a:— A) =/(*—), 

are often used. Then the case we have been considering is one where 

/(0 + )+/(0-). 

It may happen that/(a+ ) =/(»—) but is not equal to/(o). Such a function is said to 
have a remcmbh diecontimiity, but as /(a) does not affect the integral such discontinuities 
are not of much importance. It is, of course, impossible to illustrate by a graph. 

A limit will not exist at all if the function is unbounded in the neighbourhood of a 
value of X, as for /(a;) = 1/a: neat a: = 0. For any sequence of values of x tending to 0,f{x) 
will be unbounded. Again, if fix) = sin (1/a;), and x tends to 0 through the values l/nir, 
where » is an integer, the limit is 0. But if it tends to zero through the values 1 /(» + w it 
tends to + 1 if n is restricted to be even and to — 1 if » is restricted to be odd. This kmd of 
misbehaviour is the most troublesome to detect when the definition of the function is at 
all complicated, and also it is the kind that is most easily forgotten. 

1*061. Definitioiis of contiiiaity at a point and in an interval. All types of 
discontinuity are exduded if for any e we can choose a positive quantity $ such that, 
provided I A 1 < ^, 

|/(o+A)-/(o)|<e, 

and if this is satisfied we say that/(®) is conHmums at a; = o. For if we take any sequence 
{A„} tending to 0, there wiU be an m such that | A,j| <d for all»>ni, and then 

I/(o + AJ-/(a)l<e. 

Hence for all such sequences /(a-f tends to /(a). We can also say that a function is 
(^Tiiiimous in an interval if it is continuous at every point of the interval. It is necessary 
sometimes to distinguish between dosed and open intervals. f{x) is continuous in the 
open interval a<x<b if it is continuous for every value of x such that a<x<h. It is 
continuous in the closed interval a; < 6 if this condition is satisfied and also 

/(a + )-/(a), f{b^)^f(b). 

Functions that are continuous except at a finite number of points, where they have 
simple discontinuities, are called secHonaO/y contimums, 

A function is continuous if it is differentiable; the converse is not true, as we see from the 
example of^x in 0 < a; < 1, This is continuous in the interval, including the end-points, but 
is not differentiable at 0,*** Functions have actually been constructed that are continuous 
everywhere in an interval but differentiable nowhecre. As a rule we shall be concerned with 

* Nomenclature varies between diffeorent writers in such a case. However we choose positive 
and tending to zero, 0)/aj„ ultimately exceeds any given positive value. If /(a?) = a; sin (1/a?), 
can be made tp tend to any limit between — 1 and 1 by suitable choice of the In the 
Jatto oase,/^^) is said wei to exiH at a; = 0. For /(a?) = would be said by many writers to 

at 07 == , 0. Ijt Is a matter of definitioipL whether we say thaty^(a 5 ) does or does not exist when 
we duill usually say that it does not. 
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Upper and lower hounds 

fimotioiis that are differentiable except possibly at isolated pibints, but such points are 
very numerous in crystal physios. There is a theorem of Weierstrass that any continuous 
function can be represented as closely as we like by a polynomial throughout any finite 
range, or by a sum of sines and cosines with suitable coefficients (of. 14-09). Consequently, 
though a continuous function is not necessarily differentiable, it can be replaced with 
as much accuracy as we like by a function that is differentiable. 

1*062. A function continvmis in any finite inierval a Kb is bounded in that irvtervcU. 
Notice first that to say that a function/(a:) is continuous at a: = c implies that/(c) is finite; 
for otherwise we could attach no meaning to f(c+h)—f{c) at all, auH the definition of 
continuity breaks down at the start. The theorem requires /( jb) to be finite at all points 
of the closed interval for its hypothesis to have a meaning. What we have to prove is 
that in these conditions it is impossible to choose a set of values of x such that the corre- 
sponding values f{x), though all individually finite, increase or decrease beyond all limit. 

The function is by hypothesis continuous at a; = a. Hence for any e> 0 there is a 5 > 0 
such that j f{x) —f{a) \ < e for aUa;ino<a:<ci-i-5. Hence f{x) js bounded for a < a; < a -H d, 
and similarly for b — S'KxKb. Now consider the points ^ in the interval according as they 
possess or do not possess the property ‘f{x) is bounded in a<aj<^’. If the fiinction is 
unbounded in the interval a < a: < 6 there will beagina+5<g<6-d' that has not this 
property; and the property will define a cut, say at ^ = c, such that the property is 
possessed by all ^ < c and by no ^ > c. But the function is continuous at a; = c because 
a<c<6, and /(c) is finite. Hence there is a positive y such that for c— i|/<a!<c-f^, 
l/(»)-/(6) I <e; therefore /(a:) is bounded in the range cKxKc+y, and therefore in 
®^aj^c-t-^; but the hypothesis that /(a:) is unbounded in aKxKb required that /(a;) is 
unbounded in any interval aKx<i where ^>c, and we have a contxadiction. Hence 
f{x) is bounded in the whole interval aKxKb. 

1*063. Upper and lower bounds. Since there is some value that/(ar) never exceeds, 
we can apply the method of Dedekind section, taking the fundamental property of a 
ninnber considered to be that it is exceeded by some value of /(x) fat a Kx Kb. There are 
certainly numbers that have this property, since we could take a number less than some 
given value of /(a;), and others that have not, since there is a number that the function 
never excee^. The property therefore divides all numbers into two classes such that each 
in one class is greater than every member of the other, and defines a out. The separating 
number M is called the upper bound of the function in the range aKxKb. The number 
M so defined either has the property or not. If it has, there is a g such that o < g < 6 and 
/(f) > • M therefore could not be the number defined by the out. Hence M belongs to 

the set of numbers that are not exceeded by any value off{x), but any number greater 
M—e and < M, however small e may be, is exceeded by some value off{x). 

This argument can be applied to any bounded set or sequence, and the result can 
be stated: any set bounded above has an wpper bound-, similarly auy set bounded below 
has a lower bourd. What we call ihe upper bound is often called the least upper bound-, 
and any quantity not less than any member of the set is then called an upper bound! 

1*064. It follows that if /(*) is continuous and ^ < Jf , /(») > 57 for an infinite number 
of values of as. Then there is a value of x, say g^, such that/(£i) lies betw^n J(^+ Jf) 
and M. Denote f{gj) by ijj;, then there is another value of x, say g^, such that /(gj,) 

a-a 
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is between and M. Denote /(^a) by and so on. Then we get a sequence ol 

numbers that 

lim^„ = M. 

n-4-00 

But the corresponding ^ are an infinite bounded set and therefore have at least one 
limit-point Thus an infini te subsequence of exists such that | ^ | 0, and since 

f{x) is continuous /(|„)->/(^). But/(^„) = and therefore 

=/(£), 

«->-oo 

and therefore /(§) = M. 

Hence there is a value of x that makes /(as) = M‘, that is, a contirmovs function attains Us 
upper bound in any closed interval. Similarly, it has a lower hound, and attains it. 

If a funotion/(a:) has an upper boTind M and a lower bound m in an interval, irrespective 
of whether /(*) is continuous, the difference Jf — m is an important property of/(a;) in the 
interval. We shall call it the lea/p of f{x) in the interval.* 

The ought have more than one hmit-point. This does not affect the result. For if 
there are more than one we can take sequences tending to each, and arrive at the result 
that f{x) = Jf at every limit-point. This is the case of a function with several equal 
maxima or minima. 

It is essential to 1*062 and 1*064 that the interval considered shall be closed. Thus if 
f{x) = a; for 0 < a: < 1, the upper bound is 1 since for any positive y less than 1 there is a 
value of X less than 1 that exceeds r\, but /(a:) is not equal to 1 for any x less than 1. If 
f{x) = 1/a; for 0<a:< 1 it is continuous but unbounded. It is convenient to denote the 
Omed interval a to 6 by (o, 6) and the opem interval a to 6 by [o, 6]. 

1*0641. A further theorem, easier to prove, is that if a continvous fumction f{x) has 
opposite signs at the beginning and end of am, interval it must varnish for some value mfftin 
tJ^ intervcd. For if we bisect the interval the function must either vanish at the mid-point 
or have opposite signs at the ends of one half; bisect this half and proceed. We ultimately 
either find a place where f{x) = 0 or obtain a set of intervals converging to a point 
a; = f such that /(a;) changes sign in each. Then if /(g) + 0 there are values oif{x), for x 
arbitrarily close to where /(a:) has the opposite sign to/(^) and therefore 

\m-M)\>m)V 

But /(Q is independent of x and therefore this contradicts the hypothesis that f{x) is 
continuous. 

Note that this theorem is not true for discontinuouB functions. 

. 1*0642. An immediate corollary is that in agvy interval a conUn/upus function takes 
every wAue between Us upper and lomr bounds at hast once. 

1^065. Increasing and decreasing functions. A function is called increasing in an 
interval a < a; < 6 if for any®!, x^ such that a<Xj^<X 2 < b,f{xj) </(a;j,). It is called decreasing 
if, whqn o < < *, < b,f{xj) >/(»*). A non-decreasing fimotion is one such that/(a^) </(a;8); 

^^,^^1®®*^'®*?*®*^**®** JS in use. This strikes iis as unforbtmate beoau^ it is applied to fuaotions 

!Wi6 desQinbe -a aiS osoollatozy tbere is soxioue veseitQblaxioa to what a 

SaiiuB, is used Hobsoa ^aad lec^ by 
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similarly for a non-increasing function. Such functions may be constant for some parts 
of the interval; increasing and decreasing functions are nowhere constant. Increasing 
and decreasing functions are together called monotonic.* 

1*066. If f(x) is continuous and monotonic in cm interval its upper and lower bounds 
are the values at the ends ; and the function-takes once, and only once, every value between 
them. Hence there is a single-valued inverse function, which also is monotonic. (The con- 
dition that /(a;) must be monotonic is necessary. Consider for instance sin x for 0 < a: < jt. 
The bounds are 0 and 1 , but for any value of sin x between 0 and 1 there axe two admissible 
values of a; in the range, and the inverse function is not single-valued. It is also not 
sufficient that f{x) shall he non-increasing or non-decreasing.) The inverse function is 
continuous. For just as the continuity of fix) requires that for any given positive e we 
can find a positive 8 such that 

\fix+h)-fix)\<e if |A|<5, (1) 

the continuity of x, considered as a function of/(a:), requires that for any x and any positive 
rj we can find a A such that 

\h\<ii if |/(a:+A)-/(a:)l<A. (2) 

But this is obvious. We have only to take A less than the smaller of 

1 /(® + ?) -fix) 1 , \fix-i]) -fix) I . 

A many-valued function can often be regarded as a set of single-valued ones. Thus for 
any x>0 there axe two admissible values of But if we agree to take always the positive 
root or always the negative one we get in either case a single-valued continuous function 
of X. The theorems for continuous functions will then apply to either of these separately, 
but having decided which to take we must not change our minds. 

1*07 . Uniformity of continuity. In general if we choose S so that 

\fix-i-h)-fix)\<€ if |A|<^, (1) 

for some particular value of x, it will be found that for some other values of x and the same 
e the inequality wiU not be satisfied for the same value of 8. For instance, let 

/(*) = ** ( 0 <»< 1 ). ( 2 ) 

If a; = 0, (1) will be true i£8 — ^e. But if a: = 1 

\il-h)^-l\ = \2h-h^\ 

which will not be less than e if % is, say, ^ and e is small enough. But if we take 5 
(1) will be true for all a; in the range. 

If for a given fix) cmd a given inte/rvcd'of x, and for any e, we can choose a 8 independent 
of X avdh that (1) unll be true for aU values ofx in the intervcd, the contimdty of ^function 
will be said to be uniform. We shall prove that such a 8 always exists provided the 
interval is closed and fix) continuous in it. 

* la many works what we call an increaeuig function is called a afrioHy increasing function, 

what we call a non-decreasing one is caked an iiicreasing one. Similar^ what we have cidled a 
monotonio function is often called a strictly monotonic one. 
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1*071. A fanctim, eontimums in a (dosed interval, is uniformly (xmtinuous in that 
interval. K it is not, there will be some value of a; in the interval, say suoh that as x 
approaches g we have to take values of d tending to 0 to make (1) true for constant e. 
In other words there are pairs of points v^ such that g, [ — «„ | -> 0, and yet for 
all pairs [ /(»„) —/(««) | > e. But this implies the existence of two sequences both tending 
to g and yet the corresponding values of f{z) do not tend to equality. This contradicts 
the supposition that/(a:) is continuous at a: = g. Hence we can take the same d for all 
points of the interval and the continuity is uniform. We suppose that the limit-points of 
all sequences in the interval are themselves members of the interval; this is true if the 
interval is closed. 

The result does not follow if the interval is open; thus consider f(x) = 1/a: in 0 < a: < 1. 
Tbia is continuous, but the quantities 8 wiU tend to zero as a;-> 0. If, on the other hand, 
we take the interval as 0 < a; < 1, the function is not continuous at a; = 0. 

1*072. A closely related theorem can be obtained by the method of bisection. A con- 
tinuous function is bounded in any closed interval. Let us choose an e and bisect the 
interval. The leap of /(a:) in each half may be less than e. If not, bisect both halves. By 
repetition we divide the whole interval into equal ranges; we have to show that in a finite 
number of steps we reach a stage where the leap in every range is less than e. If not, 
there will be at least one set of intervals, of length tending to zero, and with the leap 
always But this contradicts the hypothesis of contmuity. Hence if a function is 
(xnMwuous in a closed interval a < a; < 5, is possible to divide the interval into a finite set of 
equal intervals so that die leap in each is less than e, where e is arbitrarily small. 

This theorem also follows at once from the principle of uniform continuity. It is a case 
of a more general theorem known as the Heine-Bord theorem.^ We shall have several other 
instances of the bisection argument, which can be used in proving it. 

1*08. Orders of magnitude. Ifin an open interval ^(a;) tends to 0 or oo,and/(a:)/^(a:) 
is bounded, we say that/(a:) = {a:)}, or that/(x) is of the same order of magnitude as ^(a:). 

If/(®)/^(a:)-»-0as^(a:)->-0wevmte/(a;) = o{^(a:)}. If/(a:) is bounded we can wTite/(a!) = 0(1). 
This notation must be distinguished from the common usage in physics, where we may say 
that the noasses of Jupiter and Saturn are of the same order of magnitude, meaning roughly 
that they dilEer by not more than a factor 10 without there being any question of a limit. 
In the physical sense the quantities compared must have the same dimensions. This is 
not necessary in the mathematical sense, x may, for instance, be a time-interval and/(a:) 
the distance traveUed by a sound wave, Then/(cB) = 0(x) because f{x)lx is the velocity 
of soimd and is supposed finite. . 

Note that 0(a?“) 0{x!^) = 0(®®+»), o(a?») ©(a:**) = o(a?^), 

1*09. Functions of bounded variation. If the function /(as) is defined in the closed 
interval (a, b), and thesre is a number M such that 

s'l^^iiviaion o is said to be of bounded 

’i^thdtfHon in ttie interval (q, 6); and the upper bound of the sums y for aB possible selections 
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of the subdivisions is called the total variation off{x) in the interval.* In particular, if the 
interval can be divided into stretches throughout each of ■which the function is non- 
increasing or non-decreasing, the total variation of /{«) is the sum of the absolute values 
of the changes of the function in the individual stretches. The total variation is of interest 
since it is related to the condition for existence of a Stieltjes integral (1-102), and to the 
determination of the total length of a CTurve, and it is useful in the theory of Fourier series 
and Fourier integrals.* 

Note that it is not satisfactory to define the total venation as the limit of the sum given, for 
t]tere may be no limit for some wa3^ of mp.iring the subdivision, or different ways may give 
different limits. Take for instance 


/(*) = 0 (0<a!<i); M) = l; /(*) = 0 (i<a!<l). 

1*091. If a function is continuous it need not have bounded variation, or con- 
versely. For if /(*) = 0 for 'x^O, and =1 for a; > 0, the yariation of f{x) is 1 in any 
interval including x = 0; but f{x) is discontinuous. ConversdLy, if f(x) = xooa Ijx for 
*>0, and /(0) = 0, ' 

/(-i)=-i(-l)n 
\»7r/ nn' ' 

The variation between * = — and x = - — pvr- is therefore at least — -tv— > 

nil {n+l)7r nn 

that between x = Ijn and x — IjnTr 


2 


. 2 2 

+5+...-f 

3 n~ 


-Ay 


which ten^ to mfimty ■with n. Hence /(«) has not bounded variation. But/(a;) is seen 
■to be continuous even at a; = 0, since | f{x) | <a:,/(0) = 0. 

1*092. Any fonction of bounded variation is the difference of two bounded non- 
decreasing functions. For any subdivision we consider the sums 


P = 2 {/(*,) 

taken over all the term8/(®,.) —f{Xf_j) that are positive, and 

-» = 2 {/(«,) 

taken oyer aff negative terms. The upper bound of p over all possible subdivisions is the 
^itive vanatiou P of /(»), and the upper bound of » is the n^ative variation N. Now 
ff we denote the total, positive, and negative variations in an interval (c,d) by 7(c,d!), 
P(c, d), N (c, d) and if we take two adjacent intervals (c, d), [d, e), 

V{fl,d) + V{d,e) = F(c,c), P{c,d) + P{d,e) = P{c,e), ' N{c,d)+Nid,e) = N{c,e). 

It follows that F(o, x), P{a , «), N{a,x) are all non-decreasing functions of*. For any fixed 
X we now consider v, p, n, F, P and N for the interval (o, x). We have 

p-n=f{x)-f{a), p+n-v. 

P = iv+i{f(x)-f(a)}, n = iv-i{f{x)-f(a)}. 

• Scaae suthora -aae Metuation instaad nf 


Hence 



^ Integratim 

Taking the upper bounds for all possible subdivisions we have 

p = w+wi=^)-s{a)}, N = 

/(*) -/(o) = P-N= P{x) - N(x), 

S{x) = {/(a) + P{x)}-N(x), 

so that /(a;) is expressed as the difference of two non-decreasing functions Both aw 

^ “ bounded, since P and i\r are not negative and their 

, Cauchy, Riemanu, Stieltjes, Lebesgue. Three different 

demons of an integral wiU be used in this book. The simplest is that of Cauchy ff 

® ®®* of increasing values of « between a and 6, we form the sum 

'Sn=/(a)K-a)+/(a:, 

subdivision is increased in such a way that the length of 
lowest interval tends to zero, and if i.nds to a definite limit! independent t^e 
y making the mtervals tend to zero, this Hmit is called the Oomehy integral 

In the Biemmn integral we take the sum 

=/(^) («i -a) +/(^i) {x^-x^) + ... (a:„-a;„_i) +f{^) {b-xj, (2) 

ff tends to a limit independent both 

“ i»legr»l withcmt qudMcatten «J» 
^ and 

(4) 

attention because g(x) may not be monotonic. 

of integration as 

throughout the ran^. ^ 

also D. V. Widdsr The 

l; s. FoHard, Q. J. Math, 49» W23, 73lj«8. > ‘ * 
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A type of integral that will not concern us directly, but is much used in modem pur© 
mathematics, is due to Lebesgue. The definition of this is more complicated than those of 
the Cauchy and Riemann integrals; on the other hand, once the initial difiBculties have been 
overcome, it simplifies the statements and proofs of some later theorems considerably. 
When the Riemann integral exists the Lebesgue integral can be proved to exist and to be 
equal to it, but the latter also exists in some cases of great irregularity oif{x) where the 
Riemann integral does not. These cases, however, do not seem to be physically important. 
Accounts are given by Titchmarsh* and L. C. Young.f An equivalent method is due to 
W. H. Young. 

MOl. If a junction is continuous in an interval^ it possesses a Riemann and a Cauchy 
integral between any two terminiX in the interval ^ including the end-joints if the interval is 
closed; and the two are equal. We can take the points of subdivision to be close enough 
for the leap of /(a?) in any subinterval to be less than o, where* C£> is positive and arbitrarily 
small. Then, however we choose the we cannot alter numerically by more than 

0){{x^ - a) + (oTa - a?i) + . . . + (6 - xj) = - a) < e ( 1 ) 

if 6)< el{b — a). Hence we can restrict the range of values of obtained by permissible 

changes of the as narrowly as we like. 

Now subdivide the range further, taking for each r, points x^, ... so that 

^r<^rl<^n^< — <^rm<^r+V 

and form the part of the Riemann sum corresponding to these intervals. It is 

Srm == Mrl) - a^r) + — +/(Srm) (3) 

Taldng all intervals together and denoting the new sum by Sp we hav^ therefore 

( 6 ) 

and tiberefore the change in the sum due to the farther subdivision is nuzneiicaUy less 
than e, however many new points of subdivision we take. Therefore, by the general 
principle of convergence of a sequence, the sums tend to a definite limit as the number 
of subdivisions increases. 

This does not complete the proof, for we might take a new subdivision such that the 
new points of subdivision do not include the old ones, and the two methods of increasing 
the number of points of subdivision might give different limits for the sums. But if so, 
suppose if possible that the method that we have chosen gives limit JS and that some 
other gives limit T. Choose such a pair of numbers n, p of subdivisions that further sub- 
division ofthe^S set or the T set separately cannot make a change of as much as I i(^— T) |; 
that is, take <a so that 0 < (b—a )0 < \ 1 {S—T) |; and then 

\S^-S\<\US-T)\; |2;-2^1<Ii(ar-iP)|. (6) 

f 

* Theory of Ffmotions^ Chapters 10, 11, 12. f Ilhe Theory of IrOegration, 1927. 

X ‘limit’ is a rather overworked word; when it is to be used in other senses we nhn.n generally 
refer to lizoits of integration as termini. 
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Note that it is possible for -Fix) to be differentiable and for its derivative not to hn 
integrable; for example, 

F(x) =^x^Bin—^ 


for 0 < a; < 1. The derivative exists but is unbounded. 

(c) Iff(x) has a Riemmn integral I f{x)dx, then f{u)du exists and is contimum for 

Jo Jo 

aU X such tkcd a < » < 6 ; and its derivative is equal to /(») except possibly at a set of measure 
zero, namely, the points of discontinuity of f(x). 

The exception in the third theorem is of some importance. If, for instance, f(x) = 0 
for a: < 0, and = 1 for a; > 0, 

F{x) = J /(«) du = 0 (ar < 0), 

— X {x> 0), 
d 

and -^F{x) does not exist at a: = 0. Again, if /(«) = 0 for aj=j=0 and = 1 for ar = 0, 
f{u)du = 0 over any interval and has derivative 0 everywhere; but this derivative 


/; 


is not equal tof(x) when x = 0. 


1*1031. Integratioii by parts needs special attention because most text-books 
state it in an. tmnecessarily restrictive form and thereby reduce its usefulness. We shall 
assume that the Stieltjes integral exists, and that f(a + ) = f(a), f{b — ) = f(Jb). Then by 


definition 

r /(a;)dp(») = lim^f„, (1) 

J ac—a 

•witli the above conditions on the way of proceeding to the limit, where 

= /(^) - g(a)} +Mi) {fif(aJB) - g{Xi)} +... +f{in) {9{b)- £r(««)} (2) 

In the limit the first two terms tend to f(b) g{b) —f{a) g{a). The rest, apart from the sign, 
form a siuu used to define 

, ^ « f 9(x)df{x), (4) 

Elects in-^bj a—gi J x^a 

for the axe a set of points of subdivision, which in the limit become indefinitely close, 
and are separated by the^o?,.. Hence 

f /(«)dsr(a;) = r/(a!)p(x)T-r g{x)df(x). («) 

d U * Ja J x<^a 


Therefore, sinoe the left side exists, Jp(x)d/(») exi^ if jf{x)dg(x) does. This result is 
usually stated in the form 




( 6 ) 


5(x).and 6'(i^c) to be diffeafontiabilB. But tshe differentiation 
ticue in' much .wider oomdctions. iPoT* inKtance. a(x) 
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Infinite and improper integrcds 

might be x £:om 0 to 1 and from 1 to 2. This is contmuons hut has no derivative 
at X = 1. Incidentally the application of (6) is easiest if ff'(x) is £rst integrated and (6) 
rewritten in the form (6). 

We have seen that the Stieltjes integral jf(x)dg(x) exists if/(a!) is continuous and g(x) 
of bounded variation. It follows from (5) that it also exists if g(x) is continuous aud/(a;) 
of bounded variation.* 

If /(a+) 4= /(a) or /(6 — ) =l=/(6)j and we restrict to be >a and In <6, (5) will be 
replaced by 

(* f(x)dg(x) = Jim lim [ fMffW-fiOffW- T g{«)Af{x)\ 

Jx^a i^a L J a— £ J 

= /(&-) 9(P) -f{a + ) g{a) - f g(x) df{x ) . 

1*104. Infinite and improper integrals. The proof of the existence of an integral 
breaks down if either the interval 6 — a is infinite or the function to be integrated is 
unbounded in the interval. In the former case, & — a is infinite and we cannot make 
a> > 0, (6 — a)a>< e by any choice of o). In the latter the approximating sum may vary to 
any extent according to the point chosen to sample /(a;) in the subinterval where /(a?) is 
unbounded. A special device is needed in either case to give a meaning to the integral. 
The method used for integrals with an infinite upper limit is to use first an integral with 
a finite upper limit; if the integral tends to a definite limit when the upper limit tends to 
infinity this limit is taken as the value of the infinite integral. The need for such a device 
may be illustrated by the integral . 

I = I dx, 

Jo a? 

According to our rule this must be interpreted as 


f-^sina; , 
lim j dx, 

X--4-00 Jo ^ 


The integral up to X exists for aU X since the integrand is ever 3 rwhere continuous. If 
we take F > X, m to be the integer next greater than X/zr, » to be the greatest integer 

less than F/w, ^ /*™"sina;^^ f^sina;^_^”“^ j'fr+D'sina! 

Jx ^ Jx ^ J mr ^ r^mjrgr 


X 


-dx. 


The first of these integrals, since |sina;|<l and mn—X^n, is numerically ^w/X. 
Similarly, the second is numerically < IJn. The sum consists of alternately positive and 
negative terms, each less in magnitude than the preceding; and we have the th^rem that 

Hence the sum is less numerically than its first term, and 




flITi CK 


dx 


1 

m 


Thus 




smir 


X 


dx 


X 

, n 1 1 Stt 

“i"“ ^ jr 9 

JL n m Ji 


which can be made arbitrarily small for all r>X by taking X large enough. Hence for 
any positive quantily however smaU^ we can choose X so that no matter how much we 
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inorssbse the upper limit beyond X. we cannot change the integral by more than e. Thus 
the integral up to Z has a definite limiting value as X tends to infinity, and the infinite 
int^al exists in the sense defined. 

1*1 041. Now m an integral with finite Ibnits it does not matter in what order we taJke 
the terms in forming the approximating sums. At any stage in the approximation 
their number is finite and no rearrangement can maJke any difference. But no finite 
number of finite stretches of x can cover an infinite range, and there is no guarantee that 
rearrangement is permissible. In the case just considered, if we took the upper limit as 
infinity at the outset and tried to take aU the stretches with sin a; positive together and 
then all those with sin x negative, we should get no result. For in every range of x between 
consecutive integral multiples of tt there is a stretch of length fvr where | sin a; | ^ ; then 

the contribution from a range mn to (to +• 1) tt, with to even, is greater than 

^ 1 _J L_ 

® ^^■(TO + l)7r 3(m+l)‘ 


But the sum + tends to infinity. Hence the sum of the contributions from 

the ranges where sin a? > 0 is + oo. Similarly, that from the ranges where sin a; < 0 is - cx). 
Proceeding in this way we should therefore arrive at the meaningless result that the 
integral is oo — oo. We see in fact that the integral is intimately related to the conditionally 
convergent series 

l-i + l— i + i— 

which, though it has a sum when the terms are taken in the order given, cannot be summed 
by taking the positive and negative terms separately; and further, if it is rearranged so 
that the ratio of the numbers of positive and negative terms taken at any stage tends to 
any limit other than 1, the sum will be altered even though every term is ultimately taken 
into account. The method of Refining an infinite integral is therefore directly coimected 
with the principle that we must take the terms of a conditionally convergent series in 
their proper order. « 


1*1042. The relation between infinite integrals and series is so close that the same 
words are convenient to express the properties: 

j /(a?) dx is conve/rgerit if lim f f{x) dec exists. 

f*ao 

j /(ic)dte 


J a 


is tmbouTided if 


if 


is nvbomded as X-^oo. 


- a-^oo. 


J f{x)dx = if j f{x)dx-*-oo 

^co 

J ^ /{«) d* iafinitOy oscillatory if there are positive quautities o), M such that for amy X we 
ai choose > X.so that | /(») da: | >w, but oatmot ohoose so that j j* ^*f{x) da: 
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ATiohgy between series and integrals 

Unboimded integrals are 

I ax, — , xemxax. 

Ji Jt as J o 

The last of these would usually be called ‘infinitely oscillating ’ but we have no occasion 
to make this distinction. 

Finitely oscillatory integrals are 


^00 ^00 

co^xdxy I 
Jo Jo 


Unbounded and finitely oscillatory integrals have no definite values. 

Too ^00 

The integral I f{x) doc is called absolutely convergent if I | f(x) | dx is convergent. If 
Ja Ja 

the former integral is convergent but the latter is not, the former is called condttionaUy 
convergent. With an absolutely convergent integral the contributions to the sums can 
be taken in any order without affecting the value of the integral, analogously to the 
possibility of rearranging the terms of an absolutely convergent series. Of the above 
examples of convergent integrals, the first three are absolutely convergent, the last 
conditionally convergent. 

/•qO 

1*1043. If f{x) is positive and non-incrmsing far x>x^^ the integral I = j f{x)dx 

J Xt 

00 

converges if and only if the series S /(™) converges; where rif^is ^ integer neat greater 


nt«n« 


than For clearly neither the series nor the integral can converge unless /(»)->■ 0; 
take an integer m>x^ and such that/(m) < e. Then 

/(m) +/(m+l) + ...+/(?&- 1)> I* /(»)da;>/(m + l)+/(m+2) + ...+/(n-l), 

J m 

where n is the integer next greater than X. Hence 



n— 1 

s/w 


r—m 


<,f{m)< e 


and e is arbitrarily small. Hence if either the integral or the sum tends to a definite limit 
the other does. 


1*1044. Similarly, if f(x) tends to infinity at some point of the range we can rfftfina an 
vm^op&r integral by filrst modif 3 dng the range so as to out out an arbitrarily short mterval 
about the infinity and then making the length of this interval tend to zero. Thus 

j* = 2— 2e'^, lim I* xr^dx = 2. 

J« L e->-oJ« 

This process is taken as the definition of J x-^^cbe, which is not direotly intelligible as 

it stands in terms of the d^Lnition of an integral as the limit of a sum. 

The. analogy between infinite and improper integrals in respect of convergence is so 
close that the nomendature can' be taken over unchanged. 
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1*11. Uniform convergence of series. The terms of a series S ^^(a;) may be 
fonctions of a variable *. Then if the series converges for all values of x witliin a range its 
sum pves a ftinction of x. If we write the series as 

S(x) = u„(x) + U 2 (x)+.,.+'U„(x) + (1) 


and we choose an arbitrarily small positive quantity e, we shall always be able to choose 
n so that for every positive p the modulus of the sum of the terms from the wth to the 
(n+p)th is less than e, because the series is convergent. In general the least value ofn 
that twn.Trfta this true will depend on x. But it may be possible to choose an n independent 
of X that will make it true for all values of x within the range considered. If this can be 
done the series is called uniformly oomearg&ni in the range. A series can fail to be uniformly 
convergent if there is a value of x within or at the end of the range such that if we take a 
succession of values of x, tending to this value in the limit, the corresponding values of n 
increase without limit. Thus the series Sa:"' converges for all x such that 0 < a: < 1, but it 
is not uniformly convergent for aU such x. For if we fix e and then choose n so as to make 


a3»+a;»+i+...+a:«+i> 

less than e for aU > 1 we must make 
and therefore 


a:n(i_a.p+i) 


1 —X 


a:"'<(l— a:)e, 
log(l-x)e 


n> 


loga: 


( 2 )^ 

(3) 

(4) 


which tends to infinity as x tends to 1. This series is therefore uniformly convergent in 
a range a < a; < 6, where o and b are fixed quantities between 0 and + 1 , since we can choose 
n greater than the greater of the quantities 

log(l— g)e log(l— 6)e 
logo ’ log 6 ’ 

and the same value of n will then do for any intermediate value of x. It is convergent 
for any a; such that — l<a:<l. But it is not uniformly conveorgent in the range — l<a;<l 
because, even though the signs < exclude the possibilities that x may be actually — 1 or 
+ 1, they permit any intermediate value, however close to 1, and however we choose n 
we shah always be able to find values of x such that (4) is false. 

1*111. Continuity and integrability of uniformly convergent series. The sum of 

a series of oonHmuous functions of x, umformly convergent fn a range, is itsdf a continuous 
function of X in the range, 

Tl^ integral with regard toxof Ihe sum ofn series, uniformly convergent in a finite range 
0^ X, is sum of flic integrals of its terms, provided that the termini of the integral are in the 
range: » 

' p^oye.^e.first'stafeoimt, let S(3c) be the sum of the series. Thm since the series is 
umfqtmly .(^nyergent, if is a positive quantity we can choose n independent of x so 
SKDa up to Unix) 

I I «o, ■ \ 1 <io 
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}r all a;, ^ in the range. But iS'„(a;) is the sum of a finite number of continuous fimctions 
nd therefore is continuous. Hence for any x we can choose 8 positive but so small that 

|^„(y)-^^(*)|<a, (2) 

)r all I y — a: I < 5 . Therefore for such y 

|;8(y)->S'(a!)|<3o), (3) 

nd by taking 0 ) = and then choosing 8 in accordance with (2) we can make 

|i8'(a:+A)-/S(a:)l<e (4) 

>r all h satisfying 0 < A < Hence 8(x) is continuous (and therefore integrable). 

To prove the second statement, we have, if 

^(*) = >Stt(«)+K(®). (6) 

nd |BJa:) I <wfor alla:suohthata<a;<6, 


rb rb <*6 

>S(a:)da:=l BJsi:)dx 

J a J a J a 

jj B^{x)dx «t>{b—a), 


rhioh is arbitrarily small. Hence by taking n large enough we can make 

r 8„(x)dii; * E f Un(x)dx (8) 

Ja r^lja 

B near as we like to J 8(x) dx. The theorem is often expressed by saying that a uniformly 

onvergent series of continuous functions can be integrated term by term in any finite ranged 
A nnifoimly convergent series can also be integrated term by term if the terms are 
ntegrable but not necessarily continuous. If 8{,x) is integrable the argument from (6) 
till holds. Take n so that | RJx) J < o. The leap of B„(a;) exceeds 2&) in no interval. 
(„(a;) is integrable. Divide (a, b) into a finite set of mtervals so that the total length 
if those where the leap of SJ^x) exceeds (o is less than 8. Then the total length of those 
rhere the leap of 8{x) exceeds 3o is less than 8. o) and 8 are arbitrary; henqe 8(x) is 
ntegrable. 

1*1 12. Disconthiuity associated with non-uniform convergence. The geometric 
eries does not converge at either a;=lor!c=— 1 and therefore does not define a value 
if the ftmotion at the limits; thus the question of continuity does not arise. . But it is 
tossible for a series to convei^e at certain values of x and yet not to be uniformly oon- 
'ergent in a range approaching them. The example given by Stokes, who first discussed 
his property, was 

® ((»-!)«+ 


converges for all ie, since 


n+p 11 / 


1 1 

(»-!)»+ 1 (n+p)x + : 


JMP 
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Takea:>0. Then 


M teat 


1*118 



1 2 
'' n {n — 


'(3) 


and we can make this less than e by taking n large enough. If a: = 0, the last bracket in 
(2) is 0 and the sum is <ljn. The series is therefore convergent for a: > 0. But it is not 
unifotmly convergent. For if the quantity on the right of (3) is greater than e the quantity 
on the left can be made greater thane by taking jp large enough; and l/» is always positiTe. 


If, then, 


2 

(« — l)a: + l^^’ 


(4) 


that is. 


(n-l)a:<--l, 


( 6 ) 


the left of (3) will exceed e for p large enough; and to make the left of (3) less than e for 
2/e-— 1 

all p we must take n > — + 1. Hence, if we fix e at the start, the appropriate values 

X 

of n increase without limit as » is made smaller, and the series is not uniformly convergent. 
Stokes described such series as converging with infinite aUnmea'a near a; = 0. 

Now consider the sum of the series. We have for all x 


and the sum of the series, if a; is not zero, is 3, siace the terms on the right containing n 
tend to zero with increasing n. Hence the limit of the sum as x tends to 0 is 3. But If 
we put X zero first the terms in the second bracket cancel for all n, and the sum is 1. 

This example is artificial, but the functions used are quite simple, and it serves to 
illustrate the fact that the results of carrying out two limiting processes may be quite 
differ^t according to which we.do first. We have to make x tend to 0 and n to infinity. 
Kwe make x tend to 0 first and then n to infinity we get 1; if we make n tend to infinity 
first and then a; to 0 we get 3. 

1*1 13<’ Tests for uniform convergence. M test. Fortunately the question of 
uniform ^convergence seldom gives much trouble in practical applications, for two 
reasons. First, if for <Mxin tlie range considered \ uj^x) | < where is independeni ofx, 
and ihe aeries converges, then 2 u„(a;) is uniformJby convergent in range. For we can 

choose n to make 

n*+*l> 

S Vn<e 

- -n 

9 inoe, S converges; and then for any x 


I ^ I 

• S «„(*) < Slwn(*)l< Sw»<e. 

n I ft • ft 

This^tcet is k^kiwn as , 

"os^ '^^oppijpansgn a^^ for testing ordinary convergence rests on the same piin- 

theorem. Jf4M, n-^'oo, |'% and 2 v„ eorvoergea^ 


iiwttoeto auT^ AiiA ^ g^ii^ have num^tti e^dioalaons of it. 
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s test 

1*1131. Extension of the M test. A modification of the M test is sometimes 
useful even for conditionally convergent series where we cannot find a convergent series 
of positive terms numerically greater than «„(»). Suppose that as n-^co, «»(*) tends 
uniformly to 0 (see below); that the terms of SM„(a:) can be taken in batches of m without 
deranging the ordei;, giving a series S and that |. Uy{x) ] < TJ, where SPJ is convergent. 
Then S TJy{x) is uniformly convergent by the M test. It remains to show that in the 
conditions stated exists and is equal to 2 Uy{x). 

When we say that «„(£b) tends unifom^ to 0 we mean that for any e we can choose n 
so that I Up(x) 1 < e for all n and for all a; in the range. Then if we take v for given n 
so that 

vm<»<(v+l)m. 


2;«n(*)-STO 

1 1 


= 1 'Wmr+l(») + ••■ +«*»(*) 1- 


Take v so that S *^<1 so that all [ Up{x) | < ^ for p > mv. Then 


UM 

1 1 


<e 


for all X, and all > mv, and S u^ix) is uniformly convergent. 

This can be applied to the series 

S(-l)“;^a* 

Eor by taldng the terms in pairs we get a series whose terms are < those of S — -tt , 

1 ) 

and which' therofore satisfies the M test. Also the general term is numetically < 1/n for 
all X, and therefore tends uniformly to zero. Hence the series is uniformly convergent. 


1*1132. Abel’s test. Though the M test is the commonest in actual applications, 
series may be uniformly conveigent and not satisfy it; it is sufficient but not necessary. 
This applies to all the tests that we shall consider. A more senfitive test is that of Abel. 
If the series E is convergent (not necessarily absoltOdy) and if for aUx in a range «„(») is 
a sequence of positive guantiUes, bounded with regard to x and non-increasing for given x 
as n increases, ^len 'La„Vp,(x) is uniformly convergeM in the range. 

Write Sp = a,^i+o^a+ *•• +«» 4 «* 


Then ^n+x “ **•» i» 

^p.~ ••• 

= «iV»+i(*) + («a - «i) Vn+a(®) + . . . + («i, - 8p_j) v„^ix) 

= -«n+a{»)}+ — +»p-x{^'n+p-l(*) -»»4^>(®)> + «l>®»^4tp(»)• 

For any real positive quantify <o we can choose n so that every sum Sp has modulus < (o, 
since Sa„ is convergent. None of the efy)ressioi»s Vn+a(»)> ••• i® negative, since 

t;,^(a;) is positive and never increases with n, and therefore they are equal to their moduli. 
Hence Sp has ai modidus 


1 1 ^ i *1 I {Wni.l(®) ^n+aC®)} + • • . + I 1 I l(®) I ®»+ip(®) ^ ^n+l(®)* 
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Dirichlet-Hardy test 


1-1138 


Since v^^^{x) is 
if we take 


bounded in the range there is a quantity M that it never exceeds; hence 

oxeJM 


and choose n accordingly, | | wiU be less than e for all a; in the range. But n is indepen- 

dent of X and therefore S a^v^ix) is uniformly convergent,* 

The most important appHeation of this theorem is to power series S a.,^ x^K If the series 
converges for re = 1, the powers x^^ for 0 1, satisfy the conditions imposed on v^{z)\ 

hence the series S converges uniformly up to a; == 1 and the limit of its sum is 
This is AbeVs theorem. It saves a great deal of trouble; for we often get a result in the form 
of a power series and want to know whether the sum of the series for a; < 1 tends in the 
limit to the sum for a; = 1 when x is made to approach 1 . The theorem gives us a simple 
answer: it does so provided the series for re = 1 converges. 

The theorem is stiU true if — ajx) and Sa^(a;) is uniformly convergent. The proof 
needs no change. 

1*1133. Dirlchlet -Hardy test. A slightly different test is dueJioDiriohlet and Hardy .f 
is now made a function of a:, and 2 a^{x) is not required to converge, but permitted to 
oscillate finitely as n increases, within bounds independent of a?, on the other hand, 

may or may not depend on a;, but is required to be a set of positive non-increasing quantities 
tending to zero; if is a function of x it must approach zero uniformly with regard to x 

We now have 


8^{x) = + ... +a^+3,(a;); 1 5^(aj) [ <M. 

(^n+1 “■ ^i(^) 4“ • • • 4“ (^n-Hp—1 ^n+p) 1(^) + (^)? 

I I < M+ ... + + Jf. 

Hence if we choose n so that < ejM, \ /S^(a:) | will be less than e for all and for all a 
in the range. Hence the senes 2 converges uniformly. 

A remarkable feature of this test is that it establishes uniform convergence withoul 
requiring any comparison series to converge. The most important applications are tc 
series of the forms S f;„cos«d, S«„sinvj0. Here 

isl„„9,£2!i£r£2i(2+i)9 

1 2sm i* 2Bin^^ 

If rin^, with ■JjT >S>0, is the smallest value of | sin-^ j in a range, the modulus of the 
cosine sum never exceeds ^ coseo + 1-, that of the sine sum i cot + J coseo whatever 
» and d may be. If then «!>»*>... it follows that Se^oosnd and Su^sinntf 

aro unifo^y convergent in any closed interval a^d^b that contains no zero of sin iff; 
that w, exeludipg 0 = 0, 27 r, 47 r, .... 

In particular', the series 

1 .+ cos 0 + i cos 20 + cos 30 + . . , , 


sin 0-+ i sin 20 + ^ sin 30 + . . . 


and used by Abel. The geoerai form- of tte 

90U1? 




' ^ senes of constaxLts, which Hardy converted into a 

proposfed to call the tests Abells and Hdriohlet’s respeotiv^y, 
>****^vergeiDco m the l^tjber. case is entirely' due to Hardy. 
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are uniformly ocmvergent-in any range a < ^ < 6 that excludes 0,27r,.... Actually the first 
diverges at 0 = 0, the second converges everywhere, but not uniformly in any interval 
containing x = 0. We shall show later that it jumps from — ^ to ^ as d iucreases through 
0, so that non-uniform convergence is associated with a discontinuity as in 1*112. 

1*114. Uniformity of convergence is a suffcient condition for continuity and inte- 
grability of the sum, provided the separate terms are continuous and integrable. It is 
not a necessary condition for either property; in fact the sum of the last series is 
integrable from 0 to 27r. But it is a very useful sufficient condition.® 

n 

It can be shown that if for a < a: < 6 the sum S converges and is bounded for all 

1 

n and x, and is uniformly convergent except in the neighbourhood of a finite number 
of points, then the series l!iu,(x) can be integrated term by term.* 

1*115. Useful comparison series. By far the most important comparison series are 
S (0 < ® < 1), 2 (a > 1), which we have already studied, and 2 (0 < 1). The 
convergence of the latter follows at once from the M test if « < 0. If « > 0, we have 


^«4-l _ 



As n increases this tends to a. Hence, sinoe a< 1, we can take m large enough for this 
ratio to be less than 6 for all » > m, where a < 6 < 1 . Then for n>m, 


and 2 6”“®* is a convergent series of positive terms. Hence 2M®a® converges for 0 < 1. 

Comparison with the series 2 can often be simplified. If = n-* (1 < «), 


n 




If is positive for all n, and 


n 


(l — 

\ «n-l/ 


->«> 1 , 


we can takes = i(<+l), and then we can choose m so that for all 



1 i 1 


1 «»-J 


1 » ) 


and then 





and 2 converges. Similarly, if t exists and is less than 1, 2 diverges. If f = 1 a more 
sensitive test is needed, but we shall find no such case in this book. 

To summarize, if > 0, 2 converges if either 




or if 




«n-l 





— > 


1 . 


* Titchmarsh, Theory of Fimcbions, 1932, 41. 
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1 * 12 . Uniform convergence of infinite integrals. If the integrand depends on z 
also on another parameter y, the notion of uniform convergence arises as for series. 

We shaU suppose in ail cases that J f{x) dx exists however large X may 6e.* If for any e we 
can choose X so that for all Y greater than X and for all y in the range to 


u: 


fix,y)dx 


<e 


the integral f{x, y)dx is said to be tinifonnly convergent in the range 6 q < y < by This 
J a 

property permits the reversal of the order of integration in a repeated integral even whett 
one of the limits is infinite. By a repeated integral we mean one of the form 

rbx roi 
J J Oo 

where /(jB.y) is to be integrated with regard to x between and % and the result with 

regard to y from b^ioby Let us consider the integral, where/(aj, y) is supposed continuous 
with r^ard to both x and y, 

rbt r« /*6» ( rx ra> \ 


Now since all limits are finite 


\^dy r /(a, y)dx=[ dx V) %• 

Jb, J a J a Jbt 


(The proof is simple.*) X is at our disposal; choose it so that for aU X > X 


u: 


f{x,y)dx 


<<o. 


( 2 ) 


( 8 ) 


Then the second part of ( 1 ) is numerically less than — 60) o; and 

j ^ ~ Jo V)dy < (61 - 60) 0). (4) 

But <t) is airbitrarily small and we can always choose X so that (3) will be satisfied. Hence 

t * 

which establiimes the theorem. 

This theorem can be ^^ted in the foirm : a uniforrnJ/y coviv&rg&nt integral can be integzoi^ 
under the wtegraH sigp,^ It follows that an iiiBnite integral J* '/(a?, y) dx can be dijfferentiated 
tinker Ihe integral sign with regaord to y provided that df/dy exists and that its integral 

fyt VO' <nw4<Pr.wwk1>wv J. * - . IV 1 1 A.* t A V 


d to » is nptforinly convergent in the neighbourhood of the value of y under 
consideration. iSds follows immediat^y by putting dfjdy iacf{x, y) in the last theorem. ' 
.dn eoctefisio^'to unjifiotrp^ convergent integrals, where /(a;,y) is not necessarily oort- 
bnioncL, OBjd'be mAde.'.Uni'HSlsi lines of tha aiWimAii'l-. n.* an <1 Av-P 1 .T 1 1 6 



at Hie end of ,1*111. 

« 

’wffl' b© in. (Chapter 5 , to be true under somewha4 
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1-121. M test. The commonest test for uniform convergence is the analogue of the 
M test for series. If for all y sudb that b-y, 

poo poo 

where \ g{x)dsi converges, \ f{x,y) da: is uniformly amdaisohaely convergent inb^^y^by. 

1 * 122. Abel’s and Dirichlet’s tests can be adapted to integrals. The analogue of Abel’s 
test is as follows. Jfj f{x) dx converges (not necessca-ily absolutely) and if for every value of y 
such that bg^y^by ^function v(x, y) is positive, bounded for aU x, y, and never increasing 

poo 

with X, then I f(x) v(x, y)dxis uniformly convergent in the interval. 

•r 


Choose X so that 
and put 


<e (Y>X), 


|J^/(a;)da: 

j^f(x)dx = F(T). 


( 1 ) 

(2) 


Take also Jlf so that v(x,y)<M for aJlx'^X, bf,^y^by. Then 
f f(x)v(x,y)da: == f v(x,y)dF(x) 

Jx Jx-X 

= v(T,y)FiT)-\ F(x) dv(x, y), (3) 

sinceJ?'(X) = 0,J’(F)iscontinuonsandv(a;,^)isofboundedvariationwithr^ardtoa;; hence 


r f(x)v(x,y)dx <eilf+ f. F{x)dv(x,y) 


(4) 


AU changes of v(x, y) as x increases are negative and their sum is between 0 and — Jlf ; 
hence the integral on the right wOl not be decreased numericaUy if we replace F(x) by 
I F(x) I <e, and therefore is <eM. Hence the expression on the left of (4) is <2ejlf, 
which is arbitrarily small and independent of y. 

poo fljjn ^ 

For instance, J —^dx converges; and er^ is positive, bounded and not increasing 

poo flTTl It*. 

with a: for 0 < cx>. Hence doc is uniformly convergent for y > 0. 

Jo * 

' 1*123. The analogue of Diriohlet’s test is as foUows. The modnUm of j f(x,y)dx is 

bounded for all X and aU y each fig < y < by. v(xif is positive, non-increasing and tends to 

zero wiSh increasing x. Take X so large that vipe) is non-increasing, and < e for all a; > X; 
and so that ' /•r 

is munerically < for aU F > X and all y in the range. Then 

r v(x)f(x,y)dx- ( v(x)dF(x,y) 

J X J X"»X 

=>v(T)F(T,y)-( F(x, y) dv(x), 

J 


u: 


v(x)f(x,y)^ 


<viX) I F(T,y) 1 + Jf{e(X)-t;(F)}. 
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and this is less than 2eJlf for all y. Hence in tJia conditions stated J” v{x)f{x,y)dx is mjm- 

^oo 

formly convergent. Note that /(«, y)dxiB not required to converge. 

, 1 — oosXv 

For instance, J ^ emocyaa: = , 

and if I y I > ^ > 0 this is numerically less than 2/^, Also 1/a: is positive and tends to zero 

/*^ sin ic?/ 

with increasing x. Hence -dx is muformly convergent in any range such that 

Jo ® 

I y I > 5 > 0. It is not unifonnly convergent in any range that includes y = Q. Actually it 
is equal to +^fory>0, — ^fory<0,and0fory = 0; so that, as for series, non-uniform 
convergence of an integral can be associated with discontinuity of its value. ■ It is not 


- r* 


difficult to showthat i/J fix, y) dx is uniformly convergent, fix, y) is continuous toitfe regard 

to y, and a is either fixed or a continuous function of y, then the integral is itself a eontimms 
function of y. 

Also iffix,y)-*-g(x) asy-^oo, and the integral is uniformly convergent, then 




poo poo 

fix,y)dx^\ g{x)dx, 

J a J a 


provided J g{x) dx exists for any arbitrarily large X. 

Uniform convergence of an integral of a continuous functiori is a very useful 
sufficient condition for continuity of the integral and for the legitimacy of integration 
xuider the integral sign. W e have had one case where non-unifoim convergence is associated 
with discontinuity of the integral. The following example, given by Courant,* shows 
that it can be associated with the impossibility of reversuag the order of integration. If 


we find 
We have 


f{<»>y) = {2-xy)xye-<^, 

Jo Jo Jij y) da? = 1. 

j^fix,u)du = xyH~^. 




For any a? 4=0 this tends to 0 as 00 ; andforo; == 5= Oforally. Thus 

is convergent, but it is not uniformly eonyergent near a; = 0, since if ^ is the larger value 
pf y that makes xyH'^ = e, xy^e’^<e for all y>yi\ bjit Tj tends to infinity as 
The extension of the results for integrals with respect to two variables to integrals 
with respect to three and more variables involves no new principles * 

M24. Integrals with upper limit tending to infinity. If /(a?, 

when m'^m.etiines need a condition that ^ 

f 

pAifc poo 

/(».,») da:->J g{x)dx. 

CH^ iptegnd OtHoutus, 2, 1936, 3l«. 
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Bolle’s theorem 


41 


The questloa is clearly related to that of uniform convergence; in fact we can define a 
function h{x,n) - f{x,n) {a<,xK,7^, A(a;,») = 0 (A^<a?) (2) 

(3) 


and then 


/•A* j'co 

f{x,n)dx = \ h{x,n)dx. 
J a J a 


Consequently a sufficient condition for (1) is that h(x, n) shall satisfy any of the tests of 
1-121, 1-122, and 1-123. 

Detailed proofs of the required forms of 1-121 and 1-122, and of the analogues for series, 
are given by Bromwich* under the name of Tannery’s theorem. 


1-13. Mean-value theorems. We have seen that a continuous function vanishes 
at least once in any interval where it changes sign'. Let /(«) be continuous for o < a: < 6 
and have a derivative f'(x) for a<x<b, and let f(a) = f(b) = 0, but for some inter- 
mediate value /(§) > 0. Then let a; = correspond to the upper boimd of f{x) in the 
interval. ^ is not equal to a or 6, since /(^) >/{|) > 0. Now 




If h > 0,f(7j + h) and therefore/'(^) <0. If A < 0,/(^ +h)^f('>i), and therefore/'(^) ^ 0. 

These are consistent only if/'(^) = 0. /'(a:) is not required to be continuous. 

If /(a;) has a lower bound < 0 in the interval, we obtain the same result by applying 
the argument to —fix). Hence if fix) has a derivative in a<x<b, ihe derivative vanish^ 
between any two zeros of fix). This result is known as BoUe’s theorem. 

If c, d are any two values of x such that fix) is continuous for c<»<d*and has a 
derivative for c < a; < d, consider the function 

gix) =/(a!)-/(c)-|^{/(d)-/{c)}. 


This vanishes for aj = c and a: = d. Its derivative therefore vanishes for some x between 


c and d, say and then 




Thus /(d) -/(c) = (d - c)/'(^), 

where e<7j<d. This is the mean-value theorem for derivatives. GreometticaJly it states 
that if we take a chord of a smooth curve, the tangent at some intermediate point is 
parallel to the chord. 

These theorems are of very frequent application. One consequence is useful in some 
oases where a derivative is required at a point x = a but for some special reason is difficult 
to evaluate there, owiog, for instance, to failure of an integral or series representmg it to 
converge. If/(a;) is continuous and/'(») is continuous except possibly at x = a, we have 

where 0<d<l. Now let h tend to zero; then if the lefb aide tends to a limit this limit is 
/'(a). But if/'(a;) tends to a limit when x tends to a the right side tends to this limit, and 
the lefb side, being equal to the right, also has this limit. Hence if fix) has a Undt as x 
tends to a,f'ift) exists and is egual to limit. 

' Theory of Infinite Series, 1908, 123, 438, 443. 
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1‘131. The first mean-value theorem for integrals.® If for all as such that a <*<6, 
m <f{x) < M, axidfix) is not constant, 

m(6— a)<J f(x)dx^M{b — a), 
and therefore J f{x)da: — 

where N is such that M. In particular if /(») is continuous there is a ^ in the 

range such that/(^) = N, and 

Jy(a!)ia: = (J>-a)f{g). 

1*132. Extension of flxst mean-value theorem. To obtain Taylor’s theorem 
we require a special case of an extension of the first mean-value theorem; namely, if 
g{x) is > 0 for a < 0 ; < 6, and m <f(x) < M, 

m g{x)dae<,\ f{x)g{x)dx<,M \ g{x)dai, 

Ja Jtt Ja 

which we can write in the form 


f =s ^ f g(x)dx {m<,N ^ M) 

Ja Jet 

^M)j%(x)dx (a<i^b), 

the last being true for some i if f(x) is continuous. 

1*133. Taylor’s theorem. Let f(x) have derivatives up to order n, and denote the 
»th derivative hyf(”i(x). Consider the function 

/)(*2 yW — 1 

g(x) « f(x) -/(O) -®/'(0) (0) - ... - 

On differentiatij^ n—1 times in succession we see that g(x) and all its derivatives up to 
the (»— l)th vanish at a; = 0. Also 

=/(»)(*). 

Now consider the integral 

where is supposed boxmded and integrable. (The reason for this choice will appeal 
when we discuss operational methods.) 

'°!>j repeated integration by parts 


. f ’ ' " ‘ t • ' 



‘.1 



1*134 


Second mean-vaJm theorem 


43 


This is aa exact fona of Taylor’s theorem. It does not require to be continuous. 
If m and Jlf are the lower and upper bounds of for 0 < « < a, the integral is not less 
than 



(a— 


, a* 


and similarly it is not greater than Muc^^jn !. Hence it is equal to Nai^Jn I, where ot < .JT < . 

If further f^\u) is continuous there will be a value 5a (0 < 5 < 1) that makes it equal to N, 
and. the integral can be written 


/yiTt 

-jr){5a). 


This is Lagrange’s form of the remainder. But the form Nx^/nl only requires the «th 
derivative to be bounded. 

An alternative form of the remainder, due to Cauchy, is got by noticing that, if f^\u) 
is continuous, there is a 5 such that 0 < 5 < 1 and such that 

J {z—uy^'‘-f‘”^(n)du = a(a— 5a)"^^/<*5(0a) 

by the first mean value theorem for integrals; hence the renoainder can be 


fjf/li 

^^(l-5)-V<»)(5a). 

It will be seen that these forms of Taylor’s theorem do not require the convergence of 
an infinite series. But they are much used in prolong convergence by showing that the 
remainder tends to 0 for large n and in estimating the error possible for a given finite 
number of terms. 


1*134. The second mean-value theorem. Let /(«) be bounded and mtegrable for 
o<^xKb and ^(x) positive and non-increasing. Put 

jj(t)dt = F{x). (1) 

Then F{a) = 0, and 

r^(fc)f(x)dx^^{b)F{b)-r F{x)d4{x). (2) 

Ja Jx^a 

Let and F{i^) be the greatest and least values of F[x) in the range. Then the integral 

on the ri^t lies between F{^j){^(jb) — ^(a)} and F(^i) ^(a)}; rearranging, we have 


jlmmdx 

>mF(i,)+^(bmb)-Fii,)}. ( 8 ) 

But ^(a) F(^) -h ^{b) {F(b)~- is a continuous function of Hence there is a ^ between 

and and therefore between a and 6, such that 

J 4>{x)f{x)dx’=^l(it)j^f{x)dx+^(b)j^f{x)^. (4) 

This is Du Bois-Beymond’s :form of the second mean-value theorem. 
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In (3), F{b) — F{ii) < 0 , F{b) — F{ii) > 0 ; hence, since <p{b) > 0, 

<p{a) F{ii)> ^(x)f(x) dx ^ 4>{a) F(is), 

and therefore there is an between and and therefore again between a and 6 , such that 

^(*)/{«) = 55{«) J V(j;) dx. 

This is Bonnet’s form of the second mean-value theorem. 

By caging ^(x) to -^(x) we can obviously extend (4) to cases where ^(x) is non- 
decreasing. If the leap of ^(x) in the range is <0 we have 

lJ^H^)/(^)dx~^(a)J^f(x)dx = {^(h)— s5(a)}J^/(a;)d»j«uj J f(x)dx 

1*135. If ^(x) in 1-134 is not non-deereasing but has variation <0 in the range it can 
be expressed as the difierence of two non-decreasing functions ^(x) and ;^(ar), neither of 
them varying by more than <u; and 7 exist such that 


I dx - i^ia)jj{x) d® I «y I J V(») dx 

\j\(^)f(‘>!)dx-x{a) <w|jV(a!)«i»|, 

I <l> (®) /(») dx ~^ (« ) J V(«) I «i> I J^V(») I o IJ /(® ) d* 

•for all i between a and b, the right side of ( 3 ) is less than Swif. 

Thus we can replace the original integral by 95 (a) f V(a;) dx with a known limit of error. 


and therefore 


If then 


( 1 ) 

( 2 ) 

(3) 

(4) 


Ja 

1*14. Infinite products. If . ' 

* 

s= (1 -j- Uj) ( 1 -j- ttj) . , , (1 -f a„). 


( 1 ) 


the limit of n„ when n tends to infinity, if it exists and is not zero, is denoted by 

n(l+o„). (2) 

lattM case It IB often said to comerge to zero to distinguish it firom such a nroduot as 

toW,:ria^ Miy fiurta, 1^ e« „M to iMnlo 
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The theory of convergence of infinite products is closely related to that' of infinite 
series; in fact, if all a„ are positive, or all negative, a necessary and sufficient conMticm 
for the convergence of (2) is that S shall converge. We have 

Sn = log n,, = S log (1 + O,). (3) 

1 


Cleaxly neither 11(1 +o„) nor Sa„ can converge unless We need therefore only 

consider the case a^->-0. Then 


log(l+oj ^ ^ 

“n 


(4) 


Hence the ratios of corresponding terms of the two series S log (1 + o„) and are bounded 
and the series converge or not together. But if has a Umit S, n„ has a limit e®, and con- 
versely if n„ tends to a limit, not oo or 0, 8^ tends to a limit ; which proves the proposition. 

If the are not all of one sign and 2 | 1 is convergent, 11(1 +a„) is easily shown to 

be convergent. If S | o„ [ is not convergent but 0 we can choose m so that for » > m 


log(l+aJ = a„-JA„a®, 

where c < 1 A„ | < d and c, d are fixed; and therefore, if S a® is convergent and S is con- 

ditionally convergent, 11(1 4- Om) is convergent. 

The argument fails for suchaproduct a^s njl-f^^^^j. Here Sa„ converges but So* 

does not. This product is easily proved not convergent. 


1*15. The Llpschitz condition. If 

\M)-f(x)\^A\^-x\l> 

for given x and all | ^— » | < d, where A, are independent of and yff > 0, and a is the 
upper bound of all the such that a finite A exists,/(f) is said to satisfy a lipsohitz con- 
dition of order a at ^ a;. If/(£) satisfies a Lipschitz condition it is continuous &t^ = x, 

and if it satisfies one for all a; in a 6 it is continuous for a<a;<&. But even if a — 1 
the function need not be differentiable or have botmded variation. For instance, take 

/(0) = 0, /(a!) = a:sini. 

This satisfies a Lipschitz condition of order 1 even at a; = 0; but it is not differentiable at 
X = 0, and it has unbormded variation in any interval including x^ 0. The Amotion | x j 
satisfies a Lipschitz condition of order 1 at x = 0, and has bounded variation in any 
interval, but is not differentiable at a; = 0. For some theorems it is found that the Lip- 
schitz condition is sufficient when continuity is not sufficient and differentiability is 
sufficient but not necessary. 

If a lipschitz condition of order a> 1 is satisfied at x, clearly /'(a;) = 0. If at every 
point of the interval it is satisfied for some x> l, f'{x) «= 0 throughout the interval. 
It then foIlowB firom RoUe’s theorem that ifa<a:<y<6, there is a g such that x<i<y and 

Hence /(a;) is constant; consequently only the case 0 < a < 1 is of much interest.* 
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46 Cauchy’s and ScMvarz’s inequalities 

1 - 16 . Cauchy’s inequality. If Oj ... a„, .. . 6„. are any numbers 

(0j+ ... ) (6f + ... +6® ) + ... + •••• 

This is an extension of Lagrange’s identity. Then 

II 1 

This is Cauchy’s inequality. It follows that if $i(a:), ^(a:) are two functions, 

J ^^{x)dxj ^®(a;)da;>|J ^{x)‘i]r{x)ds^ . 

This is Schwarz’s inequality. In particular ^(x) == | /(a;) |, 

(6-o)J Pix)dx^^j |/(»)lda:| . 

Also if « = 2, and h|+6| = 1, (ai6i+(*2i>8)®<Ui+o|. There are numerous applications 
.of similar results. 


EXAMPLES 


1. Which, if any, of the held axioms given in 1*01 are not fulfilled by (1) the set of all positive 
integeETB, (2) the set consisting of zero and all sqtiare roots of positive integers? 

2. A student (naturally not at Cambridge) was heard to say that he had found a route from his 
lodgings to his lectures and back that was downhill both ways. Which of the axioms does his notion 
of height fail to satisfy ? 

f 2 

3. Prove that if Oo = 3, == 3 

«n 

Show graphically, using the curves 2/ = 3 — ,y=:jc^ that the sequence has limit 2 for all values of 


Oq except Oq = 1. (Infinite values of are allowed.) 


(I.O. 1938.) 


4. If = ^(2®* 4- o), where Sj and a are positive md the positive value of the square root is taken, 

prove that as n tends to infinity, tends to the limit 1 + V(a + X). (M.T. 1940.) 

6. Prove that, if ^>1, then 


S 


•tflogn 


tends to a limit as n oo, a r emaining fixed; and that, if this limit is jS(e), then 

a— 1 

6. Show how to deriTe a positive root of tliis equation 

«*+4«— 1 = 0 

oit of the sequenoe defined hy 
I * 


(M.T. 1038.) 


*-+1 = 




I of deoiinalB. 


(I.C. 1»37.] 



Examples 4n 

7. Solve the following differaiioe ecjuations 

(1) tfn+i- ll^n+S^n-i = 0, where = 0,y^=z 1. 

(2) y»+i + 6y„ + 2iS* = 0, «„+i + 2*i„ + 2y„ = 0. (LC. 1941.) 

8. By expressing sinmd and sinhmu in terms 6f exponentials, prove the identity 

sin^ 


^ Qinmd ^ “ 
mnisinhTTW cosh — — cos ^ 


(w>0, ^real). 


(M.T. 1938.) 


9. l£f[x) is equal to 0 for irrational values of x and to 1 for rational values, prove that xf{x) is 
continuous at a; = 0 and nowhere else, and that x^S{x) is differentiable at a; = 0 and nowhere else. 


10. Prove that if a* #= 1 


If a is real, prove that 


1— a2n »-i/ ^ 

T- = n 11 — 2aoos ha*|. 

1-a* r-l\ ^ / 


j log(l — 2acosa;+a*)daj = 0 

if I a I < 1, and find its value if | a [ > 1. 

11. Prove that the sum of the series 

1^1 I i»i I Ni 
i+i*r(i+i*i)»^(i+i*i)»^'" 

exists for all re€d vcdues of x but has a discontinuity. 

♦ 

12. For what vedues of x is^each of the following series uniformly convergent? 


(M.T, 1939.) 


(M.T. 1938.) 


13. Prove that 


(i) i— (ii) il^l + i+... + ljsin»»». (M/o, m, 1928.) 


iog3 = i+i— f +i+i— f +^+i— f-f..., 


and obtain a simila r series for log a, where a is a positive integer. (Hint: use Abel’s test for unifonn 
convergence.) (M/c, m, 1930.) 

14. Show that for any positive value of n 

(1.0. 1938.) 

15. Prove that the binomial series 

1+ S n(n + l)...(n+r-l) ^ , 

’ r-l 

converges for | a? [ < 1 and is unboimded for | a? [ > 1. Prove also that (1) if a; ss 1 the seocies converges 
for 0, and is unboimded for n> 0, (2) if a? = — 1 the series converges for n< 1, is unbounded for 
n> 1, and osciilates for n 1. 

16. Ifforn>w», lt4,[V’‘<Jb<l, show that converges. Apply this rule to the series given by 

^ 2-**, 

Will the rule of !• 115 establish the convergence of this series ? If not, what extension of the rule will 
do so? 


17. Show that the series 


si- 


1 1 (i*+m»)* 


converges or not according as s>f or 


(M/c, m, 1932.) 



Examples 


18. For the two series 


= y = i2-«, 

1 1 


find how large n must be to make the error in stopping at the nth term (1) <0*006, (2) < 0-0000006. 


19. Prove that 


n(logn)*» 


converges or tends to infinity according as ^ > 1 or jp < 1. 
Hence show that if 


^,>0, ^-1, kg»{,(l-^j-l)^4>l 


the series converges. 

20. Discuss the convergence of the series 


ax 0 ( 0 + 2 ) a(o+2)(a+4) 

^ b ^6(6+1) ^ b(b + l)(b+2) 


for positive values of a, 6, x. 

21. Show that 

. a(a+l)...(a+w-l) >?(/?+ l)+(/g+n-l) ,. . 
■‘‘ay nly( 7 +l).,.(y+n-l) 

oonvergesif 00;<1, andifa; = 1 «Ddy>a+^. 

22. Prove the xestilt of 1*104 by integration by parts. 


(l.C. 1944.) 


23. If 


prove that 


24. If 


« 1 

iS = S-r^, 

. in*+l’ 

i+ijr<jS<4+iff. 


^ ^ / 1\ 

f{z) = 2 a«oosA„a»r, g{x) = S a„oos (A„a!4— ) jt, 
n— 0 n»0 \ ®/ 


■where the o, and A, are real, prove that iff{z) or g(z) has no zero in the inteorvaJ — — ^a 5 <— , where 

m+1 m 

tn is a positive integer, then the other funotion has at least one zero in the interior of t.Trig interval. 

(M.T. 1938.) 

= otT.lM.) 

26. Invesiagate the convergence of the infinite prodnets 11(1 +«„), where 

= = (M/c.ni, 1928.) 

27. By oonsidfiring /(a;) = y'a? “V® sin-, show that it is not a sufifieicat condition 

X X 

for "ttie existoDoa of^| f(^)dg[x) that /(a;) and g(x) shall both bo continuous. 

, J «-o 

®S. If/(»Vha8 dozivaiiveB up to the (n- l)th for -a<a!<o, and if/^»)(0) cadste, pove that 

/(*) =/(0)+ 2 /«(0)5+o(»»). 



Chapter 2 

SCALARS AND VECTORS 


‘The moral of that is, “Take care of the sense and the sounds frill take caj« of tbemselres”.’ 

iiBWis OABBOiii« AUtx in Wonderland 


2*01. Cartesian coordinates: summation convention. Any physical measure- 
ment is the assignment of a single magnitude. Such magnitudes are called scalars. 
Physios may be defined as the study of the relations between scalars, so that from one 
set of measurements other sets, given the conditions of observation, can be predicted. 
The most elementary measures are those of distance. Now we saw that distances along 
the same straight line are found experimentally to be additive in a defiboable sense, and 
to satisfy the associative and commutative laws of addition. But when two distances 
are not along the same straight line it is found that they no longer have a unique sum 
unless another condition is provided; if P, Q, B are three points, it is not true that the 
distance PB depends only on PQ and QB. There is, however, an experimentally verifiable 
relation between distances along any two interseoting lines PQQ' and PBB', namely. 


PQ^+PB^-QB^ PQ'^+PB’^- Q’B'> 


2PQ . PB 


2PQ'.PB' 


( 1 ) 



when P is not between Q and Q' nor between B and B'. This ratio (a number) is denoted 
by cos 6, and $ is called the angle between the lines. Cos 6 is never less than — 1 or greater 
than 4- 1. Now that measurement has largely replaced 
EuoM’s methods and the experimental treatment of R' 

‘geometry’ is advocated, it is desirable that one of U 

the first steps in teaching should be the direct verifica- 
tion of this law, and that it should be made the baisis 
of the development of the subject. It is far better 
verified than some ofthe usual axioms. It ma<kes angle f 
a derived magnitude, and the additive property of 

angles in a plane, taken as a postulate by Euclid, can be deduced firom it. This is a]l 
to the good because a plane is a more difficult idea than a straight line. From (1) the whole 
Euclidean theory can be developed up to the introduction of rectangular coordinates.* 

In Euclid’s methods the notion of superposition plays a prominent part, and he is 
always speaking of the actual tkings compared. The tendency of modem teaching is to 
try to avoid superposition. But it is directly related to physical methods, and Euclid’s 
language makes it impossible to confbse, say, a length with an area. The language of 
physical magnitude can say things easily that have physical meaning and would be 
difficult or impossible to express in Euclid’s. But the attempt to reduce his system to 
pure mathematics removes what, for physics, are its outstanding good points. 

Rectangular coordinates have the property that any distance between two points can 
be expressed in terms of them symmetrically by a sum of three squares of their differences. 


* H. JefiBreys, Sdrnt^ Inference, Chapter 7; other considerations concerning physioal magni- 
tudes will be found in Chapters 4 and 6. It is particularly important to recognize that the 
establishment of scientific laws is a matter of successive approximation. 
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Bedxmgular coordinates 


2-01 


This property is shared by no other way of specifying position. The common statement 
that rectangular coordinates have no special physical significance is nonsense. In pro- 
jective geometry the notion of distance is rejected because, it is metrical. In physios we 
cannot do without it. But when it is introduced we can consider what is the shortest 
between a point and the points on a given plane (defined as the locus of points 
equidistant from two given points), and this leads directly to the notions of perpen- 
diculars and rectangular coordinates. 

A rectangular coordinate is a distance from a given plane; we agree to assdciate it with 
a positive sign for j>oints on one side of the plane and a negative sign for points on the 
other side. Then we can speak of the displacement from P to Q as specified by three 
components, namdly, the differences of the rectangular coordinates of the two points, and 
these differences are equal to the projections of PQ on the three ases used. As each is a 
distance along a given line, measured in a given direction, they have the additive pro- 
perty, and can be taken in any order. That is, starting from P, we can find a point F 
with the same y and z coordinates as P but the a; coordinate of Q', then a point P" with 
the same x and z coordinates as P' and the y coordinate of Q', and finally we get to Q by 
varying the z coordinate. But we could adjust the coordinates in six different orders and 
stiU reach Q m three steps. This would still be true with any kind of coordinates, but with 
rectangular coordinates the three displacements have a special property, that each is in 
a given direction and has a given magnitude. (This is also true with oblique Cartesian 
coordinates, but these are used only in special applications and we shall not treat them 
till Chapter 4.) In a sense, then, we can regard parallel displacements of the same amount 
as equivalent. This is a particular case of the paraMdogram laWt but the latter is used in 
its general form only for oblique a>xes and we are not concerned with it at present. We can 
regard the equivalence as representing a physical process by supposing the displacements 
transferred bodily to their new starting points by means of a T-square and set-square. 
The process, however, is not of frequent application. 

The really important property of rectangular coordinates is that they express the 
properties of distance equally well, and in the same form, whatever directions we take 
for the axes, subject only to their bemg mutually perpendicular. We do often want to 
change axes, and we require a way of inferring the coordinates with regard to one set of 
axes, given their values with respect to another. Now the components of a displacement 
with r^ard to the new set will be its projections on the new axes, with due attention to 
sign. Now if a line JB8 makes angles a, y with the old axes, and the displaomnent PQ 
*has components u, v, w with respect to them, then the projection of PQ on PS is 

‘ucoBot+veoB^+tdoos.y. ( 2 ) 


^nus notation is cumbersome. It is usual to shorten it by denoting the three cosines by 
I, mj 'ri. and to call them the direction cosines of the line MS', then the projection becomes 
liir+rnv+nw. A further shortening is achieved if we denote the axes by x^, ajg, x^’, the com- 
ponents^ wiU ^en be denoted by «!, and the direction cosines by Zj, Zj. Then the 
projeotibnis * 

, - , • 2:Z*«, = 1,2,3). , . (3) 


T^-a dvantegb of suffix notation is that the most general laws of physios have the same 

laenoe if w;e haveV say, differential equations for the three 
to. write one equation in stifBx notation and let it 



202 - 2 -021 


Transformation of coordinates 51 

be understood that the suffix is to take all the values 1, 2, 3 in turn. A further shortening 
of Tmtiog is obtained by the ammuOion covAierOion. We see that in (3) each term contains 
the same suffix twice, and the results are to be added. We mahe it a rule that in any expres- 
sion in suffix notation containing a repeated suffix, that suffix is to be given all possible 
values and the results then added. Thus for (3) we write simply and leave the sum- 
mation to be understood from the convention. 

2*02. Transformation. Now if we have two sets of rectangular axes 0123, 01'2'3' 
with a common origin O, we denote the two sets of coordinates by »£, aj respectively. These 
must be regarded as two different ways of saying where P is. We denote the direction 
cosines of a particular x'j axis with respect to the axes by lij. Then Xj is the projection 
of OP on the direction of the x'j axis and therefore is equal to ItjXj. This is true whether 
y = 1, 2, or 3; hence 

~ (^) 

This summarizes the three equations of the transformation, each of which has three 
terms on the right side. 

We have not used the condition that the axes x’j ate mutually perpendicular. The 
condition that and x^ are perpendicular is 

hih2 ~ (®) 

with two similar relations for the other pairs. Again, since Z^^ are direction cosines of the 
ai axis referred to 0123 

( 6 ) 

with two similar relations. (W e do not write l^j l^j here because thatwould imply summation 
with regard to both i andy, which we do not intend.) Hence, though there are nine l^j, 
they, are connected by six relations of the forms (5) and (6), and we should expect that 
only three of them can be assigned independently. This is actually true, but this argument 
must not be regarded as a proof. 

2*021. These six relatio3as can be written as one. We introduce a set of numbers 
where « and i; can each be 1, 2, or 3, such that = 1 if » = k, and ss 0 if i A;. 
Then we have 

Ifjljf == Sjj. (7) 

This set of quantities is called the atibsHtuHon tenaor;* in any expression containing a 
suffix k, not repeated, if we multiply by and add, the only non-zero term is that with 
and the result is therefore to replace k by i. Note that we must distingaish between 
with i^k, which is 1, and Sjj, which implies a summation and is 3. Note also that in 
Iji the form of the expression itself indicates that the two Z’s cannot possibly mean the 
same thing. It is unavoidable with suffix notation that the same letter may be required in 
twosenses, smce so many letters already have special meanings, but a suffix avmpT^identifiea 
cm axis and can take ffte vaktea 1, 2, 3, and the acme letter on tite line stands for a physical 
magnitude. If this is borne in mind no coxrfnsion will be possible. The suffixes used here 
axei,k,m,p, ... for the original axes, y, Z, n, g, ... for the transformed ones, ois omitted 

*' See S'QS. We do not need .the definition of tensois in gen^^ at present, is a paxtioular' ease 

of the ‘Eroneeker S’. 


4-a 
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because it might be confused with a figure. Consecutive Greek or italic letters are often 
used in each system, but this is liable to lead to overrunning the end of the alphabet in 
one system or to re(juire additional accents, which make writing more difficult. 

2*022. Reverse transformation. Since the a;J axes are an orthogonal set and the 
cosine of the angle between the and xj axes is Iff, we have also 

Xf = IffXp ( 8 ) 

and since the Xf set are orthogonal 

h}^k} = (9) 

This set of relations is deduced algebraically from (7) in 2-073. (This in itself is a wamii^ 
against complete trust in the method of coimting constants. We now have 12 relations 
between 9 quantities.) 

2*023. Velocity, acceleration, force. Deflboition of vector. Unit or direction 
vectors. Now in dynamics the equations of motion of a particle take the form 


mxi = Xp (10) 

when the axes are inertial.* {Inertial is better than the usual wordj^ed.) But if we take 
another inertial set the Iff are not varying with time, and therefore 

Xf = IffXi, X'f = lifXf. (11) 

Hence the components of velocity and acceleration with respect to the Xf axes are related 
to the components with regard to the Xf axes as the coordinates are. 

Now (10) are supposed to be true for any inertial axes; for different sets the force 
components Xp XJ must have different values, but we must stiff have 

m£f = X'f, (12) 

however the axes are transformed, and quite irrespebtive of the aotual values of Xj. 
But this can be true only if 

X'f^kfXp (13) 

Thus besides di^lacem^t we find that on change of axes velocity, acceleration and force 
all transform according to the rule (4): force on the supposition that the equations bf 
motion are stated in a form true for all inertial axes. Thus for a particle moving under 
gravity, with 03 upwards, we have (a^.aij,®,) = (0, 0, —g). But this is not true for 
other axes and the general form is = — glp where If are the direction cosines of the 
upward vertical. 

Any three quantities Af that transfoim on rotation of axes according to the rule 


A'f — IffAf 




.axeeaid be the com^ponenta of a vector with regard 'to those axes. Now if we start from 
toy det of tijrte equations that are true for every set of axes and work out from them any 
* etoa^uen^titi^'a.partioular set of axes 01, 02, 08, we could equally well have derived 
. eqplhtj^n^ ^ted m tennis of another set of a^es Oil'^ 02', 03' a consequence 

in detail how,, .and fiw, Newtonian dynamics is habed 
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differing formally from the first only in the appending of accents to aU the letters. If the 
consequence consists of a set of three equations, and the left sides are the components of 
a vector, we know that the left sides in the two systems are related according to (14). 
But since both sets of equations are true the right sides also must transform according 
to ( 1 4) and be the components of a vector. Conversely if three equations assert the equality 
of all components of two vectors with respect to one set of axes, it follows from the fact 
that both sides transform according to the same rule that the set can be adapted at once 
to any other set of axes by merely inserting accents. 

If we take any two lines whose direction cosines with regard to the axes are n^, 
the cosine of the angle between them is If in particular the first line is the axis of 
Xj, the cosine of the inclination to it of a line with direction cosines is 

n’j = lijHi, (16) 

so that the direction cosines of a given line transform according to the mile (14) and are 
the components of a vector. Such a vector is often called a unii vector-, we prefer direction 
vector, since the only application is to specify a direction. 

We can speak of the component of a vector in any direction. If a line has direction 
cosines n^ with respect to a set of axes, the component of the vector Ai in that direction 
is Now suppose that we used the Xj system and tried to find the component of the 
same vector in the same direction. It would be 

= = niA^, (16) 

and therefore the component of a vector in any given direction is independent of the 
axes used. 

This result could also be derived by taking a third set of axes, one of which is in the 
direction of the line and carrying out the transformation of axes first directly and then 
by way of the set. 

A vector is oil^n defined as an entity requiring three components for its specification, 
and with an additive property expressed by the parallelogram law. The latter part of the 
definition, however, supposes for its application that the vectors considered are to be 
represented by displacements with an arbitrary scale factor, usually dimensional; until 
this is done we do not know what we mean by the parallelogram law for that kind of 
vector. The introduction of the parallelogram is really an unnecessary complication, and 
it is better to proceed directly to the analytical statement of the required property. 
Again, the rule requires that we should know what we mean by addition for that kind of 
vector. We have natural interpretations for displacement, velocity and accderation, and 
force. But we shall meet more complicated vectors such that it becomes difficult to find 
anything but an analytical definitiou of addition; and it is quite unnecessary that we 
should find one, since all that is required for our purposes is that our equations shall be 
true; ff we can calculate a quantity correctly, it is not necessary for physics that we 
should find a separate physical interpretation for every term contained in it. Ac- 
cordin^y, we shall define a vector by the transformation property of its components 
Ai, which includes the statement that the component in a direction with direction 
cosines vif is A scalar is a single quantity, the same for all axes. 
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{■03. Single -letter notation. A vector with components At can be stiU more shortly 
loted by A in heavy type. It is not really necessary, and is in fact rather difficult, to 
ine what we mean by a vector apart from its components. In making comparisons with 
ervation it is the components that we are concerned with, but it is often convenient 
vork with the single symbol. We can then define the sum of two vectors A and B to 
the vector whose components are A^+Bt and denote it by A+B. — B is the vector 
5se components are and A—B = A + (— B). We can define the product of a 
tor A by any scalar to to be the vector whose components are 7r^A^. It is obvious that 
h this definition vectors satisfy the commutative and associative rules of addition; 
A is the vector whose components are + and these are the cem- 

ents of A+B. Similarly, the associative rule 

A-KB-hC) == (A+B)4-C 

3 WS at once &om the definition. We cannot significantly add a vector to a scalar, 
!e the former is altered on change of axes and the scalar is not; but clearly mA and Ato 
resent the same vector, and the commutative law of multiplication is satisfied, 
ilarly if to and n are scalars 

(to-h«-)A = mA+nA = (n-+TO)A, 

Tided TO and n have the same dimensions; otherwise addition is meanin^ess. Also 

TO(nA) = (TOft)A. 

he displacement from P to Q, considered as a vector, will be denoted by PQ. 

e have seeoo. that a vector is completely speoitled by three componeutB; but it is easy to see that 
Donditioii. can. be satisfied, without the commutative law of addition being satisfied emd therefore 
»t by its^ a sufficient condition for the vector property, 
lider the rotation of a rigid body through a finite angle 
t any axis throng a fixed point O of the body. The 
ral ‘sum’ of two successive rotations is a single rdtation, 
h would bring the body into the same final configuration, 
i^e rotation is completely specified by the direction of 
oris of rotation, which requires two data to specify it, and 
n^e turned tbroiigh. Let us taJke a set of rectangular raes 

1, fixed in space, and consider two successive rotatioos, 

through •Jw about 01, then throng Jw about 02, both 
; ri^t>handed rotations. If we take them in thia order a 
! P with coordinates (0, 0, 1) goes filst to P'(0, — 1, 0) and 
ms there at the second rotation. Sut if we mairA 
ion about 02 first, the point goes to P'(l, 0, 0) and 
idirplaced by the second rotation. The or^ of the 
ions affects the result. Now if the sum of the two rotations was obtained by the vector law this 
I not ^ BO, rince the commutative law of addition holds for the latter. The representation of 
I rotations will he considered more fully in the next chapter. • ' . 

031. The geometrical representation of a vector, caa be shown to be possible from our 
lition. Bor if A is any vector we can multiply its components At by a constant c 
en. so as to make them lengths. Then if sa cA<, the projection of as on the direction 

' , ^fAt, 

dividing by c we recover the component of A in the direction If. The eddi t rou of 
ore of tile sa^dimensioiu is then seen to be completely expressed by representing 
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them by displacements on the same scale, and the parallelogram law is thus recovered 
for the general vector. Further properties of vectors can be inferred from those of dis- 
placements by this representation. In particular, any vector has a modulus and a direc- 
tion; for if r is the length of the displacement representing it on a given scale, we have 

r® * + = c^{Al+Al+Al) = c^A\ (1) 

where A^ - A^A^, (2) 

and is independent of the choice of axes. Then A (taken positive) can be called the moduhis 
of A, and corresponds to the distance in a displacement. Also if A =|= 0, and if we write 

xjr = Ail A == 

the nii are the direction cosines of a definite line, which can be called the direction of A. 
It follows further that the projection on a line in the direction of the representative 
displacement is cAl^m^ = cA cos0, where 6 is the angle between the directions of Z^ and 
and the component of A in the direction Z^ is A cos 6. But the component in any given 
direction is independent of the axes of reference and therefore A and for all Z^, are 
independent of the axes. Hence A is the same magnitude and the same direction, 
whatever the axes. 


It is convenient in one case to depart from the rule that we take A positive. A straight line can be 
represented by the equations 

Xi =s flff 4-4?Z<. 

If we keep Z| the same, we can get aU points on the line by allowing s to range from — oo to oo, and this 
corresponds to proceeding along the hne in adefinite direction. is assigned it is therefore convenient 
to take for a line through the origin 

Xi S= Xli9 

thus admitting negative values of the quantity x. The distance &om the origin, taken positive, will 
always be denoted by r. When we take 

Xi = rli 

with r positive we are considering two lines in opposite dicections &om the origin as different Imes, with 
equal and opposite values of Z^. This is sometimes convenient, but not always. 

2*032. Comparison of notaHons. The imporbance and use of vector notation is a 
matter of debate among mathematical physicists. Anything that can be said by means 
of A con he said by means of At or by miting out the components in fall. If, however, the 
geometrical representation of a vector by a directed line segment is constantly home in 
mind, to some minds the content of many physical laws is most clearly understood in 
vector notation. A little trouble is needed to learn to ‘think in veotors’. A little is also 
required to acquire confidmce that the compactness achieved by the summation con- 
vention does not lead to mistakes. It must, moreover, be remembered that if a ph 3 rsical 
result about a vector is obtained, it will always take three measurements to verify it, 
and the three components will have to he impacked, whether it is expressed in vector or 
su£5x notation. The unpacking from sufSx notation is oft^ easier and never harder than 
from vector notation. Some general theorems are more compactiy expressed in the one, 
some in the other. In special problems judgment is needed to decide on the best moment 
for unpacking, and many students defer it too long when the conditions of the problem 
indicate, one or two special directions. In elasticity and tiie dynamics of viscous flidds 
the sufBx notation adapts itself for more naturally, and iu the theory of relativity vector 
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ation breaks doTOi completely because the paraJlelogram law fails for velocities. Con- 
uently some mathematical physicists hold that vector notation, is pure waste of time 
. delays the acquisition of familiarity with the more generally useful method. What 
shall do in the present chapter is to show the two methods, as far as possible, side by 
. Ability to translate from either language to the other, or to the expanded form, is 
ibsolute necessity in understanding modem physical literature. It is often useful to 
alize a vector as a displacement vector, and while as a matter of definition we make 
ar distinotion between a general vector and a displacement vector, we shall frequently 
ik of a general vector in geometrical terms: e.g. the angle between two vectors A and 
leans strictly ‘the angle between the displacement vectors representing A and B 
irding to some specified scale’; ‘two perpendicular vectors A and B’ means ‘two 
ors A and B such that the displacements representing them are perpendicular’, 
use of this analogy is tmnecessary in suffix notation, analytical definitions being 
ided. 

033. Null vector. A miU or zero vector is one whose modulus is zero. 

034. Directiou vectors. A vector of modulus 1 (a number) in the direction of a 
or A is called a unit or direction vector in that direction. Its components are evidently 
le direction cosines of the direction of A with regard to the coordinate axes. In 
icular we shall denote direction vectots in the directions of the axes by e(i), e(^, e(j) 
jctively; that is, 

®(i) = {1» 0, 0), 6(2) = (0, 1, 0), e(^ = (0, 0, 1). 

use of the brackets roimd the suffix is to emphasize that it does not denote a oom- 
nt, but a particular vector. Any vector A may be written as 

+ A 2 C(ji) + A3 C(^. 

me books denote direction vectors parallel to the axes by i,j, h and write 

A = A^i+Ayj+Agk. 

>4. Linearly dependent or coplanar vectors. If there is a relation 

cxA+fiB+yC =s 0 (1) 

sen three vectors, where a, y are real numbers (not all zero), then A, B, C are said 
linearly dependent. Geometrically this means that A, B, C can be represented by 
icement vectors lying in a plane, since if y + 0, 

C = -i(aA+/?B). (2) 

' r 

iketcffirre C is represented by a displacement vector lying in the plane of the dis- 
ments representing A and JB, supposing these drawn through the same point. The 
rs themsdves are then said to be coplanar. We may recall at this point that parallel 
rs of equal naagnitude are equivalent in the system we are using. Some writers 
guish between ffiree vedtors’ and ‘localized vectors’, a localized vector including, 
stance, the ^peoifioation both of a force and of its point of application. In our sense 
lized vpetor iapot a vector but two vectors, one to specify the force auH the other to 
!y the pomtof 
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If there is no such relation as (1) the three vectors are said to be linearly independent 
or non-coplahar. 

The corresponding results in sufSx notation can be ■written do'wn at once. 

2*041. Expression of any vector in terms of three non-coplanar vectors. If 
A,B,C are any three non-coplanar vectors and J) is any vector, then D can be expressed 
as aA-\-pB+yC, where a, /ff, 7 are real quantities. Eor, let PQ represent D. Then lines 
through P representing A andJB define a plane. Let iZQ be a line through Q in the direction 
of C and meeting the plane defined by A and B in R. Then 

PQ^PR+RQ. 

But RQ represents yC, where 7 is a scalar; and PR 
is a vector coplanar with A and B, and can therefore 
be expressed as ocA + /SB. Hence 

D s= a;4+yaB-t-7C. 

Since there is always a relation of this type between P 
four vectors it follows that four vectors cannot be 
liuearly independent. From the construction given it 
is clear that for given A, B, C (non-coplanar) and any B, the q'oantities a, yff, 7 are 
uniquely determined. 

When A, B, C are direction vectors, mutually perpendicular to one another, we have 
the particular case given by 2*034. JfA, B, C are not mutually perpendicular, ccA , fiB, yC 
are the oblique comqtonenis of B in the directions of A, B, C respectively. 

2*05. Multiplication of vectors. We have considered multiplidation of a vector 
by a scalar, but the meaning, if any, to be assigned to multiplication of 'two vectors is 
not immediately obvious. We can set out the nine products of ■the components in a 
square array, thus: 


ABx 

AxB^ 

A^B^ 



*^ 2-^8 

A^Bj^ 

A^B^ 

A^B^ 


and we shall find that these products all reappear in Chapter 3. The two products nnliH 
the scalar and vector prodnids, which we now x*roceed to defee, are particular combinations 
of 'these nine products, and their choice is dictated by th^ ‘usefulness in physical applica- 
tions. 

2*06. Scalar product. This function is directly related to the fundamental and 
eaperimentaJly verifiable relation 2*01(1) between distances not measured along the 
same line. We have 

PQ . PR oosd = ^{PQ^+PR^- QR*), (1) 

and this is completely determined by the three distances PQ, PR, QR. Since diaf,a.nfM» ig 
the fundamental notion of -the whole subject and is the same for every fcame of reference, 
this expression is a single quantity whose value is independent of the coordinate system : 
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we have .called such quantities ecalovrs. Now if we translate into Cartesian coordinates, 
if Xi denotes PQ, and denotes PJR, then yf — Xi denotes QB, and 

i{FQ^+PB^-QB^) = i[(«f+»i + *i) + (yi + S'i + 2/l) 

- {(^1 - *i)® + (ya - *8)® + (ys - «8)®}]. (2) 

= a:i2^i+ 0:42/2 + ®ay8- (3) 

This is called the scalar product of the vectors a? and y, and in general the scalar product 
of ^ and B is defined by 

il.JJ = ^iJBi+.i2^2+^8^8= S (4) 

i-l, 2, 8 

using the summation convention. JL. is equal to AB cos 6, where 6 is the angle between 
the directions of the two vectors. We read it as ‘ddotJS’. The two expressions in 
coordinates in (2), (3) would be written by the STimmation convention as 

^XiXf +yiyt- iyt - a:^) (2/4 - a?* )} = j/^, (6) 

and the left side can be further shortened to 

Ka:Hyf-(yi-*<)®}- («) 

We recall that ** would formerly have been written xx, which is what we mean by a:*; 
so when we see an expression like *1 we interpret it as XfXi and apply the summation 
convention. In terms of this convention the modulus d of a vector A is given by 

A^ = Al 

This expression is the scalar product of A with itself. The saving of writing by the sum- 
mation convention is enormous, so great that on .the rare occasions when we do not use 
it we say so specially. Without it, suffix notation would, have little advantage over writing 
everything out folly in Cartesian coordinates; with it, expressions that when fully 
developed would contain 9 or 81 terms can be written down and handled as easily as one. 
The convention remains useful in the theory of relativity and in general dynamics, 
since it is simply a linguistic device and does not depen^ on the parallelogram law. 

The proof tiiat AtB^ is independent of the axes of reference, without the use of the 
displacement representation, is 

AjBj = Ifjlj^AfBh = Hfj^AiBjf = AiB^, ( 7 ) 

just as in deriving 2'023 (16). 

CommuMwe law. It is clear &om the definition that the order of A and B in the scalar 
product is irrelevant: A.B ^ B.A. 

Associative Icm. .4. .13 is not a vector, and we cannot go on to form a product A.B.C, 
so the .associative law has no meaning. (A . B) C means a vector in the direction of C and 
of 4.. £ times its magnitude. 

JDistribvtive law.^^e can, howevbr, prove that 

A.{B+C)=A.B+A.C, 
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for this follows at once from the definition. This can be inunediatdy extended so that the 
scalar product of two sums of vectors can be expanded into a sum of scaLai products. 
In particular, since 

■A.B = (•4iC(j)+. 42C(2)+.436(5)) . (5ie(]j+ 52e(2)+.B3e(j)) 

We thus recover the definition (4). 

Ifotice that when direction vectors along the axes are introduced the rectangular 
coordinates are regarded as scalars. 

It should be noticed that if the scalar product of two displacements is zero it implies 
PQ^+PR^ = QR^‘, that is, either one displacement is zero or they are perpendicular. 
The vanishing of A .B does not imply that either ^4. or S is a null vector; it implies that 
either they are perpendicular or one of them is a iiull vector. But if A.B^, A.B^ 

are all zero, where B^, Bg, Bj are not coplanar, A cannot be perpendicular to aU and must 
be null. 

The cosine of the angle between two lines is the scalar product of two direction vectors 
along the lines; that is, if Z^, are the direction cosines of the lines 

COS0 = Z^m*. 

The component of a vector A along a line with direction cosines Z< is Z^ which is the 

scalar product of A and a direction vector along the line. 

2*07. Vector product. The vector product of two vectors is written AkB (read, 
A cross £) and is defined as follows by the displacement model. If OP and OQ, representing 
A andBrespectivdy, are not parallel they define a plane. Let OR represent a direction 
vector n perpendicular to this plane. Then if d is the angle turned through firom OP to 
OQ, right-handedly about OR, 

AaB = A£B3Xi6n. 

It will be seen that the definition is independent of the choice of the direction of n. If 
we took the opposite direction as n the angle turned through right-handedly about it 
would be 27r — 6, and since sin {27t —6) = — sin d the result for the magnitude and direction 
of the vector product would be the same. 

In the vector product the order of the factors matters. For 

Ba. 4, = B4sm(— ^)n = — .4 aB. (1) 

The commutative law is not satisfied by the vector product. We shall soon see that the 
associative law is also not satisfied, but we can prove that the distributive law holds, 
namely, 

4A(B-f-C) =.4 .aB+.4aC. (2) 

We consider first two particolar cases. 

(1) .4. is perpendicular to B and C. We notice that if A and B are perpendicular, then 
4 aB is obtained from B by first mnltiplyingB by A and then rotating it about A through 
a right angle. Hence the vectors 4 a (B + C), A aB, 4 a C are represented by line segments 
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if lengths equal to A times the sides of the triangle representing B + C,JB,C respeotivdy, 
.nd each is turned through a right angle. It follo'ws that the vectors A. a (B + C), A aB, 
I A C are represented by the sides of a triangle similar to that representing B + C,B, C, 
nd hence equation (2) follows for this case. 

(2) A, B, C are ooplanar. Then Aa(B+C), AaB, AaC are aU in a direction per- 
iftTK^innlar to the plane and the result follows from the addition formula for sines. 

Tn the general case we assume A and B not coincident or perpendicular and write B 
s Bp +B^, where Bp is parallel to A and Bp perpendicular to .4 in the plane of A and B. 
'hen since = B sin 6, it follows that 

.4aB = AaBp. 

similarly, C = Cj, + Cp, then AaC = A a Cp. But 

B+C = (Bp + Cp) + (Bp+Cp), 

ad smce Bp, Cp are parallel to A and B„, Cp perpendicular 
) it, it follows that Bp+Cp is the component oiB+C per- 
mdicular to A, and therefore 

^ A (B+ C?) = .4 A (B„ + Cp). (3) 

ut by Case 1 this is equal to 

AaBp+AaCp = AaB+AaC. (4) 

The vector product of a vector with itself or with any parallel vector is a null vector, 
the vector product of any two vectors vanishes, it can be inferred that either they are 
iraUel or one of them is a null vector. Again, it does not follow from the fact that the 
KJtor product is the null vector that one of the factors is nuU. But if A. aBj and A aB^ 
e nuU, and B^, Bg are not parallel, A must be null. 

In particular, for the vectors e(j), e(^, we have 



e(j)Ae(j) = e(2)Ae(a) = e(g)Ae(^ = 0, 


(5) 


that 


®(a> ^ ®(S) “ ®i = — 

j4aB = (-Aie(])+A2e(sj)+A8e(^)A(Bie(j)+ BgC^j+Bjea)) 


( 6 ) 


— ■48Bg)C(j)4 - A.iB 5)C(2)+ (A^Bg — AfjBj}e(i^ 

= fid) «<S) 6® • 

4j' Ag Ag 

Bi, Bg Bg 


(7) 


A geometrical interpretation is available for the vector product of two displacements. 
B is and Q is y*, the projections on the plane a;i = 0 are Pi(0, asg, «,), 0i(0, yg, yg), 
id the area of the trian^e made by these two points and the origin is ^(agyg — aigyg). 

rotate positively about Ox^ the area is positive if is reached after a rotation 

lis'th^.7r> It will be fompd ihAt ta kin g double the three projections in turn we have 


( 8 ) 
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But by a theorem of geometry these are equal to twice the magnitude of the area of 
the triangle OPQ multiplied by the three direction cosines of the normal to its plane, 
taiken on the side such that the rotation of OP to OQ is in the positive sense about 
the normal and less than it. They are therefore the components of the vector 
product a; A jf. 

V&Aor area. In the definition of the vector producta^Ay the sense tahenforn is irrelevant, 
but the right-handed rotation about n needed to bring x into the direction of y may have 
any value less than ^ir. The statements in the last paragraph would remain true if the 
rotations were all ta^en about lines in the opposite directions to those stated and a com- 
ponent taken positive if the rotation about the negative direction of the corresponding 
axis is between tt and 27r. But the signs of all components are reversed if® and y are inter- 
changed. There are advantages in being able to speak of the triangle OPQ as having the 
same directed area irrespective of the labels attached to its sides; and this can be done by 
defining its vector area as , , , 

ila;ysin^ln = il®At/ln, 

with a particular choice of the sense of n. It will be equal to the vector product if sin d 
is positive, that is, if the rotation from OP to OQ in the positive sense about n is less 
than w; its sign will be reversed if n is reversed. 

To make the vector area unambiguous we need a criterion for identifying the sense of n. 
This arises most simply in relation to a suifioice made up of triangles. By addition we can 
define a vector area for the whole surface, n being defined so that it does not out through 
the surface when we pass fitrom one face to an adjacent one. In particular, for a closed 
polyhedron, we can take n to be always outwards. In this case the jEaees with positive % 
will have vector areas whose components are the areas of the projections of the faces on 
the plane (723 and make up the area contained in the rim of the projection. Those with 
negative % give components whose total is the same area with the sign changed. Hence 
the vector area of a closed polyhedron is zero. 

2*071. An^ytic treatment of vector product: In the analytic treatment 

we define the vector product directly as a vector with components 

(djjBs— djJJg, dgBi— diJSg, 

It then requires proof that this set of quantities has the proper transformation properties 
and that its components are equal to AB sind%. The reason for introduciug the vector 
product at all is that this set of quantities arises naturally in the discussion of the equa- 
tions of dynamics, especially the motion of a rigid body and the motion of a charge under 
magnetic force, and in electromagnetio theory. 

We consider the set of 27 numbers specified by the rules (1 ) if any two of the i,k,m 
are equal, = 0; (2) if they are all different and occur in succession in the order 12312 ... 

which we call even, = 1; (3) if they are all different and occur in the order 21321 ... 

which we call odd,* ^ — 1. That is, 

®128 “ ^281 ™ ®818 “ (1) 

^218 " ^182 ~ ®82X = 1> (2) 

* The reason for t*he terms evm and odd is derived from the number of interchanges of suffixes 
needed to produce the order 123. Thus 231 can, by interchanging two suffixes once, be turned into 
132 and by a second interchange to 123, But 213 is turned into 123 by a single interchange. 
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rhile any of em, eua, ejga and so on. are zero. Now consider the sum 

^ikm-^k (3 ) 

tere k and m are both repeated suffixes. For each i it is therefore the sum of nine terms, 
lut if either A: = m = i, or * = m, = 0. The only terms that can differ firam 0 are 
aerefore the two that have k and m different from i and from each other. Thus if, for 
istanoe, i — 1, we must have A; = 2 and m = 3 and therefore = 1, or A: = 3, m = 2, 

- 1. Hence = A,B^-A^B^, (4) 

ad similarly for i = 2 and 3 we find the other two components of the vector product, 
bus (3) gives a compact expression for the components of the vector product. We shall 
snote tliATn at present by {A aB)< to facilitate comparison with resiilts already ohtaiaed 
L vector notation. 

Two other importemt properties of are as follows. Clearly whatever A^ may he, 

(®) 


nee aU the terms cancel; this formulates analytically the statement that iJie vector 
roductof a vector wiOi itself or cmypcuraUel vector is wuM. T£A^, Bf, Ci are any sets of three 


iiantities. 




B^ B^ B^ 
Cs 


( 6 ) 


le determinant formed by the nine components. K it vanishes there are values a, fi, y 
ich that 

o^Ai+pBi+yOi = 0 (7) 

r all i, so that the vanishing of (6) is the condition for vectors A,B,C\io be coplaoar. 
the determinant does not vanish, the equations 


OLA.i+ fiBi+yCi = Df ( 8 ) 

tve a unique solution for any B, and we recover the result that any vector can be expressed 
tearly in terms of any {%ree non-eoplaruir vectors. 

We now proceed to prove analytically that Sf^Aj^B^ are the components of a vector; 
is proofjlb quite independent of the argument in 2*07. 

2*072. Transfomoatioti property of vector product. Take any pair of lines with 
reclaon cosmes If, The conditions that a line with direction cosines Uf shall be per- 
mdicular to both are, written in frill. 


nenoe 


^*-2 _ «S ^ 


l^m^—l^m^ ZjjWi— Aimj Ijrn^—l^mi 

(ag+n|+%§)’^ 


lut the sum of Squares in the denominator is, by liagrange’s identity, 

^S+^)(«!+«^+w|)-(ZiTOi+Z 2 ma+Zam,)* = l-oos*d — sin»^. 


( 1 ) 


(2) 

( 3 ) 



63 


2’073 Bdations between the ly 

where 6 is the angle between the liwftg 1^, Also since are direction cosines the numer- 
ator in the last expression in (2) is ± 1, Hence each ofthese expressions is equal to ±cosec^, 
and 

= ± coseo 6 (4) 

The ambiguity of sign corresponds to a choice of direction of trarel along the line n^. 
If we take it so that the direction of rotation from to through the angle 6 is right- 
handed about we see from consideration of 

Zi = (1,0,0), flif = (cos0, sin^, 0), (0,0,1) 

that the positive sign must be taken. Hence 

% = cosec 6 (5 ) 

Now if li and are given directions, the perpendicular to them is in a fixed, direction 
independent of the axes; hence bting the direction cosines of a fixed direction, trans- 
form according to the vector rule. 

For two general vectors A and H we can now define two directions Z<, mi by Ai =Ali, 
Bi = Bmi, and then AB sin d is a scalar since A, B, and 6 are all independent of the axes. 
Hence AB sin is a vector. But 


ABsaadni = = ea^Ai,B^, 


( 6 ) 


which proves that for two general vectors the components of the vector product transform 
according to the vector rule and that their values aie equal to those given by the dis- 
placement definition. 

In suffix notation 2'07 (1) and (2) are obvious, and 2*07 (7) does not arise because we 
need never consider direction vectors along the axes. 

2*073. Relations between the Z^^. We can now proceed to show that the relations 

2-02 (9) do follow from 2*02 (7). This is really a consistency theorem. If it was not true 

there would be more than six independent relations between the nine direction cosines 

involvedin a transformation of axes, and not more than two elements of the transformation 

could be assigned independently. But apparentiy we can rotate the axes by an arbitrary 

amount about any line, and this line itself needs two parameters to specify its direction, 

making three in all; and by the properties of rigid bodies the frame of the axes will remain 

rectangular. Hence we really have already all the infomoation required to Justify the 

statement that 2*02(9) must be a consequence of 2*02(7). But the metricm relations 

assumed in the argument might conceivably be mutually inconsistent, and a direct proof 

is desirable as a check. We take the above If to be the Z^^ of the transformation, and to 

be Zf 2 . Then since 03' is perpendicular to 01' and 02', and the rotation from 01' to 02' is 

taken right-handedly about 03' through a right an^e, sind =: 1, and 

« 

Ifa = ^ikm,ha}mf (^) 

Similarly, Z^ s= hz “ HknJ'kz^ixi- (2) 

Now this is the same as saying that in the determinant 


L 


hx 

hz 

kz 

Izz 

^22 

^28 

hi 

^82 

^88 


( 3 ) 
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jvery element is equal to its oofaotor. !For earcb. of the relations (1), (2) asserts this for all 
.he elements of a column of the determinant. If we expand in terms of the elements of the 
irst column (J = 1) we therefore get which is 1. Hence L — But if we expand in 
erms of elements of the first row (i = 1) we get which must therefore also be 1; 
imilarly, 


)n the other hand, if we form Zy Ijy, where i and k are unequal, we get a determinant with 
wo rows equal and therefore zero. Hence for all i, h 


hihj = ( 6 ) 

The idiations (1), (2) are in the form needed for the proof of the theorem, but are stated 
s three separate equations. Their similarity suggests that they can be written as one; 
his is 

( 6 ) 

?he only suffixes not repeated on either side are i, I, n. (a) If n follows I in the order 1231, 
he only value ofy that makes different from 0 is the predecessor of Z, and then = 1. 
lence in this case the left side reduces to l^j, where j 4° Z, n, and this is equal to the right 
Lde by (1), (2). (6) If n precedes I in the order 1231, the left side is 

Z, U.) = Zjjj Z„^, 

rhere jpe are consecutive in the order 12312; and therefore p = n, s = 1, and thfe right 
lde is 


s) If Z = both sides are Tmaltered if Z and n are interchanged; but this interchange 
everses both sides, which are therefore zero. Hence (6) is true for all values of Z, n. 

By multiplying (6) by Z^, we get 




^mn^kp 


nd putting h f or p we have 



f a determinant is written as 

' d = 

■4n 

-^12 

- 4-18 



-^21 

•^22 

-428 


1 

-^81 

-4 82 

4-88 


ihe first suffix ibfening to the row and the second to the column, it is 


(7) 

( 8 ) 



5 


2074-2 08 


^ikm ^psm 
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Thus a determinant whose elements axe all identified by row and column suffixes can be 
written as an expression in one line by means of the e notation. This can be extended to 
determinants of any order.* 


2"074, The numbers One of the most important properties of is an 

identity satisfied by the 81 numbers 

Here we have of course to sum with regard to m, but each of i, jfc, a leads to a separate 
expression according as it is taken to be 1, 2, or 3. As each of these four suffixes is capable 
of only three values, at least two of them must be the same in each component. Evidently 
all components with i == & or p = ^ are ze3x>. If i 4= &, there is only one value of m that makes 
^ikm different from zero, and then the only values of p and a that make different from 

zero are i and Jfc, in either order. If the orders are the same, and axe either both 1 

or both — 1, and the product is 1. If the orders axe different the product is — 1. Hence 


^ikm^pam ^ {i = k) 

= 0 (p = a) 

= 1 (i = p, A; = a) 


= - 1 {i ^ a, h^p) 


— 0 (i=}=pora, or fc4:pora). 

Now consider the set of numbers 

If i = Jfe orp = s the components cancel. If i=t=p or s, or fc=4=p ora, one factor of each term 
is 0. Hence the only non-zero components are those with i, k equal top, a, in either order, 
and the members of each pair themselves unequal. But if i = p and J? = a, the first term 
is 1 and the second 0, and if i = 5 and i? = p the first is 0 and the second 1. Hence for every 
possible assignment of the four non-repeated suffixes 


We shall meet this identity again and again in different applications. 

( 2 ) 

for all assigimien.ts of the letters, and similarly for the values of the expression on 
the left of (1) win not be altered by replacing ihm by kmi or mik. We can therefore provide 
a general rule for the signs: take i cmA pto be the suffixes that follow the repeated suffix in 
the respecHve e (if the repeated suffix is the last, ta^e the respective t or to be the first) 
factors; then appears with the positive sign, and iAe rest of the formula com be fUled in by 
symmetry. 


2*08. Division of vectors. This cannot be defined without ambiguity and is avoided. 
It is easily seen that, given a non-zero vector A and a scalar M, there is a vector B such that 
the scalar product A. B = M. But the division is not unique, because we could add to B 
any vector perpendicular to A without affecting the scalar product. In general there is 
no vector B such that the vector product AkB = C, where A and C are given vectors. 


* Of. Duxdl and Bobson, Advanced Alffdva, 1937, Chapter Id. 


JKP 
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For AaB is perpendicular to A, and if C is not perpendicular to A there is no vector B 
that satisfies the conditions. If C, on the other hand, is perpendicular to Jl we could add 
to B any vector parallel to A without affecting the vector product, and the quotient would 
be ambiguous. 

In the field of quaternions, which is an extension of vector algebra, a quotient does 
in general exist. Few physicists had used the quaternion method until recently, but it is 
now receiving some notice in quantum theory. (Cf. Chapter 4, Ex. 9.) 

2*09. Triple products. The scalar product of B a C with another vector A,A.{BaC) 
is called the triple scalar product of A, B and C. We shall show that in such a product the 
order of the factors is immaterial so long as the cyclic order is preserved, and the dot and 
the cross may be interchanged without altering the value. There are thus six possible 
ways of writing it. 

We can also form the vector product Aa (Ba C) of a vector A with the vector product 
of B and C. 

We first examine some special oases: 

(i) B.{BaC). Clearly 

B.(BaC) = 0, (1) 

since B a O is perpendicular to B. 

(ii) Ba(BaC). Ba(BaC) is perpendicular both to B and to BaC and hence is in 
a direction perpendicular to B in the plane of B and C, obtained by rotating Ba C 
dght-handedly about B through a right angle. Its magni- 

iude is £ times that of Ba C, i.e. it is sin 6. From BaC 

;he figure it therefore follows that 

Ba(BaC) = B*C78in0cot(?®-J5®(7sin(? cosecd^ (2) 

= (B.C)B-B*C. (3) 

Similarly, 

Ca {Ba C) = - Ca (CaB) = C^B-{B.C) C. (4) 

(iii) (Ba C) . (Ba C) = {B.C)K (6) 

This follows immediately from the definitions. 

2*091. The triple scalar product .^..(BaC). From the commutative law for the 
oalar product we have 

A.{BaC) = {BaC).A. (6) 

SSirther, we can write any vector A as 

(7) 


(9) 

( 10 ) 


A = afl+/?C+yBAC, 

lince B, C, BaC are not coplansn if none of them is null. Then 
’ A. {B AC) = 7(BaC)* = r[BaO*-(B.C)*]. 
^Iso J.AB = /?CAB-yBA(BAC) 

/?CAB+yB2C-y(B.C)B, 
.€.(AaB) = y[B»C»-(B.C)»] = A.{BaC). 
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Similarly, B.(CaA) = 4.(BaC). (11) 

Hence altogether we have siz equal products 

A.BkC = B.C^A = C.AkB = A/^B.C = BkC.A = Ca^I.B. (12) 


Brackets are unnecessary, since the order of forming the vector and scalar products is 
unambiguous. If the cyclic order is A, C, B, instead of 
A, B, C, the sign is changed. 

Geometrical meaning. Since the modulus of BaC is 
the measure of the area of the parallelogram formed 
by line segments representing B and C it follows that 
if the angle between A and BaC is acute, then .4 .B a C A 
is the measure of the volume of the parallelepiped 
formed by line segments representing A, B and C. If 
the angle is obtuse then — 4.BaC is equal to this 
volume. 

The triple scalar product 4 .B a O is sometimes written [4, B, C]. 

2*092. The triple vector product 4 a (B a C). As before we write 



4 = aB+)ffC+yBAC. (13) 

Then 4a(BaC) = «Ba(BaC)+)?Ca(BaC) 

= a[(B.C)B-B2C]+>S[(7aB-(B.C)C] 

= [(ceB+yffC).C]B-[(aB+/ffC).B]C 
= (4.C)B-(4.B)C. (14) 

Similarly, it may be shown that 

(4aB)aC= (4.C)B-(B.C)4. (16) 

It should be noticed (1) that the associative law does not hold, (2) as an aid to remem- 
bering the signs, the term on the right-hand side in which the middle vector of the left- 
hand side occurs in the scalar product has the ne^tive sign. 


2*093. In sufSz notation the equivalmice of the various forms of the triple scalar 
product is obvious. For 




A-i 4 a 43 , 
-®i -®a -85 

<7a Cs 


and the forms 4 . (BaC), B.(Ca4), C.(4aB) represent the expansions of this deter- 
minant in terms of the dements of different rows. The other three are expiressions of the 
relation 4<B< = 

2*094. The expression for the triple vector product depends on the identity 2*074 (1) 
satisfied by the e^ . We notice first that the use of the summation conventian requires 
that any repeated su£6z must occur onitf twice, otherwise there will be an ambiguity 
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about the order of summation. We must therefore ^te the i component of the triple 
vector product jiiA(fiAC) as 

— i^ip^hs ^is^kp) ■^k^p^s 

— SjigA.ji.BfGg SjgpAjgBpOf 

and Aa(BkC) = {A.C)B-{A.B)C. 

Also (AaB)aC = - Ca(.4aB) = -{C.B)A + {C.A)B. 

Mathematical physicists differ "widely with respect to their ability to remember these 
formulae; but the formulae can always be recovered in a few lines from the identity 
2-d74 (1], which is much less difficult for the memory and has other applications. 

2*10. Vector functions of a scalar variable. Differentiation. We shall denote a 
general scalar variable by t and let A{f) be a general vector function. We define the dif- 
ferential coefficient of A{f) with respect to t in the following way. Consider the ratio 

8A A(t-\-St)-A{t) 

St St 


If St is any non-zero quantity it is clear that SAjSt is a vector, and if as 0 SA/St tends 
to a limit, we define this limit as the vector dA/dt. A formal proof that the limit is itself 
a vector depends simply on the theorem that the sum of the limits of two functions is 
equal to the limit of their sum. 

The components of the vector dA/dt are (dAfdi, dAJdt, dAJdt). It is impoirtant to 
notice that not only is the modulus of dA/dt in general different from that of A, but also 
its direction. In particular the differential coefficient of a vector of constant modulus, 
whose direction varies, is not zero. 

Differentiation of products. The rule for differentiating a product of two scalar functions 
is easily extended to differentiation of the product of a scalar with a vector function and 
bo scalar and vector products. We shall simply state the results here; the proof is in every 
case straightforward and is left to the reader. 

(1) If a is any scalar function of f, then 


d , da g dA 




(2) If A. and.B are two vector functions oft then 


da 

dt 


Af+a 


dAf 

W' 




dt ’ 
dBf 

dt ■ 


The order in the products is here immaterial. 

^ ' A "D TM A 
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The order in the products must here be maintained in the vector notation. In suffix 
notation rearrangement of the factors is permissible. 

Some special results arising from these are important: 

(1) If .4 is a vector of constant moduhts then 


i.e. 


A^-O 


which shows that dAjdt is perpendicular to A. Translation into suffix notation is im- 
mediate. 

This can be seen geometrically. In the figure the lines representing A and A + dA are 
of the same length. As Q approaches P the angle between OP 
and PQ approaches a right angle. Q 

(2) If any vector function AL is written as the product of its 
modulus A with the direction vector n, then A + 

d^A dA . dn 
dt ~ dt di ' 


That U, if .1,- .11., 



It should be noticed that 


dt 


is not in general equal to 


dA 


dt 


2*1 1 . Motion of a particle under gravity with resistance varying as the velocity. 
Let the origin O be at the point of projection. The resistance is assumed to act along the 
tangent to the path in the opposite direction to that of motion and is therefore expressed 
by a force vector —micv, where m is the mass of the •particle and k is a constant. Let k 
be a direction vector in the direction of the upward vertical. Then equating the mass 
times acceleration of the particle to the force acting on it we have 


m£ = —mgk—mKdb 

or a+idh = —gk. 

We can int^rate this vector equation as it stands. It may be written 

- 


dbe^^-ie/sje+v+ik, 

K K 


SO that 

if F is the velocity of projection from 0 at time ^ 0. Hence 


( 1 ) 

( 2 ) 

(3) 

(4) 

( 6 > 


and 

sinoem = 0 when < o. 


( 6 ) 



70 Applicaiicma to particle 3/ywjmics 2*12 

It nan be Seen immediately from this equation that at time t ail particles projected Tvith 
speed F from 0 lie on a circle whose centre O is at a depth ^ ^ ~ ^"*0 0, for 


KK^ 


Y 


.e. 


\CO+x \ = CP = -^(l-c-*0- 


(7) 

( 8 ) 


3!ence CP is equal to — (1 — e~**) and is independent of the direction 
)f projection. 

Differentiating (2) with respect to the time we have 


d+zm = 0, (9) 

.e. if the acceleration is at time ^ 0, 


P 



C 


a = aoe-**. (10) 

✓ 

lence throughout the motion the direction of the aoceleration is the same. Alan if 'U ig 
he horizontal component of the velocity and its initial value we have from (6) 

u = Woe-**, (11) 

nd if d is the distance travelled horizontally in time t, since u = d. 



d = !f9(i_e-*«). 

K ' ' 

(12) 

lence 

^ ^ Kd 

e-" = 1 

(13) 

nd (10) becomes 

“-4-3- 

(14) 


2*12. Motion of a charged particle in electric and magnetic fields at right 
ingles. If m, — e are jfche mass and electric charge of the particle, c the velocity of light, 
S, JT the electric and magnetic fields in Gaussian units, the equation of motion is 



mdJ = —eE—~±AH, 
c 


(1) 

:hat is. 


(2) 

Fahe 

JS=(P,0,0), H= (0,0,5). 

(3) 

rhen 

* m me ^ 


(4) 


me 


(6) 


II 

p 




(6) 
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Let the particle start from the origin with zero velocity. Then *3 = 0 for all time; the 
motion is in a plane perpendicular to the magnetic field. Multiply (6) by i and add to (4), 
and put x-^+ix^ — z.* Then 

eE ieH . 


Z = h " — Z» 

m me 


Put eHfmc = o)\ then 


since £ = 0 at i ~ 0; and 


Z'-lOiZ =s — 


eE 
m ' 


2 = 


nuo \ 


(e^- 1) \ 
ict) j 


eE 

rrud^ 





eE 

m(t>^ 

eE . . . 

mor 

The path is a (peloid with its cusps along the negative direction of the axis of x^. 

2*13. Small angular displacement; angular velocity. Let a particle origiaally 
at P{x) receive a displacement due to a small rotation d6 (right-handed) about a line ON 
through 0 with direction cosiues Let a be the angle 
between the axis of rotation and OP. Then to the first 
order in SO the displacement of P is perpendicular to the 
plane of x and n and has modulus r^a$6. Hence the 
displacement Sx is given by 


It 


&e = dd.nKX+0(8d)^, 
since ItiAOsj s=r8ina;orifwe put 
i0 = w 8d, 

Sx = 5e A® -1-0(3^)®. 


( 1 ) 

< 2 ) 

(3)0 



F 


30 is a vector because 39 is a scalar and are the direction cosines of a given line. 
It follows that if ® is the velocity of P and 39/3; has a limit <u when 3)^ 0, 


where 


SilD 

V — lim-57 = <aAX, 


<o = om. 


w 

( 6 ) 


Conversely, if the velocity ab is given by an expression of the form (4) for all t, with ta 
constant in magnitude and direction, we can recognize the motion as drcidar motion 

* If the etodent is not already acquainted with the elements of the theory of the ft«w»pT».r variable 
he should read the beginning- of Chapter 11 at this point. 



72 Motion on a curve 2'13J 

mdth constant velocity. For A.ta — 0 and therefore the motion is in a plane perpendicnla 
bo to. Also ab.ae — O-, and therefore r* is constant and the motionison a sphere. It is there- 
fore in a circle about ON of radius r sin a. Finally, 

= (to Aic). (to A®) = (owsina)®, (6) 

md therefore the velocity is constant and the angular velocity o). The sign can be checked 
separately. 

The equation (4) can be regarded as a family of three differential equations for the x^, 
lamely, 

(7) 

The student should carry through the derivation of the last result (6) for himself for 
iractice m using They afford also an illustration of a method that is often useful 
rhen one axis is specialized. We take the axis of co as that of then co (0, 0, w) and 

*1 = — *2 = o )®!, ®8 = 0. (8) 

?hen ®8 is constant. Multiply the second equation by i and add to the first,* and put 
' s= ajj-f ijSj. Then 

^ = (9) 

fdth C and real, and the real and imaginary parts give 

Xx = CGO&ifiUt + fi), ®2 = (/Sia((i>t-t-yff). (10) 

?hese equations represent uniform motion in a circle of radius C‘, and the solution 
ontains three adjustable constants as it should, namely, x^, G, and 
We can solve equation 2*12 (1) in another way. Integrating once we have 


mst = —eEt—-XAH. (11) 

c ' 

^eput E = Eeoi = JECf^Aei^, H = ire(S). (12) 

!!hen (11) may be rearranged as 

. eH I cEt \ 

we inteipret iioinediately as follows: the particle is moving with angular velocity 

cE 

HImc about an axis parallel to e(^ which is itself moving with constant velocity — = 

Jd 


2*131 • In particular if i and j are two mutually perpendicular direction vectors in the 
1, 2) plane and, at time i makes an angle 6 and j an angle 6 with 01, we have that 


d/t 





(1) 

( 2 ) 


♦ Of. foQtaiote on p. 71. 
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If at time t the position vector of a particle moving in, a plane is x, then the components 
of its velocity rfaj/cfe and acceleration resolved along Ol, 02 are {sti, x^) and (z^, x^) 

respectively. If i and J are direction vectors along x and perpendicular to it, we have 


x = ri. 


dx 

di 



= H+r6j, 

d*a5 ... .di d , .di 


(3) 

(4) 


(3) and (4) give the oomponents of velocity and acceleration resolved along and per- 
pendicular to the radius vector. 




Similarly, if t and n are direction vectors along the tangent and mtmrd normal to the 
path of the particle, and if ^ is the angle between t and a fixed direction chosen so that 
^ is increasing going along the path in the direction of motion, t, then 


dt^ dt^ 




where 8 is distance measured along the path from a fixed point and p is the radius of 
curvature (here taken essentially positive). Now the velocity vector v may be written 


= OT = iv; 


hence the acceleration dvjdt is given by 



dv . 


2*14. Angular velocity of a rigid body. Any displacement of a n^gT.^ body is 
eqtiivalent to a translation, that is, a motion such that every particle receives the nam" 
placement, followed by a rotation about an axis. By definition a rigid body is such that 
in any possible motion the distance between any pair of particles is unaltered. Let a 
particle at O go to O' in the actual displacement. First oonsidmr every particle to receive 
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displaGement 00'; this alters no distance between particles. Let this displacement take 
70 particles P, Q to P', Q'. Let the positions taken by P, Q in the actual displacement 
i P", Q". The metrical definition of a plane is that it is a locus of points equidistant 
om two given points. Then the points equidistant from P' 
id P" lie on a plane, and O' is on this plane because O'P' and p» 

’P" are both equal to OP. Similarly, points equidistant 
om Q' and Q" lie on a plane through O'. These two planes 
terseot in a line, and every point B,' of this line must satisfy 
'P' = B'P", B'Q' =5 B'Q". Therefore, since it maintains its 
stance also from the particle at O' , it is occupied by the 
me particle in the P'Q’ and P'Q" positions. 

Now consider any pair of particles 8, T in. their three 
Msitions. Angles between planes of particles are conserved; 
nee the angle between the planes O'B'8' and O'B'8" is equal to that between 
'B'T' and O'B'T". Theirefore the P'Q' position can be brought into the P^Q" 
>sition by turning every particle about O'B' through the same angle. 

Let the position of O be a, of O' a+ da. Let O'B' have direction cosines n^, and let the 
tation about it be through a small angle 86. Then the displacement of P(aB) to P' is 8a, 



id P'P" = n8dhO'P' + 0{8e)K 

it as before n dd = d6 ; then 

WP' = OP = x-a, 

PP^ = PP' -^Wp^ 

= da "I" dfi A (ac a) 0 { 86 ^, 


aioh gives the displacement of a general particle of the body. 
The velocity of P is then 


PP" 

«=limf^ 
«->-o or 


da .. d0 , , 


= d+««»A(a;— a). 


aere 


(o = lim 


m 

8t’ 


( 1 ) 

(2) 

( 3 ) 


- (4) 
( 6 ) 


id is called the angular velocity of the body. Alternatively, we can write (4) as 


Vi = di + €ij^0)j^{x^^aJ. ( 6 ) 

> check the fact that the set of velocities (6) represents a motion of a rigid body, consider 
te variation of the distance between two particles with coordinates Xi, We have 

- 2{yi-Xi) e^o)j,{y^^xJ 

= 0. (7) 

hioh proves the lesplt. Applying the same argument to small rotations we find that 
istanoes between particles are unchanged to the first order by a set of displacements 
iven by (3); the second-order teorms aro more complioated. If we neglect them we can 
ay that small angular dis p lacements can be compounded by the parallelogram rule, in 
he, sense that the sum of the displacements- of a particle due to small rotations about 
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215 


Forces cm rigid hod/y 


different lines is the displacement due to the resultant of the 
rule. In particular 


rotations according to the 


( 8 ) 


and the components are x^Sd-^—x^86^ which are the sums 

of those due to separate rotations {Sd^, 86^, 86^ about the axes. 


2*15. Forces on a rigid body. For a particle we have the usual equations of motion, 
which can be written ,, . 

mSb = X, mXi = (1) 

Then for every particle of a rigid body these equations are true. If we simply add them 
and use 8 to denote summation over all particles we have 

8{m3b) = 8X. (2) 

If we now write jStjj = M, M will be the whole mass of the body; and if further we write 

8{mx) = Mx, (3) 

will be the coordinates of a point, which we shall call the centre of mass; and 

M£ = 8X, (4) 


the resultant of the forces on the particles. 

Next, form the vector product of (1) with x; then 

wxAii = xaX, fne^j^XfgXji^ — ( 5 ) 

By addition 8(mxA£) = 8{xaX), S(meijc^X]cX^) = 8{ei^Xi,X„). (6) 

The centre of mass of a rigid body is fixed in the body. This is usually taken for granted, 
but is not obvious. Let us consider the distance of the centre of mass from any given 
particle, originally at Xi, and let any other particle of mass Wi be at Xi- Then 

(8mi)(Xi-x) = {8mi)Xx - 8{mfiDi) 

= 8miiXi-Xi), (7) 

= 8S'fnfmp(x^ — ( 8 ) 

8 denoting summation with respect to I, 8' with respect to I'. But 

(asi-au,) (x^-Xf.) = (9) 

with an obvious notation. Hence r^ is express^ entirely in terms of masses of particles 

and distances between them, and therefore is unaltered in any rigid-body displacement. 
Hence the centre of mass retains its distance firom every particle of the body. 

It is not enough to consider a particle originally at x, since for a hollow sphere there is 
no such particle. 

The forces on the partkdes can be imagined to be separated into external forces and 
internal reactions. According to a principle due to d’Alembert, the internal reactions form 
a system in equilibrium among themselves, and th^ contributions to the right sides of (4) 
and (6) are zero. This principle is perhaps most completely understood if we regard the 
rigid body as the limiting case of an elastic one; but it follows at once if the body is 
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regarded as made up of particles such that the force between any pair is along the line 
joining them (i.e. the acceleration components are in the ratios of the direction cosines 
of the line). Tor by Newton’s third law the forces add up to zero, and if X' is the force on 
mi due to —X' the reaction, 

— XiAX' = (3D|/ — Xi)aX' == 0, 

ifX is along the line from as, to Xp. This argument is not general, because the particles 
might be electric or magnetic doublets, in which case the force would not be along the 
line joining them. But the result can still be shown to follow in a much wider class of oases 
subject to the condition that the distances between particles are unaltered. D’Alembert’s 
principle is therefore an approximation valid for real solids provided the deformations 
na.Ti be neglected, and if they cannot it is not even strictly true that the centre of mass is 
fixed in the body. The reason for accepting it, however, is ultimately that experimentally 
it leads to the right answers. 

In the right sides of (4) and (6) we need therefore consider only forces acting on the 
body from outside it. Further, six quantities suffice to specify the position of a rigid body, 
namely, the three coordinates of a given particle, and the three Euler angles specifying 
its orientation. These are treated in Chapter 3. But (4) and (6) form six differential 
equations, and six is the number required if we want to know how the body will move. 

8X is the resultant force; L = S(xaX) is called the moment of the forces about the 
origin. Apart from the equations of motion the moment would hS'Ve no physical interest. 
It should be noticed carefully that the moment of a force is ojaX, whereas the velocity 
due to a rotation is ce ao;; the signs are always obvious if reference is made to a diagram, 
but mistakes in one or other of these expressions are common when vector notation is 
used throughout. If and Xa are positive, the force is clearly tending to turn the body 
from Ol to 02; if Wg and x^ are positive, is positive. This suffices to fix the sign of one 
term in each component and the rest foUow. 

If the system is equivalent to a single force X at x, the moment is au aX = 6? and 

G.X = eff^XfgX^Xt = 0. 

It is therefore only in special conditions that the forces on a rigid body can be replaced 
by a sin^e force.* 

EXAMPLES 

1. Prove that = 0, = 6. 

2. If A denotes the determinant || Q, prove that 

3. If lif are the directloxi. cosines of a transforznation of axes prove that 

Iff = 

4. is a constant noit vector, t (the position vector of a moving particle) a variable vector per- 
pendicular to it. If the velocity at any instant is given by 

^ ~(re«) = «*A(re«), (1) 

where (o and. h are constants, show that the orbit of the particle is an equiangular i^iral. 

* For reduction of a, geiper^ sylstezn to two forces or a force and a couple, see H. Jefifireys, Oaar- 
2’enaora, Ohapte^ (j; C* F. Weatherbum, BfemmUxry P"ec(or Analysis, Ghax>teEr 8. These 
however Jh exaaxunation questions. 
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A particle is moving in a plane \mder the abotion of a force to a fixed point proportional to the radial 
distance and a frictional resistance proportional to its velocity. Obtain the equation of motion of the 
particle, and by seeking solutions of the type (1) or otherwise show that the velocity at any instant 
is the vector sum of the velocities of the two particles describing equiangular spirals in opposite 
directions with equal angular velocities. (M/o, Part II, 1931.) 

6. AyBfO are any three points on a ^here, centre 0, of unit radius. The position vectors of A, B, C 
relative to O are m, v, w respectively. Show that the diameter which is perpendicular to the plane 
ABC cuts the sphere in the points whose position vectors are ±<i, where 

[«,'l?,tl5]dseC0 = t?A10+U?Ali+t«AV 

and 6 is the angle between d, and u. 

By considering the product ti A€l, or otherwise, prove that 

r o ,, a . b , c 

[u,i?,tr]tan0 = ±4sm-sm-sm“, 

2 2 2 

where a, 6, c are the sides of the spherical triangle ABO^ (Prelim. 1941.) 

6. If A, B, C, J> are any four vectors, prove that 

{AaB).{CaD) = (A.C)(B.jD)-(A.B)(B.C), 

(AaB)a{CaD) = [C,1>,A]B-.[B,C,I)]A 
= [B,AL,B]C-[A,B,C]J>, 

where [A, B, G] denotes the triple scalar product A . (B a C). 

Deduce the sine and cosine rules of i^herioal trigonometry. (Prelim. 1940.) 

7. Two particles are projected simultaneously from the origin 'with velocities v^, respectively 

and move under a constant acc^eration a. Prove that if -i?! - ^ there is one and only one instant 

during the subsequent motion at which the particles subtend a right angle at the origin. 

Show that at this instant the position vectors r, of the particles satisfy the equation 

(Prelim. 1940.) 

8. Find an expression for the portion vector r, at time t, of a particle of unit mass which moves 
under the action of a constant force (n*4'’&*)h, together with an attractive force of magnitude 
(n* + fc*) r towards the origin (where n 4= 0), in a medium which produces a retardation 2h times the 
speed. At time « = 0 the particle has velocity v and is at r = a. 

Deduce that the triple scalar products of r, v, a —5 and of a, b, v are eq-tial. (Prelim. 1941.) 

9. A particle of charge e and mass m moves under the €ustion of a uniform electric field of intensity 
(0, J?, 0) and a uniform magnetic field of intensity (0, 0, H), Gaussian units being used. Prove that the 
motion can be regarded as the constant velocity (Bc/B, 0, 0) superposed upon uniform motion in a 
circular helix with angular velocity — eJB[[mo about the axis. It is to be assumed that the variation of 
mass 'with velocity is negligible. 

Prove that, if the particle starts firom the origin, then, whatever its initial velocity, it crosses each 
of the straight lines a? = y = 0, where n ss 1, 2, 3, .... (M.T. 1943.) 

10. A particle of maiss m at r is acted upon by a central force /ir together with a force e(Br Ar)/c, 
where B is a uniform magnetic field. Show that if r and r are initially perpendicular to JBf the particle 
'wiU describe a plane curve. 

Show that the particle can describe a circle about the origin 'under ‘these forces, 'wi'th either of two 
constant angular velocities. (I*C. 1942.) 

11. Determine a vector OC7 perpendicular to OA = a(2, 3, 0), OB = 6( — 2, 0, 1) such that the rotation 
firom OA to OB is positive about 00. Calculate the volume of the tetrahedron OABO. 

Fiod the sides and an^es of the spherical 'triangle ABO defined by 

OA = (1, 0. 0), OB = 0, OC= ^0, . 



Chapter 3 
TENSORS 


We know that intelleotual food is sometimes more easily digested, if not taken in the most 
oondensed form. It will be asked. To what esrtent oan specialized notations be adopted with 
profit? To this question we reply, only experience can teU, 

F. CAJOBi, History of Mathematical Notations, p. 77 


3’01. In this chapter we develop the theory of tensors in a simple and restricted 
form. In many branches of physics the tensor notation in this form provides a 
compact mathematical expression, and familiarity vnth it is a preparation for the 
complete theory, involving the use of obHque axes, curvilinear coordinates and space 
of more than three dimensions; it is also an introduction to the ideas of matrix algebra. 
General tensor theory is indispensable as the mathematical apparatus of the theory of 
relativity, and matrix algebra in quantum mechanics and much of classical physics 
their clearest expression in this notation. In the applications made in this chapter the 
physical ideas involved are simple, and practice in using the notation in this way is 
extremely valuable before proceeding to the applications of its complete form to theories 
where the ph37BioaI ideas themselves are more difficult to grasp. 

3*02. Transformation of coordinates. Contraction. We have defined a vector A 
by the transformation property 

= (1) 
which is equivalent to — k^Aj. (2) 

A vector can also be called a tmsor of the first order. A scalar is a tensor of zero order. 

Now if we consider the set of nine products A^Bj^. we notice that the scalar and vector 
products are particular linear combinations of these products. If we form a sinoiilar set 
for the components referred to new axes 


AjB'i — (3) 

A^B^ = l^^ljaAjBi. (4) 

In ■^e same way as we use the transformation property to define a vector we now use 
these relations to define a tensor of the second order. A set of quantities depending on 
tioo directions and speoi6.ed by nine components referred to 0123 and referred 
to 01 '2^3' forms a tensor of the second order if for all changes of axes 


K'^i — 

or the equivalent relation 


(5) 

( 6 ) 


The two suffixes denoting the component of JBC refer each to one of the coordinates of the 
same system. The direction cosines do ri/Ot form a tensor since the two suffixes refer to 
axes of different sets. 


I In the square array 



-^12 

■^22 

■^82 





( 7 ) 
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the components K^, are called the diagonal components. Their sum K^^ is called 
the trace or spm and is a scalar. For 


~ hj^kj^ik — ^ik^ik — (®) 

The operation of putting two suffixes equal in a tensor and then summing is called 
contraction. The order of the tensor is reduced by 2. 

The sum of two tensors K and L is defined by 


(•^ "t" I'iik ~ ^ik "i" I'iki 

and is clearly also a tensor. 

Tensors of higher orders are defined in a similar way; that is, a tensor of the nth order 
transforms like the product to n factors. We shall be mainly concerned with 

second-order tensors with some use of third and fourth order ones. 


3*03. Isotropic tensors. We can show that the set of quantities ^ik constitute a 
tensor. For if we apply the transformation (6) we get a set of quantities 17Jj given by 


= hj^u^ik = h}hi = 1 
= 0 


(9) 


and therefore the set ^flis transforms into on any rotation of axes. 

Similarly, we can show that a third-order tensor with components referred to 
0123 has the same set of components referred to Ol'2'3'. For on transformation we get 
for the jin component lijljalmn^om’ Expanding, we have, since i, Je, m are all different in 
non-zero terms, 

hj^nhn + ^aj^aihn + h}hihn 


If J = Z all components cancel; similarly, if ^ = n or Z = n. If j, Z, n are all different the 
expression is 




hn 


^21 



I2I 



which is equal to 1 if Z, to are in even order and — 1 if they are in odd order. Hence 
transforms into under the rule for tensors of the third order. 

Tensors whose components are unaltered by rotation of the axes are called isotropic. 
It can be shown* that there is no isotropic tensor of the first order, and the only ones of 
the second and third orders are scalar multiples of and e^. There are three independent 
ones of the fourth order, namely, 

"I 


^im^kp ~ ^ip ^km'J 


( 10 ) 


We have met the last as an alternative expression for The other two appear in 

the derivation of the equations of motion of viscous flui(te and elastic solids. 


* H. Jefi&eys, Oarteeicm Tensora^ Chapter 7. See also note 3‘03a. 
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3*031. Isotropic tensors of order 4. is ati isotropic tensor of order 4 we have 

" ^ij^kl^mn^PQ'^ikmp “ '^ilnq (1) 

for aJl rotations. Having regard to the fact that at least two suffixes must be equal in any component 
we see that the components fall into four patte^ typified by Wim, ^1112, «xia2> «ii28- 
First rotate the axes about a line with direction cosines 1/^3, l/v^ so as to bring axis 1 into 

coincidence with the original axis 2, and so on. Since the result is a cyclic interchange of suffixes it 

follows from the isotropic property that 

<hlll — ^ 2S22 = ^ 833 > ^122 = ^2288 = **^211 = '^^822 = % 1S3 » ^‘1221 = ^2082 = ^ 3113 » ® tC . ( 2 ) 

Next rotate through 90® about 03. Then 

Zi2 = 1» ^21 = 1» Z33 = 1 • (3) 

and the rest are zero. TaJsej = 3,Z = n. = g = 1. Then the non-zero terms are for Z = 3,& = m =:p = 2, 

fl-nH 

^Ul = ~*'^222' W 


Take also j = 3, Z s= n = g = 2. Then we must take i = 3, Z: = m = 35 = 1, and 

«8222 == 


( 6 ) 


By fliTniUr methods it follows that all components with three suffixes equal and the other different 
are zero. 

Similarly, we find, with 


y = Z = 1, n = q = 2; 

is=A=:2, m = ps= 1: 

"ll22 "22ll» I 



jszn = 2, 2 = 2 = 3; 

i5=m=l, fes=ps=:3: 

"2328 = "l318» 1 

[ 

(6) 

j = q = l, 2 = n = 2; 

i = p = 2, ^s=m=l: 

"l221 ^ "2112»J 

1 


y = 3, 2 = n = 2, 2=1; 

t=s3, i5j = m=l, p~2: 

"3221 = ““"aiiz*) 

(71 

^' = 3, 2 = n = 1, 2 = 2; 

r-4 

)l 

il 

s 

II 

CO 

It 

"8112 = "8221- / 

\ * t 


Hence the only non-zero components are those with the suJffixes all equal or equal in pairs; and by 
cyclic interchange 

^lUl ~ ^2222 = ^*8838 “ 

%122 = = ^2238 ^ ^22 = ^811 “ ^88 = 

"2828 = "1818 = "3181 = "2191 = "l212 « "8282 = 

"l2fl = "2112 = "2382 ~ "8223 = "8118 = "l83X = 

These relations would all be satisfied for cubic symmetry. We can now write 

where = 1 if all four suffixes are equal and otherwise zero. Now if is a tensor of order 4, 
ifl a scalar, and convers^y (see 3*06). This expression reduces to 


+ VXi'f^iVkH + (/c - A. - - V) + — )• 


(13) 


. .The fir^jthre© expressions are aUproduote But the last, ifwe take all the vectors the same, 

is which is not a scalar. It has cubic symmetry but not ^herioal symmetry. E.g. if 

VV3»a4+a4+a4=l/3;butffai = l;anLdth^ 

componei^^jwbi^ be achieved by a rotation of axes. Hence if the tensor is isotropic 


*/c— A— /t— V = 0, 


(U) 


1^; ^fna Tine most tensor of order 4 is given by the first three terms of (12). It can hs 

" * » tensors of the forms 3-03(10). 
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For any solid the elastic constants form a fourth-order tensor, which must be isotropic if the solid is. 
The tenn expresses an. extra generality and permits the expression of the elastic properti^ of 
a cubic crystal: Young’s modulus can have different values for strains along a diagonal and parallel 
to an edge. 

3*04. Dyadic notation. It is sometimes convenient to denote a tensor ^ the second order by 
a single letter, as we do for a vector. If we multiply all components of a t&aaorKijg by those of a vector 
S' tensor of the third order. But we can form from this product two different vectors by 
putting m equal toiorh and summing, namely, and dyadic nota^on these are written 

A . JST and JK. A respectively, the rule for remembering which is which being that the order taken in the 
product is such that eummcOAfm is alvxvys taken over adjacent suffices; thus 

(K.A)i-Kii,Ar,. ( 1 ) 

The proof that contracting a tensor of order n gives one of order — 2 is similar to that of 3*02 (8) and 
need not be given in full. The use of heavy type can be taken as an indication that one or more sufBxes 

are suppressed. r r x. a ^ 

Similarly, we can form contracted products of two tensors K and L of the second order, namely, 

(2) 

Again in general the result depends on the order; this type of multiphoation is not wnamutative. 
Ill this notation the tensor is written as.4B; the absence of the dot distmguisl^ the tensor from 

both the scalar and the vector products. Dyadic notation has analogies with matrix notation, which 
wHl be developed in the next chapter. The compression introduced by t^ suppre^on of the sufBxes 
is compensated by the extra care that has to be taken to preserve the order, and by the fact that we 
sometimes do not want to contract. In particular the elastic constants of a crystal form a fourth-order 
tensor. 

3*05. The quotient rule. If we have a set of equations 

“ Ci, ( 1 ) 

where .4^, and Bt are known to be first-order tensors, or if 

^ik'^km ~ (2) ■ 

where and 8^^ are second-order tensors, can we conversely infer that is a second- 
order tensor ? The answer is that we can, provided that all the components 4* or Tj^ can 
be varied independently. We take the simplest case, starting from (1). We transform the 
axes; then we do not know how transforms but it must give a set Kji with nine com- 
ponents specified by dBydA'i. Then 

E'ffA'i = B; = li^Bi = ItiK^jc-A-k 

Hence “ 0. (4) 

But if thia is true for every j, when each ALj is varied separately, 

E'ji — Itj^M^iky (®) 

and Kyc is a second-order tensor. 

An important particular case of the general theorem is that if is a scalar, 

then if T is an arbitrary %th-order tensor K is also an «th-order tensor. In particular, the 
coefficients in a quadratic form where aj^t = coordinates of a point 

form a tensor of the second order. 


JICP 


6 



32 Differentiation with respect to position 8*06 

3*06. Diflferentiatioii of scalar and vector functions of position. The com- 
ponents of all tensors considered so far have been single magnitudes, possibly varying 
with the time. But they may also depend on the position coordinates. The distance r of 
a variable point from the origin, for instance, is a function of the or if we change the 

and consider the same point, it will be a function of the Xj. Such a function is called 
a acoMr fusieiion of position. It need not depend on r only; there are, for instance, many 
potential functions, each of which has a definite value at each point of a region but is 
not symmetrical about an origin. Again, the velocity of a particle of a fltiid is a vector, 
but in general varies with position, and can be called a vector function. The existence of 
such functions makes it necessary to consider their differentiation. 

If ^ is a scalar function, the set of three derivatives dtpldx^ specifies a vector denoted by 
grad^ or V^. To show that it is a vector we rotate the axes; we have 

^ _ 7 ^ 

dxjdxf *^dXi ' 

which proves the result. If % is a vector function, 


duf _ dxf Sill 
Sxj ~ Sxj Sxt 




I I ^ 


( 2 ) 


and therefore SujgjSxi is a tensor of the second order. 

It follows that SuffdXf is a scalar function; it is usually denoted by divu or V.u. If, 
further, there is a function ^ such that iif » d<j>jSx^, 


Sxi “ 3a^ ~ 3®f Sxf 


This combination of second derivatives has an importance in mathematical ph3rsios 
second only to differentiation with regard to the time. It is denoted by V®^. 

The quantities 


Su^ /Sug Siig 3%_^ S^ 3%\ 
\3*2 9*3* 9*8 9*1 ’ 3*1 3*g/ 

— 9« Sto Sv 3«\ 

• \3y dz’ dz dx* dx dyj 


(i) 


in Cartesian notation, determine a vector. It is denoted by curlu. (V Ait is also used.) It 
will be noticed that if it is the gradient of a scalar, ourlit = 0: 


(curlgrad^5)< « 


Also if It is arty vector function 

divcurlit — 


1.^ 

Sxj^Sx^ 


= 0 . 


9m, 




9*m„ 


®<***9*ie*fc 


- 0 , 


( 6 ) 

( 6 ) 


tinoe all the terma''ai^n<mi 



3*07 Symmetry ^properties 

A useful result is obtained by ta.king the curl again. We have 
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(curlcurlM)< = 


ks" 


dll. 




‘"is 
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3a;j,0*p 


3a!g3*^ 

= (graddivM— (7) 

3*07. Symmetry properties. If is a tensor, we show that Kjgi, obtained by inter- 
changing rows and coliunns, is another. This means that if trainsforms into K'„, 
according to the rule v —i i v 




iki 


and we write Lf^ will transform according to the same rule. But 

~ hi^Td^ht' (^) 

Here i and k are repeated suf&xes; it is therefore immaterial which we call i and which ft, 
and therefore they can be interchanged, giving 

= ^uhj^ik “ (®) 

so that the transformed set also differs from K'^i in having rows and columns interchanged. 

If the tensor is said to be symmetrical; if — “■S’fci, it is said to be anti- 

symmetricaL Again, if is a tensor, two others are J^ik — Th® 

these is unaltered if i and k are interchanged and is a symmetrical tensor; the second has 
the signs of all components reversed and is an antisymmetrical tensor. Since any tensor 

it can be expressed as the sum of a symmetrical and eoi antis 3 a]ametrical tensor. 

Since KoiAj^ and AtKfh are vectors we can form their scalar piroducts BfK^Af. and 
AiKf]fBji with another vector JB. These products are not in general equal. But if is 
symmetrical they are equal, for 

B.K.A = B^Kfj^Ajg = B^Kj^iAji = Aj^Kj^B^ = A.K.B, ( 6 ) 

On the other hand, if is antisymmetrical the sign is reversed in the third of these 

eipMsdom, .»i jg jj ^ («) 

It is important to notice that if K^, is symmetrical and Uf a vector, every term in 
with i^k occurs twice. Thus for i = 1, ^ 2 we get a term but there is 

another term with i = 2,h—\ equal to K^yU^Ux. If a these terms are equal. 
Thus the expansion of 


IS 


and 


T = KnfUfUjf 

3r 
dtly 


2{EyyUx "f" -^la^a "t* • 

2Kxj,%jp 

dT 


-) 


duj 




and in general 
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Vector and antisymmetricair tensor 

3*071 . The vector of a tensor, veoK. Consider the triad This is the twice 

contraoted product of tensors of the third and second orders and therefore is a vector; 
alternatively, by changing axes we have 

~ ^ikmhi^Jan' ( 7 ) 

We can therefore write this as 2 veo K, where 


iv6oE)i - in components, {U^a-Esz), (8) 


3*072. Relations between an antisymmetrical tensor and a vector. The com- 
ponents of an antisynunetrioal tensor PfJjj, with i = i: must vanish, and since for the others 
Wijt = —Wj^ only three independent quantiti^ need be given to specify an antisymmetrical 
tensor, which then ta>kes the form 


0 

Wjjz 

-Wz^\ 


-l^ia 

0 

Wzz ]. 

( 9 ) 

Wzi 

- 1^23 

0 / 



But W^, Wzi, are the components of vec W. We shall denote this vector by w, that is, 

'U’i = ( 10 ) 

This property, that the number of components of a vector is equal to that of the in- 
dependent components of an antisymmetrical tensor, is peculiar to three dimensione. 
In n dimensions an antisymmetrical tensor has 1) independent components, 

while a vector has n components. 

It follows that the set of quantities in (9) is the same as the set 



that is, = Wz, = — tOg, and in general 

= 0 (i = k), 

= {iJm in even order), 

= '{ikm in odd order), 

and therefore 

= eiton«'m* (12) 

It is sometiines oonvement to use the vector and sometimes the antisymmetrical tensor 
repretentation; equations (10) and (12) give the relations between them. 

In particular, if we take a vector product (w a JL), 




( 13 )* 



3-08 
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Hence we can replace vector multiplication by the vector w by multiplication by the 
antisymmetrical tensor — Alternatively, we can derive the result by writing out a 
special component, say i = 1. 

In physical applications it is sometimes the one and sometimes the other that appears 
first most naturally. In deriving the equations of angular momentum, for instance, we 
start from Xf = multiply the i equation by the m equation by X/^, and subtract. 

Then we have the nine equations 


rnix^Xm-x^Xf.) = Xj^x^-X^Xk, 

in which both sides are antisymmetrical tensors. The reason for converting these equations 
into the vector form is that this eliminates the three that have the form 0 s: 0 and three 
others that can be inferred from those retained by a change of sign. 

3*08. Symmetrical tensor: principal axes. We have seen that an antUymmetrical 
tensor can be related to a vector. A symmetrical tensor can be related- to a quadric. If 
is a symmetrical tensor with real components the equation 

Kf^XiXji = constant (1) 

represents a central quadric with centre at the origin. Now 


Xi = zli ( 2 ) 

represents a line through the origin, and the polar plane of a point on it is 

Kfjil^Xt == constant. (3) 

This plane is perpendicular to the line if 


(4) 

where A is the same for 4=1,2, 3. The condition for consistency of these equations is 
a cubic equation for A, and any root will in general give admissible ratios of the Z*. 
A line in any of the three directions in question will be perpendicular to the polar plane 
of any point on it and in particular to the tangent plane at the point where the line meets 
the quadric. Such a line is a principal axis. 

We show first that if there are two such lines corresponding to different values of A, 
say Ai and A^, the lines are perpendicular. Let their direction cosines be Z^. (Notice 
that as in 3*02 the Z^^ do not form a tensor.) Then 

(5) 

^ikhn “ ^a^* (®) 

Multiply these respectively by Z^, If^ and contract; then 


^tkhcl^ii ( 7 ) 

(®) 

But sinoe is symmetrical the expressions on the left are equal. Therefore 

(Ai— A j)Z^iZ(2 =* 0, (9) 

Z«Z« = 0, (10) 

that is, the two directions are perpendicular. 


and if Ai^^Ag, 



JXtJU/tAAjLWfO VJ U/VU^uivv/u fv 


«’VO 
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The condition of consistency for (4), with 4= 0, is that the determinant 1| - Ad^l = 0; 

that is 


1 

1-1 

fed 

•^12 

K-iz 



^21 

^22““^ 

Kiz 

= 0. 

(11) 

■^31 

■^82 

Kgg-X 




This must have one real root; call it Aj. Take the resulting as the direction cosines of a 
new of *1, 4hd take two axes x^, Xg perpendieulax to this. Then if accents indicate 
direction cosines with regard to the new axes, Zjj = 1, igi = Zjj. = 0; and by (4) 

= j:i3 = o. (12) 

The equation (11) therefore now takes the form 




Ai-A 0 0 

0 22 “ ^ -^^28 

0 -2^23 £33 — A 

= 0. 

(13) 

Hence 


II 


(14) 

or 

A*- 

(Z'3+z^8)A+irs2jr^3-(Z48)® = 0. 

(15) 


Equation (16) has teal roots, since 

If this expression is zero the roots are equal, and conversely. If the roots are different 
there are three real perpendicular directions satisfjdng (4), and they are called the prin- 
cipal axes and the values of A the principal venues of the tensor. When the tensor is referred 
to the principal axes x'^ it takes the form 

/K 0 ox 

(o Ag oj, (17) 

\0 0 As/ 


and is said to be reAaced to dda^onal form. Then with respect to the original axes 

If two roots are equal, take them to be A^; then K'^2 = -^889 -^28 “ ® and the quadric 
becomes 

= constant, (19) 

%It is therefore a surface of revolution and any line in the plane of ojJ e-nd is a principal 

axis/ 

If all thiree roots lure equal the quadric is a sphere. 

In both these special casefe it remains true that we can find three perpendicular direc- 
tions satisfying (4jij^t *we can now do it in an infinite number of ways, whereas when all 
the roots are unequj^ we can only do it in one way. 
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3’081. Inertia tensor of a rigid body. Consider a rigid body moving with angular 
velocity o with one point 0 fbred. If a particle P(a?<) has mass m we have 


which is a relation between antisymmetrical tensors, expressible also in vector form 


or 


^Sm{XA±) = 8{xaX). 


(2) 

(3) 


The expression Sm{x a is called the a/ngulm momerdum of the body about 0 and denoted 
by h{0). Now since O is fixed, if (o is the angular velocity, 


that is, 
and 


sib CO AXf 
~ ^ikm^k^mf 

hi(0) = 8mefj^xj,e^^<apX^ 


(4) 

( 6 ) 


= 8m{sxi(at-XiXj,<o^) 


where is the symmetrical tensor 
In dyadic notation 


8m{r^Sij,-XiXj,): 

h{0) = I.w. 


( 6 ) 

(7) 

(8) 


Ifjc is called the iimtia tensor of the body about 0. Written out in full it is 


fifm(a:|+a|) —8mXiXi —8mxiX^ 

— 8mxj^X2 + —8mx^x^ 

— Smse^sc^ —Smx^x^ 5m(a!f+a:|) 


( 9 ) 


l^e diagonal components are the moments of inertia about the axes, and the non-diagonal 
components are the products of inertia —1. Since is a symmetrical tensor, 

axes can be found such that the products of inertia vanish and the tensor takes the fonn 


^00 
0 P 0 
0 0 C 


< 10 ) 


A, B, 0, are the principal moments of inertia at 0, It is readily proved that 

(1) The moment of inertia about a line with direction cosines is 

= n.I.n. (11) 

(2) The product of inertia with re^ct to two perpendicular lines with direction 
cosines is 

“ — w.I.w • (12^ 



oo 


(3) If the centre of mass of the b « — j — — ^es relative to O, and if 

and are the inertia tensors at 0 and Gt respectively, and Bm = M, 

Iik{0) = Iih{0)->rM{^8ik-XiXj,). (13) 

(4) The kinetic energy of the body, moving with 0 fixed, is 

0 ) = |<d . 1(0) . o>. (14) 

(6) The kinetic energy of the body moving in any manner is 

iMV^ + CO, 0)j, = iMV. r+ itn J(G ) . w, (16) 


where 7 is the velocity of the centre of mass. 

Since is a vector, its components about any set of axes can be written down at 
once. In particular, if we take as axes the principal axes of inertia the components of 
angular velocity about them are (Acox, Bco^, Cco^), and for a rigid body A, B, 0 are in- 
dependent of time. It is this fact that makes the use of moving axes convenient. 

3*09. Finite rotation of a rigid body. We have shown* that a finite rotation of a 
r^d body about a fixed point cannot be represented by a vector in the direction of the 
axis of rotation. We now show how such a rotation can be 
represented by a tensor. 

We take the origin at the point O of the body, and 
0123 is the firame of reference. Let P{x^ be a point of 
the body. The body is rotated through an angle 6 about 
a line through 0 with direction cosines %, and P mov^ 

^ Let J!f be the projection of P on the of 

rotation; then M is njfXi,n, = pn, say. The rotation dis- 
places P through (1— cosd) PM towards Jlf, and through 
PJlfsia^ at right angles to the plane 0PM. If ^ is a 
right-handed rotation the latter displacement is in the 
direction of the vector product nKX. To get its magni- ® ■ 
tude, let the an^e MOP be a; then the modulus of n Am is 
OP since = PM. Hence the second part of the displacement is sin5(M A®), and 

Vt-x, = - (1-CO80) (»<-jp»J-f-sia0(!»A®)<, 

y, = cos^gf-t- (l-eoa6)nini,x^,+^d€,jf^njfX„ 

= {oos^dffc+(l-oos^)%»fc-8m0ea,„,»,Jgji^ (1) 

The quantity in brackets { } is olearlya tensor of order 2, which we may denote by Po,. It 
is neither symmetrical nor antisymmetrioal. 

Hthe body undergoes successive rotations represented by tensors J^, P^, ..., P^f, 

then the final position of P is given by 



3r is not symmetrical it is clear that the order of the rotations is 


Sea 2*03, p. 54, passage in small type. 
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Angular vdocity as a tensor 

3*091. When 6 is small, reduces, to the first order, to suid 

y—x = 9hx, ( 2 ) 

where 6 = On. (3) 

The resultant of two successive small rotations 6, 6' is 


(8+ O') A®, (4) 

and in this sense a small rotation is represented by a vector. The same result was obtained 
in Chapter 2, but it was not possible there to give explicitly the terms of order d® neglected 
in its derivation. 


3*092. Tensor representation of angular velocity. We have shown in Chapter 2 
that there is a vector ce representing the angnlar velocity of a rigid body, and that the 
velocities Vq of two points are connected by the relation 


Vq = Vp+tahPQ. 


( 1 ) 


If PQ has components Xi and we write the components of Vp and Vq as vf, v^, we have 


by 3*072 (13) that if 






( 2 ) 

( 3 ) 


The form (3) is in a sense more general than (1). A rotation about 03 is the same thing 
as one from 01 towards 02, in three di m ensions. In any number of dimensions ( > 2) we 
can speak of a rotation from 01 towards 02; but it is only in three dimensions that such 
a rotation can be said to be about any particular axis. We shall consider this farther in 
the next chapter. 

3‘10. General motion of a fluid* When the particles of a system are not constrained 
to remain at constant distances apart, the motion can no longer be specified by the 
velocity of one point and an angular velocity. 

Let Xi be the position vector of a general paarticle P of the fluid and let be its velocity 
at a given time. Then is a function both of o?^ and of t. The velocity Vi + Sv^ at a neigh- 
bouring point Q {Xi + 8 x^) is 

Vf + ^ + Oida^). ( 1 ) 

To the first order in Sx/g we have therefore 






( 2 ) 


say. Then is a symmetrical tensor and an antisymmetrical one, both of dimensions 
l/L The part of Sv^ depending on is the same as the displacement due to a rigid-body 
rotation with components (§237 £ 12 )- We shall see in a moment what the other part 

represents. Consider the rate of change of this is 

' 8 x^ 8 v^ « iij, 8 xj,) (3) 

and the part depending on ^ because ^ is antisymmetrical and all the terms 
cancel. Changes of distance between neighbouring particles therefore depend entirely on 
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the Of these, any one can be different from zero and the others zero except of course 

the one required not to be zero by the conditions of symmetry if i^k. Thus if =: 

8 v 2 = = 0 we have = e and all the rest 0. If dVi = (edx^, eSx^, 0) we have = €21 = « 

and all the rest 0; and similarly for the other components by symmetry. The corre- 
sponding changes in the plane of 8 x^ = 0 are illustrated. 


j 




^12 


The tensor therefore represents the rates of change in size and shape of an element of 
fluid surrounding P. It is called the rate of strain tensor. It has three principal axes, and 
the changes can be reduced to three extensions along them. If the principal values are 
equal the rates of extension are the same in aU directions, that is, the strain near P is a 
symmetrical expansion or compression. 

la a certain sense the represent a local Angular velocity; but this statement requires qualification 
because the obviously imply angular velocities, though these are in opposite senses for different 
pSiTts of the element, and without further restriction an angular velocity of an element round P has 
no de6nite meaning. We consider a small element of fluid with P as its centre of mass, and suppose a 
small rigid body with the same density distribution to have the same angular momentum about P. 
Then we daall j^ow that, provided the principal axes of the inertia tensor coincide with those 

of Sifc, the a ng u l a r velocity of the rigid body is w* = = i(curli?)<. 

We have, if is the angular momentum of the element considered, 


Now since P is the centre of mass of the element, Sm8x]^ « 0. Also 

Sm8xi,dxp== 


W 


( 5 ) 


Suppose now that 1^ and have the same principal axes; that is, we can take the axes so that 
I#* = 0, = 0 unless i=:k. Then 

^ikm^mvfkp = ^km^mp^kp ~ W 

since e^^Ikp and vanish unless m^h and = 0 if m = A;. Hence the second term on the 

right of (4) is 

( 7 ) 


If we write 


( " Jfci. + = 0. 


^mp — ^tmpSaf — i^iktnSkw (cf. §8*072, (10) and (12)) 
the last term in (4) becomes 


' volodty 

' ' fik^k 

•CkBtvteady, f,;. it follows that 

=s 0. 


and axigular 
( 8 ) 

(») 
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Refer to princip^ axes of I«. Thea SmSxtSx, = 0 if i+i?. Then, for example, if i * i, the only non- 
zero terms in (9) are for ib = p s= 2, m = 3, and * s=p = 3 , »» = 2; and 


Hence either 
Similarly, we see that 


eas/S^w&Bs = 0. 

^23 = 0 or Jjg Iss* 

631 = 0 or J38 = Jii, ^12 = 0 or in = ia2' 


( 10 ) 

( 11 ) 

( 12 ) 


If then the principal ajces of the element are determinate (jrii=4=ia2=4=‘l33)> have = 0 for i^k, 
and therefore the principal axes of and coincide. 

3*101. Elastic strain. The analysis of displacemeM in an elastic solid is almost 
identical with that of vdocity in a fluid. It is convenient to consider the particle at P{x^) 
at time t to have already received a small displacement %, so that its midisturbed position 
was at — Then if u^+dui is the displacement at Q{Xi + Sx^)y we have in just the 
same way ^ ^ ^ 

where and are respectively symmetrical and antisymmetrical tensors. They can 
be interpreted as giving the changes of size and shape of an element, and its rotation; in 
a fluid, since is there taken to be the velocity, the and there defined correspond 
to the rates of change of those defined here for an elastic solid. 

3*102. Stress. In the interior of a substance, whether solid, liquid, or gas, there are 
in general reactions between the parts. The general nature of these can be seen by con- 
sidering how we can apply forces to the outside of a solid with, say, one face clamped. They 
can be applied to any part of the accessible sur- 
face; and we can either press or pull normally 
on the surface or apply a tangential drag, as by 
friction. The notion of a state of stress extends 
this notion of a force across a surface to all 
elements of surfaces, even in the interior. If dS 
is a small element of surface, with its normal in 
the direction we speak of the reactions acting 

across dS, and representing the forces between 
the particles on opposite sides of it. The com- 
ponents of the force depend both on the size 
and on the direction of d8 and therefore are 
written PnidS. In particular if is in the 
direction of we denote the force by pj^dS 

and call pj^ the stress compo7hefi;ts, which are therefore forces per unit area. The sign is 
specified by taking pjtidS to be the reaction on the matter on the side where is smaller 
and tendhag to increase its i coordinate. The force on the side where Xj^ is greater, tending 
bo increase its i coordinate, will be —pjcidS. 

The stress components have two remarkable properties. They form a symmetrical 
bensor ; and they have a simple linear relation to the rate of strain tensor ia the case of a 
itrid, and to the strain tensor in an elastic solid provided the strains are small. We shall 
issume them to have continuous derivatives. 


PnzdS 


n 



PnldS 



p^dS 


% 
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3*103. We first show that they form a tensor. Let a plane of a;'- constant make small 
intercepts of order a on the axes and consider the forces on the small tetrahedron between 
this plane and the Xi axes. Let dS be the area of the a;J plane forming the base of this 
tetrahedron. Then p^tdS are the forces acting on the interior 
across dS. Now the magnitude of the force acting across the 
face of constant x^ is times the area of that face, and the 

area is Ijc/dS, where is the cosine of the angle between a;* 
and Xj. It acts, howerer, on the matter on the positive side 
of a:* = 0 and must therefore be taken with the negative 
sign. 

The matter inside the tetrahedron will in general be acted 
on by external forces such as gravity, which will be of order 
a* when a is small. These are called body forces. It will also 
have an acceleration, which we suppose always finite. Then 
the rate of change of momentum is also of order a^, and 
the condition that the rate of change of momentum of the element is equal to the 
total force gives 

(Pji ~ ^klPki) “ O(o®) . 

This relates the forces in the direction of »<. But we can now resolve them in the direction 
of afii and 

^■aPji~^u^kjPui^^ = 

But loPji dSia the component in the direction of of the force across a plane of a;J constant; 
and therefore is the same as p'jidS, where pj, are the stress components with regard to the 
new axes. Also d8 is of order o®; hence by making a tend to zero we have 

- . P'n’^ ^U^kiPki — hff'klPik' 

Therefore is a tensor. 

3*104. Now take a small parallelepiped with centre at x^ and sides Sx^, n-nd consider 
the moments about a line through the centre parallel to the axis of Xg. First ignore 
variations of the stress components in the 
region. Across the face there is a force 

parallel to Xi equal to and this has 

moment -Psi&Ci&eg(i^Xg). The force across the 
face a?8 — ^^*2 is equal and opposite, but as it is 
on the opposite side it has the same moment. 

The fproes parallel to Xg across the planes of 
consist have moment p-^dx^dasgdxg. Evidently 
^ forces arising firom other stress components over the faces have no moment. Hence 
if the stress was uniform the moment would be 

(3>m -Pai) Sxiixgdxg. 

A little ac^is^mnrion^ will show that the change of the moment due to non-uniformily 
ifstresB is if* with the most extreme possible variability, where dar*, Sxg are of 

0 ^ giy© a total force of order o®, and will have a ihoment of fcrderfl*. 
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Similarly, the total rate of change of angular momentum, so long as the acceleration is 
finite, is of order a* at most. Hence 


and by taking a sufficiently small region we show that 


By symmetry it follows that 


1^12 — 3 ’ 21 * 
!Pik — Ph> 


and therefore is a S3rmmetrical tensor. 

3*105. EUjuations of motion. Consider again a small parallelepiped. Let p he the 
density and/^ the acceleration of the particle of matter momentarily at x^, and let be 

the body force per unit mass. Then JJ jpf^dx^dx^dx^ through the element is equal to the 
total force on the element. The body force contributes JfJpX{dxidxj.dxg; and we have to 
consider what contributions arise from non-uniformity of the stress. The face aji+ JdaJi 
will contribute Pu^x^Sx^, where p^^ is to be given its mean value over the face. But the 
opposite face contribute —p^Sx^Sx^, where p^f is to be given its mean value over 
face. If the stress components are differentiable, which will in general be true, the two 
faces together contribute 

^^SxiSxgSxg+ 0(a*). 

Then all six fane contribute 

OXji 


and by ta<king a sufficiently small parallelepiped we have the equations of motion 




The above argument assumes nothing about the properties of the material except that 
action and reaction between neighbouring portions are equal and opposite, that all 
accelerations are bounded, and that the stress components are diffierentiable. It is equally 
valid for solids and liquids. IKfferences between the states of matter arise when we deal 
with the relation between stress and strain. 


3*106. Stress-strain relations. 3*1061. Elastic solid. It is fairly obvious that 
a simple displacement or rotation of an elastic solid to a new position of equilibrium 
requires no change of stress; and therefore that the stress components are independent 
of the rotation. The fundamental relation is expressed by Hooke’s law, which, in its most 
general form, states that as long as the strain components are small the stress is linearly 
related to them. This is true for the most anisotropic crystals. The usual theory of elasticity 
is for isotropic solids; we then assume a much more restrictive relation; one way of stating 
this is that the stress tensor and the strain tensor always have the same principal axes. 
When a tension is applied along a uniform bar, the bar extends longitudinally and con- 
tracts laterally, the changes of length of equal elements in all lateral direotions berng equal. 
This is esqpressed, if the axis of x^ is taken along the bar, by 

“ PxL> ■®®2s “ ~ “®lPii* 


( 1 ) 
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E is called Young’s modulus and a Poisson’s ratio; both are constants of the material. 
In the conditions specified all stress components other than, are zero, and the three 
strain components ejs, 631, 6^ are also zero. But then if we consider also stresses p,,, 

flinoA the stress-straia relation is linear, we can add the corresponding strains and get the 
more general form 

-®«ll = Pll-0'(i>2a+l’83). 683=0, p 28 = 0, (2) 

with symmetrical relations. The first of these can be written 

Ee^ = (1 +o’)jPii-o’(f>u+3>22+i>83). (3) 

and the whole set are summarized by 

■^ 6 «! = (1 ( 4 ) 

This set of equations is valid for the set of axes chosen, which are principal ax:es of the 
stress tensor and of the strain tensor. But if we now transform to any other set of rect- 
angular axes, every term transforms according to the rule for second-order tensors anH 
therefore we shall get 

E^fl = (1 ( 6 ) 

3>nn=i>n.m* (6) 

Hence the form (4) is not confined to principal axes and is true for any rectangular axes 
whatever. Its usefulness is due to the fact that in most problems of elasticity the principal 
axes of the stress are not in the same direction at all points and we need a form valid for 
all direcrions. It is convenient if the stresses are known and we have to find the strams 
from them. 

In many problems, on the other hand, the stresses are unknown and the equations of 
motion must be regarded as differential equations for the displacements. Then we need 
to express the stresses in terms of the displacements, and therefore in terms of the strams. 
This can be done as follows. Krst contract the equations (4); we get 



= (l+«^)3>»,m-30Pmm = (l-2<r)p,„„„ 

(7) 


(l-[-cr)p^ = 

(8) 


Pik = 

(9) 

where 

^ crE E 

(l-|-(r)(l-2o-)’ 

(10) 


A and /t are known as liam^’s constants. A has no special name; /t is called the rigidHy. 
Bvidenily if a block is clamped along the plane of a;2 = 0 and a tangential stress P21. is ' 
applied over the oppo^ face the block will be distorted. Suppose the displacement to 
^ (t?*2» fi)* Then ^ is a small an^e and is a measure of the shear. All the strain com- 
ponents axe found to be zero exbept which is and then from (9) 

= ( 11 ) 

^ josK 'ft IS tnexatio of ^ear stress to shear, and measures the resistance of the substance ‘ 
iltdistortion. 
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Another important constant arises in the case where the strain is spherically sym- 
metrical; that is,, if Su = 622 = 633, 633 = 631 = 612 = 0. This means that the matter is 
stretched in the same ratio in all directions, and the associated type of stress is called 
hydrostoMo. Then (9) gives 

7^11 “ { 1 ^) 


where 


k = A-l-|/{. 


(13) 


k is called the bulk modulus because the relative change of volume is Se^ to the first order, 
so that k is the ratio of the symmetrical stress to the change of volume. It is also known as 
the iTusompressibility and Ijka/a the compressibility. 

In terms of A and fi 

fi{ U + 2[i) A 

A-n/t ^ ^ 2{X.+iJLy 


Experimentally E, k, and /t are the easiest of the elastic constants to measure directly. 
AH have the dimensions of a stress. 


An alternative method is to assert directly that if there is a universal linear relation 


valid for all axes, is a tensor of order 4. If further its components have the same values for all 
axes, it is isotropic, and therefore, by 3*031, 

where A, fl, v are scalars. Then 

“ A e,»,„ + 2/t 6«, 

since is symmetrical. 

This method has the advantage that it is possible, by suitable modifications of the method of 3*031, 
to find out what fourth-order tensors have the symmetry properties associated with various types of 
crystal. Then this method can be extended to obtain the stress-strain relations for cystals. 

3*1062. Fluid. In a fluid the mean stress ^p„,„ is nearly always negative and is 
denoted by —p; p is called the pressure. (Contrary to what is stated in some text-books, 
a liquid carefully freed from dissolved gases can stand an appreciable tension; but it is 
true that tension seldom occurs in practice.) In a classical fluid the stress tensor is simply 
—pSn^, and this is a good approximation in many problems relating to real fluids. The 
departure of the stress from this value is linearly related to the rate of strain, and if 
is now denoted by it is true for a real fluid, as for an isotropic elastic solid, that the 
principal axes of the stress tensor are also those of the tensor The required relations 
can therefore be written 

but we must impose the fimther condition that by the definition of p the tensor on the 
left gives zero on contraction. Hence 

(3A' -H 2/4') e^ = 0 (2) 

and (3) 

It' is called the viscosity. Its dimensions are those of a stress multiplied by a time. The 
function multiplied by 2/4' is the departure of the rate of strain from spherical symmetry. 
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The pressure j? has important properties. It is nearly independent of the rate of strain 
though it might theoretically contain a small term proportional to This, however, ig 

so small that it has no practical importance. The pressure can therefore be treated as a 
function of the density and temperature alone, according to the usual laws of thArm;, ] 
expansion and compressibility for a liquid or gas. 

3*1063. The acceleration. We have left the acceleration term in the equations oi 
motion in the form p/^. We need to express it, for a fluid, in terms of derivatives of the 
velocity; for a solid, of derivatives of the displacement. Our derivation of the equations 
of motion made use of a parallelepiped fixed in space. We could taJce an element of volume 
moving with the matter instead, but this would not in general remain rectangular, and 
the resolution of the forces would be much more difficult. But the acceleration does refei 
to a particular particle of the matter. 

To make this explicit it is convenient temporarily to use Lagrange’s way of specifying 
the motion. The particle at at time t is supposed to have been at at time then the 
motion of every particle is described by an equation of the form 




( 1 ) 


where, for a given particle, is independent of t. Then the velocity and acceleration of 
the paj:*ticle are 

( 2 ) 


where the suffix means that a*, is kept constant during the differentiation. 

In the usual Eulerian way of specifying the motion, the velocity of a particle is regarded 
as a function of its position at time f instead of at time Hence if in time d* the particle 
moves ff om Xf to Xf+ $Xf, its velocity will be Vf evaluated at t+ St, + Sx^. Hence its 
acceleration is 

and SXf.lSt, in the limit, is itself the velocity of the particle, v^.. Hence 





The operator dldt+Vi,dldXf., which gives the time derivative of any quantity aes ocm t d 
a partimlaT partied (i.e. constant in Lagrange’s speoifioation) is usually denoted by 
DJDt in English works. It is, however, simply the partial differential operator d/dt, with 
®< kept constant instead of a:^. When, as in the Eulerian method, we suppress mention of 
(ti alto^thm?, there seems to be no adequate reason against regarding the operator as 
an ordinary total derivative and denoting it by d/d*. The notation 2>/D* is really a survival 
ftbm the time when d/dt was used to denote partial differentiation. 

In a fluid, therefore, the equations of motion have the 





(S) 



are related to the rate of strain and the pressure according 
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In a soKd the conditions are somewhat difTeient, since the initial position appears in 
the specification of the displacements; in fact 

{®) 

But in nearly aU problems of elasticity the displacements are small, and if we neglect their 
squares dfdt can be replaced by djdt. Squares of the strains are also neglected in taking 
the stress-strain relations as linear, so that there is no loss of generality in tfiso neglecting 
them in the acceleration.* 


3*11. Electromagnetic stress tensor. Take the electric forces first. If JST is the 
dielectric constant, supposed uniform, E the electric intensity, and p the electric charge 
per unit volume, the electric force per unit volume is 

X = pE (1) 

and 4iTp = K div JS. (2) 

Then 4arXt = 

= (3) 

since E is the gradient of a potential ; and 

= K^JE,E^-iElS,„). (4) 

Hence the mechanical force can be regarded as derived firom a stress 

Pik — ^ 


Now consider the force due to a magnetic field JET on a medium canying an deotiio 
current of density J. The permeability p is taken constant. Then 


X = p-kH, curlJH = 47 ^//c, 


( 6 ) 


4ffX< = /te«*,(curlir)ft^„ 





.^3s\ 


dXi) 


(7) 


* The fulleG^t disoussioii of the second-order terms is by F. D. Muixis^han, A-Wk* J • JS£o^^ 69, 1937, 
336-eO. 


JMF 
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3-12 


But 

and dJS^jdXm = 0. Hence 


Rotating axes 

^ / rr jnr \ ff ^ fj 


and Xi can be derived from a stress tensor 


(8: 

(9: 


(10 


For the additional terms required when K and /t are not constant, see Abraham 
Becker, Classical Electricity and Ma^neiism, pp. 104, 146. 

3*12. Rate of change of a vector, when the axes are rotating. We have statec 
the transformation rule for vectors in a way that depends only on the mutual inoHnationi 
of the axes; so far we have not had occasion to consider what happens if these inclinationi 
are themselves varying with the time. So long as the transformation from one set of axes k 
another is purely algebraic, there is no trouble; all identities depending on finding thi 
component of a vector in a given direction will remain true even if the direction cosinei 
themselves are varying, provided that we take aU their values at the same instant. But i 
we have to differentiate with regard to the time we are ooixsidering different instants, anc 
special attention to the variation of the direction cosines becomes necessary. To take t 
very simple case, let a particle be moving with uniform angular velocity in a circle, so tha 

= aooaot, x^ — a&vxwit, x^ = 0. 

The velocity components are (—wo sin tyi, (oaooasjt, 0), and the acceleration component 
( — 6)^, — o)%P 2 « 0). Now take a set of rotating axes, x^ coinciding with x^, while x^ i 
inclined at wt to and therefore permanently directed towards the particle. Then th 
coordinates in the Ol'2'3' system are permanently (a, 0, 0), and their rates of change an 
(0, 0, 0). But the components of the velocity rdaiive to 0123 along these axes are (0, (oa, 0 
and those of the acceleration ( — &>^, 0, 0). Bates of c^nge of the coordinates with resped in 
sets of cxees in rdative rotation do not transform according to the vector rule. We can say tha 
the operations of differentiation with regard to t and resolution in a given direction com 
^m/ute only if the direction is fixed.* 

The elementary form of the equations of motion of a particle, mx^ — Xf, requires thi 
axes to be inertial. If we use instead a set of rotating axes Xj, the force X^ can be resolvec 
along them by the rule for a vector, and the equations are equivalent to 

nd^jXf = Itf'E^i = Xj, (1 

but the left side is not equal to mx^. In dealing with the motion of rigid bodies, especially 
it is usually convenient to state the equations of motion referred to rotating axes 

, 't, 

* We slmll xpeet the zxou-ooixizxiutatlve prop€Krt3y of operators repeatedly. The simplest case i 
'whero the operaticms are multiplication by x and di&erentiation with regard to x : 

jrtutdi is not iii«Ts|nQ0 as 
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Rotating oaxs 

which we can often take to be fixed in the body, and therefore we require to be able to 
express in terms of Xj and its derivatives; similarly, if are the components of dis- 
placement, velocity or angular momentum with respect to inertial axes, we need expres- 
sions for lijdAijM in terms of li^Ai and its derivatives. We can continue to denote lijAi 
by Aj. It will still be true that if = Ai, then 


even though the axes of a:J are rotating, and conversely. Then 


dt 


Af — lijAj, 


J '"^1 I 


dA'. 


( 2 ) 

(3) 

(4) 


Now if we take a point on the axis at a fixed distance c from the origin, its coordinates 
with respect to the x^ axes are dfj and its velocity components are cdLi^jdt. But the Xj 
axes are a rigid frame; hence the velocity of a point rigidly attached to them with 
coordinates is — QikXjc where @{j. represents their rate of rotation as in 3-092. Hence 
the Xf velocity of the point just considered is — and 


^ = -0 
dt ' 




dAj 

dt 


Hi 


dA'f 


dt 


■ ®ik^k}-^j> 


( 6 ) 

( 6 ) 



dA'i 




(7) 


But =s dfi, and lul/u^ije is d^ned as the result of transforming to the' axes 
Xj, yfi according to ike rule for second-order tensors. This gives the components required: 


/ _ 


= iAi-A'^6',+Ai6i Ai-A'^di+A’^e^, Ai-A’^0'^+A'^e^). 


( 8 ) 
( 2 ) 

These are the components along arj of a vector whose components aloiig x^ are dA^dt-, 
and it is easy to verify that if we take a third frame of reference the components with regard 
to it will be the same whether we transform directly from the i frame or by way of the 
j frame. These components therefore satisfy the consistenoy rule for vectors. 

Whether we r^ard the separate terms dA'jdt and (OaJL) as vectors is a matter of 
definition, and two methods are open to us. According to our original definition the 
transformation rule is the sole criterion for a set of three quantities to be the components 
of a vector, and this rule has nothing to do •with whether the direction cosines occurring 
in 'the transformation are constant. K -we retain this definition when the 1^ are functions 
of the 'time, we have that since 

dAi J dAi 




dt 


di 


dAfdt is not a vector if the frames considered are in relative rotation; but dAjdt+ (0 a A) 
is one, and 'therefore (Oa A) is not. The fact that for compactness of writing it is written 
as a vector product does not make it into a vector. The test is in the transformation rule, 
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and before we can say that a set of quantities are the components of a vector we have to 
show that rule is satisfied; and in this case with this transformation rule it is not. 

The alternative method is to restrict the scope of the transformation rule to axes that 
are not in relative rotation. To simplify matters suppose that 4 is a displacement from the 
nrigin. Then dAjdi is by definition a velocity, the components of which are relative to a 
fixed firame. We can, however, imagine a triply infinite set of fixed frames with the same 
origin, and at any moment the moving axes are passing through one of them, which is 
thereby Mentified. We are entitled to resolve with respect to this frame, anji the velocify 
components with regard to it are These are the components of a vector. 6 Ari. 

is the velocity, referred to any of the feed firames, of a point rigidly coimected to the 
moving axes. Such a motion is possible, and in this sense 8 a ^4. is a vector. Then If^dAydi 
are the components, with regard to the ajf frame, of a vector; but it is not the same vector 
as dAjdt. It is the velocity of a point moving in the Xf firame with the part of the velocity 
dJLjdti; that is not expressed in 8 a ./I. 

With this interpretation the expressions in (8) are to be regarded as components of the 
rate of change of A, not along the moving axes, but along the feed axes that they ate 
instantaneously passing through. 

Either of these interpretations is tenable; the important thing to realize is that they 
are not the same thing and they must not both be made at once, otherwise mistakes are 
inevitable.* 

The angular velocity is sometimes called the angular velocity of the rotating axes 
‘with reference to themselves’, without any clear explanation of why such an angular 
velocity should not be identically zero. On inspection of its derivation we see that it is 
the amgvlar' velocity of ifee oa;es about fixed axes inetantaneotisly coinciding toiffk them. If 
the angular velocity about any feed axes is known, ©y or its vectorial representation is 
found by resolving. 

3*13. Applications to mechanics. Euler’s angles. The position of a rigid bofy, 
of which one point 0 is fixed, can be specified with regard to a feed firame of reference 
Oxyz in the following way. We take first a marked 
line of particles in the body and talre this as the a-ria 
03 of a se# of rectangular axes fixed in the body. The 
polar angles of this line are denoted by d, A. The 
position of the body is now known except for a 
possible rotation about 03, so that it is completely 
feed if we know the angle between a marked plane 
of the body through 03 and the plane zOS. We call ® 
this angle Xi tke three angles 6, A, x si© Euler’s 
an^s. 

We have to express the angular velocity of the 
body in teipns of the rates of change of these three 
angles. We use an intermediate firame of reference 
0123, where 01 is in the plane «03 and at right 
angles to 03, Then 02 is noirmal to the plane z03. All firames are taken to be right" 
handed, 0128 is not in general feed eitheif in space or in the body. But if 031' is a fixed 

in what is called ‘oovariaat difiEerentiatioii* in. general relativity. Cfi 
, ,»<Wingbon, JHatkematieea Theory of BOaHuityi MoCoondl, Absolute IHfferentAal Oaleulus,. 
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plane in the body making an angle x 031, we can take a third axis 02' perpendicular 
to 031', and this also is fixed in the body. 

Evidently the rate of rotation of the body is specified by rates A about 02, 6 about 02, 
and X 8'bout 03. These can be resolved about any convenient directions. Their com- 
ponents with regard to 0123 are clearly (—sin^A, x + cos^A). Resolving again with 
regard to Ol'2'3 we get the components 

( — sindA cos;\;-h^sin;\;, sindA sin;\; + ^cosx9 Z + cos^A), 

which are the components of the angular velocity of the body about axes fixed in the 
body. 

In many actual problems the body has an axis of symmetry, which can be taken as 03. 
It is then convenient to use the frame of reference 0123 rather than Ol'2'3 on account of 
the simpler relations between the components of angular velocity and Euler’s angles* 
There is one important difference, since we shall see that it is necessary to consider both 
the rotation of the body and that of the frame of reference, when the latter is not fixed 
in space. If we denote the angular velocity of the frame of reference by 6(^i, 6 2 , 
then if the frame is fixed in the body 

6 = CO. 

But if we use the frame 0123 this has not the angular velocity component x, since 01 
always remains in the plane 203. Hence for it 

{Oiyd^yOz) = (-sin^A,^,cos0A), 

while the components of the angular velocity of the body are then 

(<yi,<y 2 >^ 3 ) = ( — sin^A, x + cos^A). 

The relations 6-^ = 6^ = O 2 evidently mean that the axis 03 has the same angular 

velocity as the line of particles occupying it; that is, that 03 is fixed in the body. The fact 
that is a reminder that 01 and 02 are not fixed in the body. 

3*131. To illustrate the method, let us calculate the acceleration components of a 
particle in spherical polar coordinates (r, 6^ A). We take the axis 03 towards the particle; 
the axes 01 and 02 are taken as in 3*13, and the components of angular velocity of the 
axes are ( — sindA, 6, cos^A). As the particle is permanently on the axis 03 its velocity 
components are (0, 0, f) + (^i, a (0, 0, r) 

= (r^,rsiadA,r), 

as may also be seen by inspection. Then the acceleration components are 
(Oj, a^y a^) — ^ (r^, r sin0 A, r) 4- (dj^, dg, ^3) a (r^, r sin0 A, r), 

= ^(r^)+r^— rsin<9 cos^A* = r(^— sin^ cosdA®) + 2^, 

wt 

«2 “ 8ini^A)+cos0Ar<?+sm^A^ = ^ sin*^ A), 

Oj = f — rsin^^A*— r(^+sm®^A*). 



Euler’s dynamical equations 3*14-3*15 

3*14. Euler’s dsmamical equations. Let 01'2'3' be taken along the principal 

axes of a rigid body moving with 0 fixed. lfA,B,C are the principal moments of inertia 

and ta is the angular velocity of the body about inertial axes, the angular momentum 

about 0 is h{0) = {AcOi.JBb)^, Go)^). The rate of change of angulajc momentum about 0 is 

therefore „ 

dh , 

with components {Adi)x-[B-C)o)i<i) 3 , etc.) about the instantaneous positions of the 
principal axes. 

3*141. Motion of a top. The axis of symmetry is taken as 03; using the axes 0123 
as in 3* 13, the an gular velocity of the top is ( — A sin d, 6, x + A cos 6) and that of the axes 
is(— Asind, A cos 0). The moments of inertia being .4, .4, 0, the components of ai^ular 
momentum are {— jlAsin^, Ad, 0(x+Acos5)}. 

If JV is the moment of the external forces 

V 

^+eAfe = iv. (1) 

If the top is moving under gravity and its centre of mass is at (0, 0, h), 

N^{0,Mgh^d,0). (2) 

The third component of (1) gives immediately 

^ + A cos $ = const, ss n, (3) 

say. The second component gives 

J.^+O7i.Asin0— j4A®sin0 COS0 = JkfgAsin^, (4) 

so that the condition for a steady precession with 6 = a. and A = Q is 

AQ,^QOBa—Cnil+MgJb = 0. 

For the general motion the simplest method is to notice that there are two other firs1 
integrals: 

(1) The angular momentum about the vertical is constant, whence 

A sin® ^A + On cos 6 = constant. 

(2) The total energy is constant, whence 

d(A® sin* d + ^®) + G{X cos 0 + x )® + ^Mgh ooad = constant. 

expressions for the kinetio and potential energy have been found, the equa 
non can: be found by using Lagrange’s equations ( 10 * 07 ). 

^ors in two dimensions. If only rotations of the axes permitted d 
e the axis of Xg, the possible changes pf axes are more restricted than for 
aiticai, and additional sets of foactlons are found to have the requisite traiw 
under the changes permitted. In fact if % (i = 2) is a vector ii 
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two dimensions its component in a direction a is cos a + sin a. Now there is a vector 
t? whose component in direction a is equal to that of u in direction ^7r4-a. For this is 
equivalent to 

^?iCOsa + VaSina = %cos (^77+a) + Wgsin{j7r + a) 

= — -Wisina+^^acosa, (1) 

and therefore if 

( 2 ) 

and Vg are the components of a vector, which are the components of u referred to axes 
rotated through a right angle. In particular — a^i) are the components of a vector. 

But the derivative of a vector is a tensor of the second order. Taking this vector to be 
(ajg, —x-j) we have that 



is a tensor in two dimensions. Thus 8^^. is not the only isotropic tensor of order 2 in two 
dimensions; and any linear combination 

(4) 

where A and [i are scalars, is another. 

Now consider the fourth-order tensor VimVkp- All components with i = m or * = 2 ? 
vanish, and 

?129i2 “ 921%! *=* ^9 
V 12 V 21 *= 

Now 5 — ?— * is a second-order tensor if ^6 is a scalar. But if i — 4 = 1 the only 

OZ^OXp 

non-zCTO terms are for i = 2, said the component is d^^jda^. Ifi— 1, & = 2, we must 
take m = 2,p = 1 and the component is — d^^jdxj^dx^. Proceeding, we see that 




( 6 ) 


are the components of a second-order tensor in two dimensions. This tensor has applica- 
tions in elasticity, particnlarly in relation to the bending of thin plates and the distribution 
of stress between parallel planes. 


3*16. Parallax. Tensor methods are sometimes useful in obtaining the formulae of 


spherical astronomy. Consider the parallas of the 
moon or a planet. Take the origin at the centre of 
the earth, axis 3 towards the pole, axis 2 on the ob- 
server’s meridian. Let the coordinates of the planet 
be Xf = rlf, those of the observer ^ = aA^. The distance 
from the observer to the planet is JB, given by 

.8* = = ra-2roA^l*+a®, (1) 

S => r— oAfcZjj, (2) 
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to the first order in air. 
planet are IJ, where 


Parallax 3*16 

Then the direction cosines of the line from the observer to the 




R 






(3) 


wh^ P = alr, the horizontal parallax. Now the direction cosines are given in terms of 
the angular coordinates by 

=s cos S ainh, Zg = cos S cos h, Zg = sin d, 

Ai = 0, Aj = cos^, Ag = sin^, 

and A*Z*, = cos^ cos^ oosA+sin^ sin^. (6) 



For the parallax in declination rv; 

Zg Zg — cos d'iwg 

= P{— sin^+sind(cos^ cos^ eosA+sin^i sin 5)} 
= P(sind cos^ cos^ cosfe— sin^S cos®^), 
whence w, = P(sin S cos ^ cos A — sin^ cos d). 

If is the observed hour angle 

ianh' = VJU^, tanA = Zi/Zg, logtanA = Ic^Zj— logZg, 


sec* A 
tan it 


{V-h) 


l2~h _p( 

k h " \ h hi 

=» P_£2i^ 
cos^oosA’ 


(6) 

(7) 

( 8 ) 

(9) 


h'—h=‘P oosjS sin A see 8, (10) 

and Wg, the paraUax in right ascension, is —{h'—h). 


EXAMPLES 

1. ShowtbBt(£:.A).(JE.B)A(£;.C)=t ||x:|A.BaC. 

2. SliOT7 that curl (^A) = ^ curl A + grad^ a^. 

3. Show that {oiirl(AAB)}< = A,divB-B,divA + B»^-A»^. 

dX]^ dscji 

4. If is a tensor, prove that 


■®-*l I 

+ 

I 

+ 

•^11 *^^11 


• Km X „ 


■^18 -^11 ! 





and is a scalar. Bdate this scalar to an mvariant of the toots of the equation || I = 

5- If the stress tensor is where is a vector function of position, denotes 

, ’d.x+dj-f'-dl, and equals unity if ^ = h and equals zero otherwise, verify that at any point the 
direction of is a principal dire^on of stress, and show that the stress at this point can be repre- 
Beat^ as a tension d* along the direction of At and, a pressure A^ normal to this direction. 
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6. A body is deformed by mtemal stress so that the particle which in the strained state is ^^%e 
point (x,y,z) referred to a set of fixed rectangular axes has undergone the displacement whose cbm-, ^ 
ponents are 

3/f(2!»— j/+z), —ZK{x-^y), x(3*+5a), 

where x is a small constant. Show that there is no rotation of any small portion of the body in the 
neighbourhood of {x, y, z), that one principal extension is 3x, and determine the other two principal 
extensions. (Prelim. 1941.) 

7. For a chain of three uniform mutually perpendicular rods each of mass m and length 2a, show 
that the equation of the inertia quadric at the mass centre referred to axes parallel to the rods may be 
written in the form 

+ 6j/® + 3a* - 3jfs + 3aaf + apy) = X. 

Deduce that one principal moment of inertia at the mass centre is ma* and find the others. 

* (Prelim. 1949.) 

8. Two equal uniform cones of hei^t h are placed with their bases, of radius a, in contact. Deter- 

mine the inei^ tensor at the common centre of the bases, and give the ratios of the principal moments 
of inertia. (I.C. 1943.) 

9. Determine the inertia tensor at the centre of one end of a uniform solid right prism of mass M 

and length 25, whose ends are equilateral triangles of side a. Determine the principal moments of 
inertia when (1) a = 5, (2) a = 105. In the second case show that the monoent of inertia of the 
prism about any of the end edges is ^j32'5*. (I.O. 1940.) 

10. Iforion reUxUve to ihe eaiih. The position vector of a particle relative to a point 0 at the earth’s 
surface is r; the velocity and acceleration of the particle relative to a iimne at rest relative to the earth 
at 0 ore f and P. If the particle moves under the earth’s attraction and a force F per unit mass, prove 
that 

r+iiiArz=g{r)+F, 

where o> is the earth’s angular velocity and ^(r) is the acceleration relative to the frame at 0 of a j&eely 
falling particle instantaneously at rest r^tive to the frame at the point r. 

If a particle is projected with velocity V firom 0 at time t = 0, show that to the first order in u its 
position vector r at time t is given by 

r = Ft + igt* - A F- ^ci> Ag, 

where g = g(0). 

11. Fouxautt'a pmdukim. SmdSL oadUathne. The origin is taken at the point of suspension, i is 
the direction vector towrurds the bob of mass m. Then if Tis the tension in the string, to the first order 
in 0 ) 

T 

#+2»Ar = g — i. 

7th 

Fatting g^gz and i = z+p, show that to the first order in p, 

p— 2a>sinA«Ap-H7P = 0, 

V 

where A is the latitude of 0, and 1 is the length of the string. 

By tekmg the components of this equation in two perpendicular directions in a plane perpendicular 
to z, use the method of 2-12 to show that the plane of oscillation rotates about the downward vertical 
with angular velocity osinA. 



Chapter 4 

MATRICES 

‘All that isn’t Belgrave Square is Strand and Piccadilly.’ 

w. s. GILBERT, Vtopia Limited 

4*01. Introductioii: definitions. In considering tensors of the second order in three 
HiTnAwainna we have used an abbreviated notation for the set of nine quantities 



When they are displayed in this way the first sufi6.x refers to the row and the second to the 
column. Such a set forms a tensor if each suffix refers to one of a set of axes, of the same 
S 3 rstem of reference, and the coefficients have certain transformation properties when the 
axes are rotated. We have so far considered rectangular axes only, but this is a particular 
case of a more general tensor algebra. The generalizations take three hues; (a) to tensors 
of any order in n (especially four) dimensions, still referred to rectangular axes; (6) to 
tensors of any order in curvilinear coordinates; (c) to the study of an algebra of square 
arrays of quantities, which has many formal similarities to that of tensors of the second 
order, but is not restricted to an interpretation in terms of axes of reference. 

When we take the algebraic point of view we speak of an array of quantities 



as a matrix of order* mxn. It has m rows and n columns. We may write it as {Kne), the 
first suffix referring to the row and the second to the column. A square matrix of order 
» X » is a particular case. So is a single-column matrix of m rows (order m x 1 ) and a smgle- 
row matrix of n columns (order 1 x ») . These three types of matrix have many applicatioiis 
in physical theories. 

, We shall denote a matrix by a single symbol, which stands for the set of wi x «. quantities 
^ of d&mnts expressed in the matrix. For such an entity what we mean by addition, sub- 
traction, multipUcation, and division is a matter of definition. The use of heavy lype is 
an hodioation that one or more suffixes are suppressed, as in vector and dyadic notation. 

Addition. The sum of two matrices a and bis written as a -H band stands for the matrix 
with eleihents 

, SvbtracHont. The matrix —a is defined as the matrix with elements — and <*— 6 is 
defined as the matrix with elements For addition and subtraction to be signi- 

ficant the matrices must have the same number of rows and the same number of columns. 

* . Ate oBor of ocrder 2 as wntteu above would thus have to be Epoken of as a matriz of order 3x3. 

has quite distmot meanings as applied to tensors and matrices. A tensor of order 
2 oannnt'be written as a matrix. 
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It is clear that for addition of matrices the associative law 

(ffl+ft) +c = tt+ (6 +c), (1) 

and the commutative law a+6 = 6+a (2) 

both hold. 

Muttiplicc^ion. The law of multiplication is that ab is the matrix with elements (ob)^ 
given by 


the summation convention being understood. For this to be significant^' must range over 
the same set of values in both factors, and therefore the number of columns of a must be 
equal to the number of rows of 6. The product is then a matrix, with as many rows as a 
and as many columns as b. In paxticular, if a is an n x n matrix, b must have n rows; but 
b may be a single column, and then the product matrix will also be a single column. If b is 
also &nnxn matrix, ab will be an x fi. matrix. On the other hand, if a is a single column, 
b must be a single row and ab is the matrix whose elements are If a is a single row 

(1 X n), b must have n rows. If b is square the product is then a single row; if b has only 
one column the product has one row and one column, that is, it is a single quantity. The 
important cases for us are therefore, using single suffixes for matrices of one row or column 
and double ones for square matrices, 



a 


b 


ab 

In 

Rows 

ColiumiB 

]^ws 

Columns 

Rows 

Columns 

sufiGbses 

n 

n 

n 

n 

n 

n 


n 

n 

n 

1 

n 

1 

aifbf 

n 

1 

1 

n 

n 

n 


1 

n 

n 

n 

1 

n 


1 

n 

n 

1 

1 

1 

afbf 


The third case does not involve the use of the summation convention and is called the 
outer product of a and b. The others are all called iimer products. 

Ih works on aJgebia single-Tow and single-ooluixm matrices are often called vectors. This difEers 
from the physioal use of the word vector. In algebra the vector is a set of n elements and has nothing 
to do with any particular transformation law. In physios the vector requires boHh the riements and 
the assertion of a particular type of transformation law for its specification. Thus in physics we speak 
of the some vector as having different components in different systems of reference; the algebraists 
would call these representations themselves differmt vectors. We shall avoid this usage. 

The commutative law of multiplication does not necessarily hold even if a and b are 
squaore. For ha must be defined as the matrix whose elements are and this will be 
equal to only in special cases; in general 

. abH=ba. 

Pairs of matiioes that satisfy ab^sba are said to commute, those that satisfy ab <=: — ba 
to anticonunute. 

The rule of multiplication is that the factors are always arranged so that repeated 
suffixes are adjacent. Uijbjf. ^ but this cannot be contracted to ba because the two 
fe are not adjacent* Explicit statement of the suffixes cannot lead to contradictions, 
but if they are suppressed contradictions will arise unless we have a definite rule about 



108 Unit, null, transposed tnatrices 4 .O 1 

where the repeated suflSxes are supposed to be. The rule suffices to distinguish ha from 
ab while Tv»i.iTitii.iTimg the order of the factors in the explicit expression for the product. 

The associative law (fl6) c = a(6c), (4) 

and the distributive law a(6 -f c) — + ac (5) 

hold, provided the order is maintained and the operations are significant. These are easily 
verified by writing out the elements explicitly. For the first 

{(«*) ^ ( 6 ) 

In consequence these products can be written without brackets as ctbc, since the 
position of the brackets is irrelevant. 

The unit Tnatrix will be denoted by 1 and has components where 

(i = *), (J,fc = 0 (i + i), (7) 

and we shall write ^ik for its components. It is clear that 

la = al = o. (8) 

The unit matrix is often denoted by I, or even by 1 in cases where no ambiguity can 
arise. 

The tvuR matrix is one all of whose elements are zero. 

The product of two matrices may be null without either factor being null. Thus 

c 3(: :)■(: 5- 

The non-zero element of the first can be multiplied only into elements of the first row of 
the second, which are both zero, Butif.4B = 0ti?^iewerBmaybe,then.4 = 0; similarly, 
if AB = 0 whatever A may be, then B = 0. 

The transposed matrix of a matrix a is the matrix formed from a by interohangiog its 
rows and columns. We shall denote it by & and its elements by 5**.. Then 

Since (^)a! — ~ 

it follows that the transposed matrix of the product ab, denoted by ab, is equal to the 
product SU, in this order. 

Note that it would "be possible to define (ob)^ to mean this matrix is in foot often 

required, but then we should have 

(«*•«)« = ia.be)i^ = a«(6c)*, = a^bj^cip 

which are not the same. The device of summing over adjacent suffiaes is needed to mafke the 
assoetatwe law of muUijdication true. We ther^^re write 

not as (a6)*(., but as = (aS)^*,. 

Bn^mners sometimes .find multiplication of matrices easier if tihey first transpose the 
“h'trix and mffitiply rows into rows. 
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If a is a siagle-colunm matrix, S is a single-row matrix, and conversely. We have, if 6 
is a square matrix, 

(^®)i ~ ~ ~ ^j^ji ~ (1^) 

so that the same rule applies as for square matrices. 

The conjugate complex mafyix. The elements of a matrix may be real or complex. The 
matrix whose elements are the conjugate complexes of those of a is denoted by a* and 
its elements are 

The transposed matrix of the conjugate complex matrix, &*, is denoted by at and its 
elements are 

Symmetry properties. A matrix is said to be symmetrical if it is unaltered by inter- 
changing rows and columns, that is, 

«« = “w (18) 

or 0 = 5. (14) 

It is antisymmeirical or skew-syrrmetrical if the sign is changed when rows and columns 
are interchanged, that is, 

= ~®]M» (15) 

o = -5. (16) 

A complex matrix is said to be hermitnan if it is equal to its transposed conjugate 
complex, that is, 

o = at, (17) 

and if a = — at. (18) 

For real matrices (17) and (18) reduce to (14) and (16) respectively. 

A diagorud matrix is one all of whose elements are zero except those in the leading 
diagonal, i.e., a-^x, a^, a„„. All pairs of diagonal matrices commpte. 

The adjugate matrix and the reciprocal matrix. K we consider the determinant formed 
by the elements of a square matrix a 

ll««i=deta, (19) 

each element has a cofaotor, which we may denote by and 

= (^® 1 ’®)^«* ( 20 ) 

To preserve the rule about summing over adjacent suffixes we rewrite this by forming the 
adjugate matrix adj a, 

• (adj a}{j, = (21) 

If a is symmetrical, antisymmetrical, hermitian, or antihermitian so is adj a. Further, 
provided that deta does not vanish, we have 








deta ■ 

If therefore we define the reciprocal a-^ of a matrix a by 

we have = (a"^)« 

or oo-^ao~ki = 1. 


( 22 ) 


(23) 

(24) 
(26) 
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The product of a matrix with its reciprocal is the unit matrix in whatever order the 
multiplication is carried out; provided the reciprocal exists, the order does not matter. 
If, however, deta vanishes, a has no reciprocal and is said to be 

Note that we must write not the latter would mean the reciprocal of the 

ij element of a. 

Division. Division by a non-singular matrix may now be defined as multiplication by 
its reciprocal, but the quotient depends on the order, as for the product, a-^b is not the 
same as ba-^. 

Reciprocal oj a produci. Since 

abb-^-^ = olo~^ =* 1, (26) 

it follows that b-hf-^ is the reciprocal of ob, that is, {ab)~\ Informing the reciprocal of a 
product the order of the f odors nmst he inverted as in forming the transpose of a prod/uct. 
Written in suffixes (26) takes the form 

*»)m (adj a)i^ = a<y(det 6) d„{adi a)^ 

= o«(adjo)f,„(det6) 

= (deta)(det6)^j„„ 

(27) 

Unitary and ortTurgonal matrices. A matrix such that 

oat = 0+0 = 1 (28) 

is called a unitary matrix. For such a matrix we have 

a"k*at = a-il, whence a+ = a~^ (29) 

and hence for a unitary matrix the reciprocal is the same as the transposed conjugate 
complex. A matrix satisfying 

« = 0-1 (30) 

is said to be orthogonal. A real unitary matrix is evidently orthogonal, since then at = S. 
If a'unitary matrix is also hermitian, then — a and 

a = a-\ (31) 

from which it follows that aa » a^ = 1. (32) 

4’02. SolutioiL of linear equations. A set of linear equations 

+ Oia^a + • • • + = yij 
Osi®i+<*ss*2 + "- + ®a»*» —y%7 

®ja®i+®»a®a + -- + «nre®»i =“ Vw 
may be written in the abbreviated form 

= Vi, ( 2 ) 

w^here i andy run irom 1 to n. If we'think of as a matrix with a single column (2) may 
^^written as 



aas^y. 


( 3 ) 
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where y is also a matrix with a single oolnmn. We assume at present that a is non-singular, 
and denote the cofactor of by 

Now since = (det a) ' (4) 

we can multiply the ith equation of (2) by and add, and the sum will be 

(det a) = A^^yf, (5) 

that is, if deto4= 0, a:* = == (6) 

or a? = a~^y, (7) 


which we might have got &om (3) directly by multiplying both sides in front by a~^. 

Any of the sets of equations (6), (6), (7) gives the solution of the equations (1) in a 
compact form.* 

If the matrix a is unitaiy (6) and (7) become respectively 




. (8) 


X = a^y. 

(9) 

If a is orthogonal 

— ^tkVii 

(10) 


X = &y. 

(11) 


4*021. Multiplication of determinants. We have assumed that the reader is already 
familiar with the rule for multipl3dng determinants, but the following proof is interesting 
because it brings it into direct relation with the existence of solutions of homogeneous 
linear equations. Let a^j, be typical elements of two determinants. Then || = 0 
is a necessary and sufficient condition that the equations 

OijXf = 0 

have a set of solutions Xj different from 0. Multiply by 6^*: add; then the equations 

have a set of solutions different from 0, and therefore if 

11 11 = 11 11 = 0 . 

ll®ffc^«ll — ll^<i!!®«ll ll®«i^</ll» 

since one of these is the transpose of the other. Hence ||&{ifca{j|l contains ||a{j||, || 
as factors; and by comparing coefficients of au 032622 ^ I'^ot the other 

factor is 1. 

In matrix notation 

(^) — dots det 6 » deta det b. 

* In practioe the numerioal solutioa is not most easily found by this method. We give a 
praotioal method in 9*17. 


Similarly, if f 6^^ || = 0 
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4*03. Transformations. If we have a set of relations expressed by 


y==ax, (1) 

where o is a non-singular square matrix, we can infer as in the last section that 

X = o-^. (2) 

If the Xi are variables the matrix a can be said to effect a transformation of variables. 
Two specially important cases are those where o is respectively orthogonal and sym- 
metrical. 


4*031. Orthogonal transformations. For transformations of rectangular axes we 
have had the rules 

x'j = (1) 

and Xi — IfjXj. (2) 

The latter is already in the form of a matrix product, x^ and x'^ being matrices of one 
column. It can therefore be written 

X = lx'. (3) 


But then we can suppose these equations to be solved to give the x'^ in terms of the aij, 


and the solution will be 

x' = 1“^ (4) 

or x'j = {l-%Xi. (6) 

Comparing this with (1) and noticir^ that they must be equivalent for all values of the 
Vf we have 

( 6 ) 

md therefore I is an orthogonal matrix; for 

1-1 = r. (7) 

1) can also be written di' = Sil. (8) 


We must write £, not x, because a single-column matrix cannot come first; we must 
iherefore take the transpose of a; to give a single-row matrix. Thus a rotation of axes can 


)e expressed as an orthogonal transformation. Now 

dSac = XfXf (9) 

>ad XjXj = 3k'U-^ = dbix = *05 = x^Xf. (10) 

[!his verifies that the form x^x^ is invariant under an orthogonal transformation. 
Conversely, if (11) 

'Hd XfXi = x'j^ (12) 

or all yalues of a^, we have (i„a;J) {lntx'i) = ^^ajja^, (13) 

nd therefore, since is a synometrical matrix, 

= ll!= 1. (H) 

iepoe 1 is an orthdgonal matrix. 
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On the face of it (6) represents relations between unknowns, and we might expect 
only a finite number of solutions to exist, and even these might be complex. But what- 
ever I might be, lijla is symmetrical in j and I, and the sufficient condition for ortho- 
gonality therefore requires only J»(7i-i-l) independent relations. Thus apparently the 
components might be made to satisfy ^{n— 1) additional conditions, and this number 
is actually correct. 

Now suppose that we keep the same axes but rotate a rigid body about the origin. 
Imagine a set of axes Xj to have originally coincided with the Xi ones but to be fixed in the 
body and therefore to be rotated with it. Then the coordinates of any particle of the body 
with respect to the x^ axes are unaltered. We require its new coordinates with respect 
to the Xi axes. If the direction cosines are denoted by as before we have 

Vi = y = (16) 

and similarly any vector u on rotation becomes tJ, where 

V = Itt. (16) 


4*032. 2x2 orthogonal matrix in terms of one parameter. Now let I denote the 
orthogonal matrix 




(17) 

Then 

y\ ay-f-M (1 0\ 

\t Sjy S) \ya+Sfi 7 »+d^)~\o ij' 

(18) 

Then we can choose A so that 

a = cosA, =s sinA, 

(19) 

and then 

yjS = — yff/a = — tan A, 

(20) 

which, with 

ya+5a= 1, 

(21) 

gives 

y = — sinA, ^=cosA, 

(22) 

or 

y = sinA, 6 = — cosA. 

(23) 

(22) gives 

. / cos A sinA\ 

'“\-sinA cosA/’ 

(24) 

involving one adjustable constant. A = 0 gives 1=1. 


(23) gives 

- /cos A sinA \ 

~\sinA —cos A/* 

(26) 

A = 0 gives 




If we regard a^, x^ as rectangular coordinates in two dimensions and if we substitute (24) 
in (16) we obtain a rotation through ~A. (23), with A = 0, leaves x^ unchanged but 
reverses the sign of x^. In general, (26) represents a refi&sion. 
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4*033. General orthogonal transformation. In n dimensions, if we take 

1= cosa sina 0 0..., I — 

-sin« cosa 0 0 ... 

0 0 1 0 ... 

0 0 0 1 ... 


we find at once that 11= 1, and I is orthogonal. The transformation can be regarded as 
a rotation on the plane of the axes of and x^, leaving coordinates in the other »-2 
dimensions unaltered. We cannot speak of the rotation as being abovA any axis, as we can 
in three dimensions, but we can continue to say that it is parallel to a plane. Such a 
rotation, of arbitrary amount, can be made on any plane including two of the axes; hence 
1) independent rotations are possible in n dimensions. 

The independent components of an antisymmetrical matrix have the same number, 
and it can actually be shown that the elements of an orthogonal matrix can always be 
expressed in terms of those of an antisymmetrical one, but the proof is rather long.* 

4*034. General rotation of a rigid body. Inthreedimensionsthematiixexpressinga 
rotation throu^ an anglearight-handedly about an axis with direction cosines is, by 3'09, 

( eosa4-»i(l — cosa) niiaa(l — cosa)— %sina %n3(l — cosa) sin 

— cosa)+%8ina oosa+»l(l — cosa) TOa’®s(l~oos*)~%8ia 

eosa)— jtasiaa ^^(l — oosa)+%sina oosa+?^(l — cosa) 

Iiet 0123 be a set of axes and the coordinates of a 
point of a body referred to them. Let the body be ro- 
tated into a position specified by Euler’s angles, which 
we shall denote by 6, A, x- We require the final position 
of the particle that was at Xf before rotation. Suppose* 
bhe body first rotated right-handedly through 0 about 
02; partideB origmally on the axes move to 1'23'. The 
matrix for this rotation is 

/ COS0 0 sind\ 

^ = 1 0 X 0 J, 

\— sin(? 0 coBd/ 

ind a particle at x moves to y = l^x. Now rotate 
hrough A about 03 (not 03'). The particles at 1'23' 
aove to 1*2*3'’ and the geneiral partiole moves to m, where 




cosa 

— sina 

0 

0 ... 

sina 

cosa 

0 

0 ... 

0 

0 

1 

0 ... 

0 

0 

0 

1 ... 

1 



( cosAoosd — sinA cosAsindX 
sin A cos d cos A siaAsind|. 
— sind 0 oosd / 


* W. L. Ferrar. Alaebra. rm. lfla_7 
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This important matrix gives the coordinates of a particle whose position with regard to 
the axes Ol"2''3" is known, and may be regarded as the basis of most of the formulae of 
spherical astronomy. For a rigid body, however, the positions of all particles are not 
specified without a third angle; 6 and A can be chosen to specify one line of particles in 
the body, but those originally on 01 need not finish on 01". We must therefore consider 
a further rotation x about 03". The working out of the matrix for this, followed by its 
multiplication into is not a matter to be undertaken if there is anything else to do. 
It can, however, be avoided. The displacement &om 0123 to 01'"2"3" is a rigid-body 
displacement. If the displacements A and 6 were undone, in this order, the plane 3"!"' 
would return to a position stiU inclined s,txttO the plane 31. Hence we can allow for x by 
making a rotation about 03 first and then appl 3 ring the rotation The matrix for 
the former is 

/cosx -sinx 0\ 


ia = I sinx oosx 0 , 

\ 0 0 1 / 

and the complete rotation is given by 

( cosAcosdcosx— sinAsinx. — cos A cos 5 sin x— sin A cos x> cosAsin0\ 
sin A cos 0 cos x+ cos A sin X, — sin A cos 0 sin x+ cos A cos x. sinA sin^ 1. 
— sin^cosx sin^sinXs cos^ / 

Thus, for example, a point originally at (a, 0, 0) will finish at 


a(oosA cos^ cosx— sinA sinx> sinA oos5 cosx+cosA sinx. — sin5 cosx). 


4*04. Symmetric matrices. We have already seen that a 3 x 3 real symmetrio 
matrix has three orthogonal principal axes. If we take these as axes of reference Xj, their 
direction cosines with respect to the original axes are the lij already found in 3*08, and 



Xi = X = fee'. 

(1) 

Then 





(2) 

where 


(3) 


K' = im. 

(4) 

But comparing with 3*08 (12) 

we see that if ajad 1 are different E'^i == (] 

1; and if they are 

the same, equal to 1 say. 


(6) 

Thus 

o 

o 



II 

o 

o 

(6) 


0 0 Aa/ 


and the transformation (3) has reduced H to a diagonal form. 


8-3 
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’his result can be extended. A real synunetrical matrix of any order can be reduced 
iagonal form by an orthogonal transformation of the form (4). A still further extension 
hiat a hermitian matrix of any order can be reduced to diagonal form by a unitary 
isformation of the form K' = V^Kl, 

n considering the general motion of a fluid we have seen that part of the motion in a 
ill neighbourhood is represented by a symmetrical matrix, and that this part expresses 
changes of distance between particles. Consider then the transformation expressed 
El symmetrical matrix K; we take 

Vi == Ki^Xj = (7) 

y=^Ex; g = £K. ( 8 ) 

m. Sy = 3tiKKx. (9) 

a symmetrical matrix WIT is not in general equal to 1, and 

> if we refer to principal axes of K we shall have 

y^ly\ ® = (10) 

y' =:ly =z tEJx' = K'x\ (11) 

yi = y'i = yk = ^8*s. (i2) 

e £' is in diagonal form. The displacement therefore changes the lengths of three 
pendicular marked lines in the body but not their directions; all lengths parallel to 
1 of these lines are altered in the same ratio. Such a deformation is called a, pure strain, 
7e shall carry through the general reduction of an nx 78 hermitian matrix to the 
'onal form, of which the reduction of a symmetrical matrix is a particular case. This 
Diem occurs in many branches of mathematical physics. Before considering it, how- 
we must consider the solution of a set of homogeneous linear equations and some 
Derties of determinants. 

I 

■05. Rank of a matrix. Homogeneous linear equations. In general a set of 78 
3X equations in n unknowns, with n constants on the right, has a unique solution, 
if we take such a pair as 

x+y = 1, 2»+2y = 3, 

e is no solution. This fact is associated with a property of the coefficients; for wheireas 
pair 

x+y — 0, x—y = 0 
no solution other than x^^ y = 0, the pair 

x+y = 0, 2x + 2y=>0 

an infinit e number of solutions, namely, any pair such that y = —x. In the fcwmer 
i the matrix of the coefficients is non-singular, in the latter it is singular. This is a 
er^ rule; if the co nstant s on the right ajre all zero, a necessary and sufficient con- 
on for the eristence of solutions different from 0 is that the determinant of the ooeffi- 
its is zero, and if the constants are not all zero and the determihant of the coefficients 
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is zero, then either the equations are inconsistent and have no solution, or they are 
consistent and have an infinite number. 

It is possible, moreover, for n equations to have a doubly infinite set of solutions, or 
indeed a set in which any number less than n of the unknowns can be assigned arbitrarily. 
To see how this arises it is convenient to introduce the idea of the rank of a matrix or a 
determinant. Consider the set of n equations 


ax = = 0. (1) 

There is clearly always one solution % = 0 (i = 1, 2, .. ., %). 

A determinant obtaiued from || || by suppressing m rows and m columns is called 

a minor of order n—m\ || | itself may be called the noinor of order n, and any single 

element is a minor of order 1. If m rows and columns are suppressed in such a way that 
the values of i for the rows are the same as those of k for the columns, the minor is a 
principal minor-, a principal minor is symmetrically placed about the leading diagonal. 
The principal minor in the top left-hand comer is called a leading minor. Thus in the 
determinant of order 4 



«12 

®13 

®14 

®21 

®22 

®23 


1 Osi 

®32 

1 i «S8 
: 1 

®84 

i ®41 

®42 

1 j «48 

®44 


the minor enclosed by dotted lines is simply a minor of order 2. That enclosed by broken 
lines is a principal minor, and that enclosed by continuous lines is the leading minor 
of order 2. 

Now it may happen that all the miuors of order r+1 vanish (and therefore all those of 
order greater than r-Hl do) while some of those of order r do not. The matrix and the 
determinant are then said to be of rank r. r is the largest integer for which it can be said 
‘not all minors of order r are zero ’. In particular, a determinant of order n that vanishes, 
while not all its first minors (minors of order «— 1) vanish, is of rank n— 1. If the deter- 
I II itself does not vanish, the matrix and the determinant are of rank n.* 

We can see at once that unless a is of rank less than n the equations (1) have no solution 
other than a; = 0. For if a is of rank n it has a reciprocal a~\ and 


implies 


orktx — 0 

as = 0. 


( 2 ) 

(3) 


Conversely, suppose that a is of rank » — 1. This means that |j || == 0, but not all the 
cofactors are 0. For definiteness suppose that A^, the leading first minor, is not zero. 
This can always be attained by rearranging the equations and renumbering the unknowns. 


* It is possible to extend the notion of rank tomxn inakrioee; for instance, 

»+y+» = 0, 2a:-|-2y+2s=: 1, 

are inoonsistent for all finite x, y, z. We need not consider such cases, which have little physical 
interest and greatly complicate the analysis. 
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Tien a solution of equations (1) can be obtained by putting a:„ = 6, an arbitrary constant, 
’or we can solve the first n — l equations for x^, in the usual way, since the 

eterminant of the coefficients of these unknowns is which by hypothesis is not zero, 

'he solution is 

= (A =1,2...%). j(4) 

7e have to verify that this solution also satisfies the nth equation. Substituting, we have 


= ~A — S = ~A — 11 ®£fc I 

■^nn ft "nn 


( 6 ) 


ace the sum is the expansion of || j, || in terms of elements of the last row. But this is 
(ro because || || = 0, + 0. Hence the nth equation is also satisfied. Thus the ratios 

’the x^ are unique, but the x^ can all be multiplied by an arbitrary factor, 
if the oofaotor obtained by striking out the pth row and gth column is not zero we 

mid similarly, putting = c, obtain the solution 


at for (4) and (6) to be consistent 



( 6 ) 


( 1 ) 

le vanishing of this expression when || || vanishes is a special case of Jacobi’s theorem, 
inch we shall prove later. It follows further that if a determinant and one first minor are 
ro, the minors either of all elements in the same row or of all in the same column are zero. 
Suppose now that the matrix a is of rank r. For definiteness suppose the equations 
ranged so that the leading minor of order r is not zero. We must suspend the siunmation 
nvention for summations that are not firom 1 to n. Then the equations can be written 


r 


n 


ft— 1 K—f+l 


{i 


1, 2, .,,,7*), 


n 

= 0 (i = r+l,...,w). 

ft-1 


(8) 

( 9 ) 


T any set of values of (a: = r + 1 to ti) the first set has a unique solution. If in fact we 
note the determinant of the coefficients on the left of (8) by a, it is non-singular and has 
reciprocal; and we denote the cofactor of in it by Then for i; = 1 to r, (8) are 
defied if, and only if, 




^ IT— r+1 


(10) 


bstitute in any of (9). We get for t>r 


2 S S 

ft— 1 


^pk 

cc 


am S 


irasr+l 


n 


S afeSK* 

je-r+1 


rf*. 

«-r+l a 


\ »-l Ji!-1 / 


( 11 ) 
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Consider the following minor of order r+ 1, and expand in terms of the last row and 
column: 

®11 ®12 ®1(C • (1^) 

®21 ••• ••• 

^rl ®f2 • • • ®rr ^tk 

^iX ^iK 

The coefficient of in its expansion is a. That of aij^^pK is that of with the sign 

reversed, and this is — a^j,. Hence the coefficient of xja in (11) is a minor of order r + 1 
of the original determinant, which vanishes by hypothesis. Thus if the matrix a is of rank 
T less than n,n—roi the unknowns can be assigned arbitrarily and the remainder are 
homogeneous linear functions of them. 

4‘06. Determinantal equations. We often have to consider a set of n equations 

^ik^k = ^ik^k> (^) 

where A must be determined in such a way that solutions exist with some of the 
different from 0. This requires that A must be equal to some root of the equation 

II A«iji,— = 0. (2) 

This will in general have n distinct roots. For each root A^ a set of values of the , say 
can be found to satisfy (1), and any multiple of this set will be a solution. For some 
common types of matrices, notably symmetrical and unitary ones, the solution has 
special properties, which we shall study later. 

If = Sij,., the left of (1) reduces to Aa:^. Then (1) can be written in matrix form 

Aaj = bx, (3) 

and the A are variously called the Icsteni roots, characteristic vc^ttes, ‘profir whiues, and 
eigenvaSiims of the matrix b.* The equation determining them 

ll^fl!(~^^ifc|| = 0, (4) 

is called the charctcteristic egyaUon of the matrix. A set of Xi, say satisfying (3) for a 
particular value of A, say A^, may be called a characteristic solution. 

If we take a general set of numbers it may always be possible to find a set so that 

(®) 

The condition for this is that the matrix shall be non-singular. This is easily proved to 
be satisfied when all the A^ are different. For if was singular we could take non-zero 
values of so that 

= 0 (6) 

for all k. 

* Botb A and soxnaiimes occur in a>otnal problems. F. Smitbies and H. Hamburger suggest 
using eigmealue for A defined (3) and characteristie vcdiue tar the reciprocal. 
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Let r be the smallest number of the represented in any such set of equations. Then 
tre can arrange so that j runs from 1 to r. Then for all i 

S IkJ^S ~ S (7) 

But if we take 2 to be any j represented in (6) the corresponding factor = 0, and we 

lave a set of relations for all i between at most r — 1 of the since by h3rpothesis the A^ 
,re all different and the terms in (7) cannot all vanish. Thus the hypothesis that is 
ingular leads to a contradiction. 

Ifj is also often non-singular, but not always, when some of the roots are equal. 
Consider the matrix A^^ whose diagonal elements are the Xj and all others zero. Then 
re can write (3) as 

l^tklkj -hk^kj- (8) 

or all i, j; and, if I is non-singular, multipl 3 dng before with 2“^ we have 

2-161 = X. .• (9) 

'hus a transformation of the form (9) reduces 6 to diagonal form. Applied to the unit 
latrix it gives 2-il2, which is 1. Hence such a transformation leaves the unit matrix 
naltered. 

4*061. Two matricea that can be reduced, to diagonal form by the same tranaformoHon 
f the form (9) commute. 

If 2-%2 = X, 2-162 = jji, (1) 

'here X and p are diagonal matrices (which therefore commute) 

a = 2X2-1, 5 (2) 

06 = 2X2-i2p2-i = 2Xp2-i = 2pX2-i = 6a. (3) 

Conversely, let a be reducible to diagonal form by a transformation 2-ia2, where 2 is 
on-singular, and let o6 = 6a. Then if A^ is an eigenvalue of a, and all the eigenvalues 
re different, 

f^ikl/a. (^) 

id therefcve b^ljo^ is a solution of the equations (4) for the same A. But if all the A’s axe 
fferent this can be true only if for all » it is the same multiple of 2^; that is, there is a /q 
lohthat 

l^otha. — /*i^<i* (®) 

he other values of A may be treated simjOUurly ; it follows that if aU the eigenvdhtea of a 
*e different, and ab = 6o, then if 2-io2 ia diagonal 2-i62 is o2so diagonal. A sufficient con- 
ition that 2 may be non-singular is, by the last section, that all the eigenvalues of a or 6 
lall be different. Other sufficient conditions for the truth of the theorem are that a 
ad 6 shall be both hermitian or both unitary, while still commuting.’'' (Cf. 4-088.) 

» • 

♦ B, L. Van d«r Oruppeniiheore^ Methods in der Qwmtenmechdmiht 1932, 27. 
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4*062. Importance of diagonal matrices. All diagonal matrices commute with 
one another. If the diagonal elements of a diagonal matrix X are those of X“ are X? 
and all others zero. If no X^ is zero the diagonal elements of X“^ are X^^ and all others are 
zero. If = X, then o” = (1XI“^)“ = all intermediate cancelling when the 

expression is written out in full. 

This result is connected directly with the behaviour of dynamical systems satisfying 
linear equations of motion. If the coordinates and velocities are given at time 0, those 
at time r are linear flmctions of them. If then we denote their values at times 0 and t 
by Xi and (i = 1 to 2», where n is the number of degrees of freedom), then 

Yi — ¥ = aX. 

Now if 4:’06 (6) is satisfied by characteristio solutions of the matrix equations ax = Xau, 
we can write 

Yt = Y = 

If now Zi are the values at time 2t they are found from Z = oF = o®X = tXH-^X. The 
process can be repeated to any multiple of t, and therefore so long as I is not ftin£rnlfl.r the 
solution is found. Evidently the {j = 1) are the time factors exp (yr) in the solution 
of the dynamical equations by the usual method. 

Since in general the roots are different I is usually not singular; in some important 
special cases I is not singular even if some of the roots are equal, and the same method 
can still be used. 


4*063. A matrix satisfies its own characteristic equation. If the equation 

II — II = 0 (1) 

is expanded in powers of A we get an equation of degree n in A: 

D(X) = a,, -f A + A* + ... + (-!)” A« = 0. (2) 

The theorem means that if we substitute the matrix a for A in each term and interpret by the rules of 
matrix multiplication and addition, we get a matrix D{a) every element of which is 0. 

We assume first that the equation (2) has n distinct roots. For each root A^ a set of non-zero 
exists satisfying. 


AyOJ^y — 

ax, s= 06 ^,, 

(3) 


1 

il 

i 

(*) 

since Ay is a number. Then take = Aar^y, 

y = A®/. 

(6) 


where are n arbitrary multipliers. Then 


I>(a) y = (a„l + an,,a* 1)« a") 

= S (a„ + A# + *4- . . . + ( - 1)“ a;) Aapy 

= 0 , ( 6 ) 

since the Ay ^ satisfy (2). But the matrix of af<y is non-singular, and the p^ can be chosen to mfl-VA 
anything we like; and therefore 

I>(a) = 0. (7) 

If Z>(A) = 0 has multiple roots we can suppose the dements altered so as to make the roots distinct, 

and then apply (7). Then if the elements are made to approach their original values continuously 
each element of D(a) also approaches its original value continuously. But it is always 0; hence the 
original value of each element must also be 0. 
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4*07. Minors of adjugate matrices: Jacobi’s theorem. Let a be a matrix of the 
^th order; denote its determinant by D. If -Jf is a minor of order k, then the {n - *)-roTred 
Yiinrtr obtained by striking out from D aU the rows and columns represented in Jf is 
sailed the com^lemeTii of M. In particular, if Jf is a single element 0 ^*. its complementary 
ninor is the corresponding first minor, but in this case it is often more convenient to use 
he signed minor or cofactor An,.. Similarly, it is convenient to define the signed com- 
)lemera of Jf as follo-ws. If Jf is an r-rowed xioinor of D, in which the rows ij, * 2 , . . ., i, are 
epresented, and the columns fej, .... k^, the signed complement of Jf is defined by 

Signed complement of Jf = (— i)^j.+ii+—-Wr+*i+*a+—+*v (complement of Jf). 

'or a principal minor = k^, = k^, and the signed complement is the same as the 

implement. The signed complement of the determinant itself is defined to be 1. 

We now form the determinant A of the adjugate matrix 

^ = 1 -^11 -^21 ••• -^nl 1» (1) 


A = 

•^11 

-^21 

A, 


-4-12 

^^22 

A, 


■^In 

• • • • • • 

A, 


aero the are the oofactors of the of the original determinant. Then we can prove 
e following theorem about the corresponding minors of D and A. If Jf and Jf' are 
rrespondiog r-rowed minors of D and A, then 

Jf' = (signed complement of Jf). (2) 

particular, if r = », A = (.3) 

r = 91 — 1, then if is the cofactor of .4^^ in A, we have 

{^) 

‘ = 2, suppose that Jf and Jf ' are obtained by striking out all but the i and m rows 
i the k and p columns. Then 

A^ Aip = 2) (signed complement of Jf). (5) 

)he case of D = 0 has already appeared in the discussion of a set of » homogeneous 
sax equations (4-06(7)). 

7e prove the general theorem first for the special case where Jf and Jf' are leading 
lOTS. Then we can write > 


^11 -^21 

Afx 

0 

0 

... 0 

'^^ X2 • • • 

••• ■^r2 

0 

0 

... 0 

A^f, 

... A„ 

0 

0 

... 0 

* • • < • * 


1 

0 

1 

... 0 

Ai,n 

••• -^r,n 

0 

0 

... 1 
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Multiplying by 


D 

= 


®12 

... 0/^^ 

9 






®21 

... 

... Cl^n 







^nl 

... 

• • • 



we have 

DM' = 

D 

0 

1 ... 

0 

®l,r+l 

... 




0 

D ... 

0 

... 

... 

... 


1 

... 

• • 

. ... 

D 


... 

«r.« 



0 

•• 

. ... 

0 

^r+l,r+l 

... 

... 



0 

.. 

. ... 

0 


. . . 

^nn 


123 

(7) 


( 8 ) 


= jyx complement of If in D, 

which proves the theorem. It should be noticed that with our definition of the comple- 
ment of D itself this proof holds for r — n. 

The proof for the general case when M is not a leading minor is done by rearranging 
both determinants so as to bring M into the leading position and studying the changes of 
sign involved. Details of the proof will be fotmd in M. Bdcher, InlrodMction to Higher 
Algebra, p. 32. 

4*08. Quadratic and hermitian forms. A function of n quantities of the form 
Oi^XiZ^ with Ojj. real is called a quadrcaic form. If are another set of quantities aij^x^gji 
is called a bilinear form. In matrix notation they may be written Stax and Stay, can be 
taken to be a 83mimetrioal matrix in the former case. Bor if ai^x^Xi is one term, a^x^x^ 
is another, and their sum is unaltered if we replace both and a^i by ^(aia+azi); and 
similaxly for any pair of values of i and h. 

By a change of variables a quadratic form can always be reduced to a sum of squares 
(not necessarily with positive coefficients). A simple and very useful method is to take 


k 





( 1 ) 


as a new variable. Then if we subtract from a^jfXiX^ all terms containing Xf cancel. 
Then by introduciDg a new variable fa we can similarly remove all terms in x^] and in 
general we shall reduce the quadratic to the sum of n squares. Then 


where each starts with Xf. The method fails if the form contains no square terms 
originally, for then there is no starting-point; but a simple change of variable will intro- 
duce them. Thus 

xy = 


and we can take a; -H ^ as a new ar^, eliminate x, and proceed. 

The features to be noticed* are 

(1) The product of the coefficients on the right of (2), up to fir, is the determinant 
of the coefficients on the left up to that of xp. 

* Proofs will be found in the standard books, e.g. W. L. Femur’s AZsre&ra, Chapiters 10 and 11. 
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(2) The reduction to sums of squares can be done in an infinite number of ways, of 
which this is only one; but however it is done the numbers of positive, negative, and zero 
coefficients are the same so long as the transformation is non-singular; that is, if the old 
variables can be expressed uniquely in terms of the new ones and vice versa. 

(3) is called a positive definite form if it is in general positive and can be zero 
only if all the are zero; and a set of necessary and sufficient conditions for it to be 
positive definite is 



®11 


>0, 

®11 

%2 

^13 



^22 


®21 

^22 

®23 





«31 

^32 

^83 


ll«iftll>0. (3) 


A quadratic form can be essentially positive without being positive definite; for 
instance, (« — 2y)® = 0 for a: = 2, y = 1. For such a form || aju, || = 0. 
is negative d^nite if — is positive definite. 

(4) If an these determinants of orders > r vanish, but that of order r does not, the form 
is reducible to r squares and is said to be of rank r. The matrix is then also of rank t. 

If is a hermitian matrix, is called a hermiticmform. It is real; for if we take 

a particfidar term a^j^x^x^, another particular term is got by interchanging the values of 
i and k and is therefore aj^^Xj^xf. But = ajfj. for a hermitian matrix, and therefore 
these two terms are conjugate complexes and their sum is real. Similarly is called 

a hermitian bUinear form. The theory of hermitian forms is almost identical with that of 
quadratic forms, the only change being that in place of (2) we shall have 

+ — +fn^n.^nt (^) 

where the coefficients on the right are aU real; and the form will be positive definite under 
the same conditions as (3). The determinants in (3) are aU real; for they are'unaltered by 
transposing rows and columns, but this replaces i by — i everyvrhere ; and the imaginary 
Dart would be reversed if any determinant was complex. 

4-081. Reduction of pair of hermitian forms. Any pair of real quadratic forms- 
can m general be reduced simultaneously to sums of squares by trans- 
srma-fcion of variables; this is always true if one of the forms is positive definite. Any pair 
f hermitian forms can similarly be reduced simultaneously to the form (4) under the same 
onditions. The analysis for the two oases is practically the same; we shall take the hermi- 
an case since it includes the other, and has applications in quantum theory. The case 
here is symmetrical presents itself in almost every branch of physics. The simplest 
the one we have already discussed, the reduction of a second-order symmetrical tensor, 
ith » » 3, to principal axes, which amounts to taking But mthout this con- 

tion we could reduce two forms in -three variables to sums of squares simultaneously by 
linear change of variables; geometrically this implies that any two concentric quadric 
rffices have a set of three mutually conjuga-te diame-ters in common. The case of n 
xiables arises in the theory of small oscillations in dynamics, where it is clear that if -wc 
n reduce the kinetio and po-ten-tial energies simultaneously -to -the forms 

2T = ... 

2V = w»iAi^,+mjAa£|4- ... 
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At each simple root of (2) the determinant has a non-zero derivative with regard to A. 
But this derivative is a linear function of first min ors of the deter minant , and therefore 
not all of these can be zero. It follows that at a simple root of (2) the rank of the matrix 

is » - 1 . At an r-fold root the rth derivative is not zero and is a linear function of rth minors , 
and therefore the rank of is at least n~r. We shall show that it is actually equal to 
n—r, but this requires the rather intricate argument of the theorem of the separation of 
the roots. 

We first take the case where all the. roots are simple and not zero. Then for any root, 
say Aj, the ratios of the Xf are unique and we can write 



~ ^€1^1- 

(11) 

Evidently 

J 

11 

1 

(12) 



(13) 

and the left side of (13) is 

not zero. Also if and Ag are diiBferent 




(14) 


If we denote the various solutions by the suffixj, we can regard as a transforming matrix : 

liiOiihlkl = (IS) 

It follows from (14) that all non-diagonal components of Val and tbl are zero; hence this 
transformation reduces both matrices to diagonal form. If we denote the diagonal terms 
by A)i and (1 = j), is equal to the corresponding value of A, by (13). Again, 

II II II II II II = II II > ( IS) 

which is the product of diagonal components, none of which is zero. Hence I and H are 
non-singular matrices, and if we now write in general 

h}^i> (i'3') 

it will be possible to solve and find the for any assigned values of the Xj. Then 

== > (18) 

• ( 19 ) 

Thus aU terms with j 4= ? are absent firom both forms. 

An important special case is where = 8^, so that the original equations reduce to 

( 20 ) 

In this case = 1X51 -i-...-h1X*|, (21) 

and is a positive definite form. Then 

( 22 ) 

must be in diagonal form. But then, if any diagonal component is not 1 but say, we 
,diaU have ^ 

A<;,X,X|f = S/il^|». (23) 
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Root-separatum theorem 

which is reduced to S ] % |® by taking 7}^ = th^en 

Hence if we take as the elements of a new matrix I 

in = 1, ( 24 ) 

and { is a unitary matrix. Hence any hermitlan matrix 6 can be reduced to diagonal form 
by a transformation I+6Z, where I is a unitary matrix; and the transformation X = I>i 
will convert to S . If 6 is a symmetrical real matrix the will be a real 

unitary matrix, that is, an orthogonal matrix. 

To illustrate what happens if neither form is positive definite, take the forms — T*), 
XY. The equations required are 

= Ax , — x = Ax, 

and A® = — 1, A = + i. Then we can take 


i(x®- r®) = ii+ii XT = 


Thus the forms are reduced to sums of squares, but not in real form. 

If a root is zero, is singular ; if a root is infinite, is singular. In either case one of the 

forms can be reduced to fewer than n terms of the form 


4'082. The theorem of the separation of the roots. This resembles Sturm’s 
theorem in the theory of equations. We stiU take a, 6 hermifdan and dkMC positive 


definite, write 


= c^fcj Aa— f> = c. 


( 1 ) 


and denote || 0 ^*, || by D. We have already seen that when A is any root of D = 0, D cannot 
be of higher rank than » — 1, and that if A is an r-fold root D cannot be of lower rank than 
n—r.We propose to show that the rank is actually equal to « — r. Let the leading minors 
of Z) of orders », n —\, ..., 1, 0 be denoted by !>„{= D), Z)„_i, ...,Di(= Cu), X)o(= 1). We 
prove first that if all the Aj are different there is one zero of D, between any two consecu- 
tive zeros of Da+i- We consider for any value of A the changes of sign as we go along the 
sequence jD„ to D^. 

Yxom Jacobi’s theorem we have, if is the cofactor of in D, 




^n,n—l ^nn 




Similarly, if 01^ denotes the oofactor of iu Dg, 


( 2 ) 


Since is a positive definite form we see that when A->+ oo the signs of the deter- 

minants Dg are all positive. When A->— oo they are alternately positive and negative. 
Henee as A increases from — oo to 4- oo, » changes of sign are lost in the sequence. We can 
see, however, that the number of changes of sign is unaffected as A varies, except by 
changes of sign of D itself. For if 2?g_i = 0, it follows from (3) that Dg2>*_2 is negative. 
(We assmne that does not vanish for the same value of A.) Hence both before 
and after the passage of A through a zero of there is one change of sign in ihe 
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sequence D„ and there is no alteration in the total number of changes of 

sign along the sequence to Dq. But Dq = 1 and never changes sign; therefore all the n 
changes of sign lost are lost at the beginning, that is, by A passing through n real zeros of 2>. 

of equations = 0, = 0 must lie 

relative to one another. The graph of Dq lies 
parallel to the A axis. That of is a straight 
line passing to +ooatA = +QO and to — oo at 
A = — 00 . D-y — 0 has one real root. 

J52->-+oo as A-»-±oo, and when = 0 it is 
negative. Therefore D^ — 0 has two real roots, 
one less and one greater than the root of = 0. 

00 as A ->— 00 and to +oo as A->+oo. 

When Bj = 0 and D-i < 0, must be > 0; when 
Da = 0 and Bi>0, Z> 3 < 0 . Therefore the roots 
of Bg = 0 separate those of Bg = 0. Similarly, 
those of B, = 0 separate those of B^+i = 0. This proves the theorem of the separation 
of the roots when those of B„ = 0 are all different. 

Suppose now that = 0 has an r-fold root, A = By making small changes in the 
a^j., to a’ik say, we can alter the equation so that all ike roots become distinct. Consider 
the group of r roots that coalesce at Aj, when Between them there are r — 1 

zeros of B„_i, r — 2 of B„_a, 1 of none of B„_,.. Since we could arrange the deter- 

minant with any diagonal term in the top left comer by an interchange of two rows followed 
by one of two columns, without disturbing its hermitian form, it follows that if Aj, is an 
r-fold root of B = 0, oK the principal minors of orders from n down to » — r -f 1 vanish for 
A = Aj,. The principal minors of order n — r cannot all vanish because then Ap would be an 
(r-f- l)-fold root of B = 0. 

We have seen that if a determinant and a first 3 Dainor vanish, then the first minors 
either of all elements in the same row or of all in the same column vanish. Consider 
then any principal minor of order n—r +2. This and any first principal minor in it vanish 
for A — Ap, the latter being a principal minor of order n—r+1 of B. Let the row and 
colunm omitted be the fth. Then either aU the minors of or of vanish. But these 
are conjugate complexes, and if one set do the others do. Hence all minors of order 
M-r + 1 of B vanish, and when A = Ap, is a matrix of rank n—r, as was to be proved. 

In the exceptional case where Bg_i and vanish together for some value of A, we 
can similarly, by small changes in the elements, arrange that they do not vanish together, 
and proceed as before. 

Again, A == Ap is at least a simple zero of all minors of order n—r+ \ and higher orders. 
But the derivative of any minor is a linear function of those of the next loiter order. 
Hence the minors of order n— r-f- 2 have double zeros and those of order » — 1, that is, 
the first minors of B, have at least (r — l)-fold zeros. We nhall meet this result again when 
we come to the operational treatment bf small oscillations.* 

• First; proved by Weietrstraas, Monat«X)er. d. K. Ahad. d. Wits. Berlin, 1858; WerTea, 1, 233-46. 
Several other proofe exist; one is in Lamb’s Higher Mechanics, 1920, 222-6; another in Broxnmoh’s 
Qttadraiie Forms, 1906. The last is ^eoially interesting because it proceeds by discoveriag norznsl 
:.MordixiateB directly and redncung the quadratio forms to sums of squares by successive substitutioiu 
‘^6 have followed Bouth’s method because it is the most easily adapted to gyroscopic systems. 
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4*083. Extension of the orthogonal property. We hare proved this property for 
the lij associated with any pair of difiEerent roots of the determinantal equation. If A — 
is an r-fold root, then since the matrix is of rank n—rvre can choose r linearly in- 
dependent sets of ratios of the Let two of these be 2^ and 2^2. Then 

— l>ikhv “ ^ikha> ( 1 ) 

and therefore A^a£*:2*i% = (2) 

These expressions may be zero; if so the solutions are already orthogonal. If not, ooxisider 

r/iii = (3) 

where 0 is independent of i. The are not all zero, since 2^2 are not proportional. 

Then for any 6 

(^) 

which can be made zero by a suitable choice of 6 ; and then it follows from (2) that Ifi 

is also zero. 

Hence if A^ is an r-fold root we can choose one set of Iff for it and then make all the 
others orthogonal to that set by subtracting suitable multiples of it. Choosing one of the 
modified sets we can make all the others orthogonal to that one similarly, and proceed 
until we have made all the r mutually orthogonal. Thus even if the equation for A has 
multiple roots we can still choose % sets of Iff that have the orthogonality property, and 
then the reduction of and to diagonal form can be carried out. 

The argument of 4*061 can now be extended to the case of equal roots when the 
matrices ace hemnitian. For if A,^ is a multiple root we can substitute in 4*061 (4) any 
of the orthogonal sets 2^ corresponding to it, and deduce (6) as before. Hence two 
hermitian matrices can be simultaneously reduced to diagonal form if and only if they 
commute. 


4*084. The stationary property of X: Rayleigh’s principle. For any set of as 
defined in 4*081 (17) we have . -p- v* r r* 


If all the axe zero except one, this ratio reduces to the corresponding A. If that one is 
varied, the ratio is unaltered. If either the real or the Imaginary part of any of the others 
is varied the change of the ratio is of the second order. Hence the ratio is stationary for 
all variations of the and therefore of the Xf. This is Rayleigh’s principle. 

Conversely, the ratio has no other stationary values. For if we define A by 

“ l^ik^k^t * ( 3 ) 


and make small variations in the Xf, then if the variation of A is to be of the second order 
we must have 

A5(o«Z*JS?) = d(6«ZfcZ?) , (3) 

to the first order, botia real and imaginary variatloixB bring permitted. But 


^^k ~ ^Xf, 

and (8) is 


(4) 

(5) 


TKP 


9 





On varying the real and imaginary parts of SX^ separately we have 

i: a%X’j^) = hf^Xj^ ± bf^X%, (Q) 

and therefore = bi^X/g, ^a%X% = bfjiX%. ( 7 ) 

The first of these sets constitutes our original equations; the second shows that A* = A 
and therefore A is real, as we knew already. 

The simplification when and b^^ are real may be left to the student. 

This principle is often useful in numerical work. Without actually forming the deter- 
minantal equation and solving it, we may be able to see roughly what ratios the must 
have. If we substitute rough values of these ratios in (1) and work out A it will be correct 
within a second-order error . This may be accurate enough, or if not it can serve as a starting- 
point for a closer .approximation. If the A all have the same sign, again, the approximate 
value taken by A with any ratios of the X^ will lie between the true values and therefore 
is numerically greater than the smallest. Direct use of the principle therefore never gives 
an underestimate of the smallest root.f 


4*09. Small oscillations. If the changes of the coordinates in a dynamical system 
from their values in a position of equilibrium are a:^ . . . x^, the kinetic energy can be written 
T = ^ij«iiBj(.,.and is a positive definite form. The change of the work functionj; can be 
written as IT = Then Lagrange’s equations of motion are 

( 1 ) 

Assume a solution of the form oc (2) 

where y is constant. Then Y^tk^k = ^ik^k> (3) 


and we have a set of equations of the form already studied, y^ replacing A. It follows that 
all the values of y® are real. If any of them is positive the system is unstable ; the, condition 
of stability is that they shall all be negative. We wish to see what this implies about T 
and W. Eeferring back to 4*082 we see that the condition is that all the changes of sign 
in the sequence of determinants shall be lost as y® increases from — oo to 0. Therefore 
the sequence 


-bikW- 


— 612 

“*^18 

9 

— 6^1 — 612 




— 621 

— 622 

“"^28 


— 621 ““ ^22 1 




"“^81 

”^32 







( 4 ) 


are all positive; and this is the condition that PT is a negative definite form, or alter- 
native that the potential energy V = — W is a positive definite form. 

Evidently if we make a substitution 

Xi = ( 6 ) 

I 

that reduces to a sum of squares of the it will also reduce to sums of 

squares of the Our general argument then shows that T and W can be expressed 
simultaneously as sums of squares (the latter with aU the coefiS.cients negative in a stable 


t A full apcount is given by G. Temple and W. G. Biokley» Bctyleigh^a Principle. 

X In most d3mamieBl problems the work hmction W is slightly more oouvemeut than the potential 
eu^gy F — TT. The .exeeptions are when W is obviously a negative dedSzute form and therefore 
F n one. , 
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SmaU osciUations about steady motion 

system) even if the detenninantal equation has multiple roots. Then Lagrange’s method 
gives independent differential equations for the with regard to the time, and they 
therefore all vary independently. They are known as the normal coorMnates of the system. 
In practice this method of obtaining the solution is laborious, and the operational method 
to be described later is much easier if anything more than the free periods is required. The 
present method, however, explains a feature always foimd in the operational method 
when the period equation has equal roots. At present we need only give an illustration of 
what happens to the normal coordinates in that case. Consider a pendulum free to vibrate 
in any horizontal direction. K the horizontal rectangular coordinates are Xi and we 
have to the second order, in the usual notation, 

2T = m(»f+ac|), 2W — — 

Both are already expressed as sums of squares and x^, x^ are normal coordinates. But we 
could put 

a?! = licosa— Igsina, a:* = lisina+ggcosa, 
and then 2T = m(|f + H), 2W = -'^ (gf + g|), 

so that ^ 1 , ^2 a-lso normal coordinates. In fact the coincidence of the periods implies 
that we can choose the normal coordinates in an infinite number of ways. 

4*091. SmaU osciUations about steady motion. In these oases, first studied 
systematically by Itouth, the equations of motion take the form 

+ = (1) 

where and are symmetrical but is antisymmetrical. A sufGicient condition for 
stability follows if we multiply by Xi and add; the terms cancel, and 

^ = 0 . ( 2 ) 

The first term inside the bracket is positive definite, and it follows that if b^hXtXjc is nega- 
tive definite it can never exceed numerically a value determined by the initial conditions; 
hence in these conditions the system is stable. For osciUations about equilibrium this 
condition is also necessary, but for osciUations about steady motion it is not, otherwise, 
for mstance, a top could not stand up. The method of solution for given systems is straight- 
forward, but some general features wiU be discussed. 

If we assume oc as before we get the equation of consistency 

^ “ II aik7^+ffik7-btk 11 = 0. (3) 

If we denote the general element by Cq. the matrix 0^1 is hermitian if y is purely imaginary. 
But if y is real the matrix is real and not symmetrical, so that our previous discussion 
needs modification. Further, the general element contains terms of three degrees 0, 1, 2 
in y, so that the theory of smaU osciUations about steady motion is m two respects more 
complicated than that of what we may now call simple hermitian matrices, where terms 
ace of degrees 0 and 1 in A. 

Changing y to — y and then interchanging rows and columns leaves D unaltered; hence 
the values of y occur iu equal and opposite pairs. But if y is imaginary the ration of the 
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are usually complex and the phases of the coordinates differ in any simple oscillation. 
No reduction to normal coordinates is possible. 

Tor the stability condition we form the minors JD)^ -Dq as before. We 

still have 

If 7 is pure imaginary 

Cn-^nGh.n-1 = I O.-l.n P > 0, (6) 

and again as increases from — oo to 0 changes of sign can be lost only at the beginning. 
But if 7* is positive and are no longer conjugate complexes and there 

product need not be positive. The root-separation theorem therefore still holds so long 
as 7® is negative; if then afj,ac^£j,is a positive definite form, as it must be, and if also 
is negative definite, it follows exactly as before that there must be % negative real values 
of 7* and the system is stable. This is the case that we derived directly from the equations 
of motion. But it does not follow that if h^j^x^Xj^ is not negative definite the systei^ is 
unstable. For here, unlike the case of oscillatious about equilibrium, a change of sign can 
be gamed at the beginning of the sequence. This did not arise before because n changes 
of sign were lost in any case as 7® varied from — 00 to 4- 00, and if any had been gained at 
any stage they would have had to be compensated by additional losses, so that we should 
have had an algebraic equation of the nth. degree with more than n roots. But changes of 
sign can be gained in a gyroscopic system. Consequently in a g3rrosoopio system, with 
bfhXiXji not negative definite, we cannot assert instobility without actually investigating 
^he period equation in detail. 

Again, if the system is unstable, 7^ may not be real. For the root-separation theorem 
fails for positive 7*, and without it changes of sign may be lost when 7® passes through a 
zero of some intermediate member of the series. Thus there may be a loss of an even 
number of changes of sign not accounted for by real zeros of D, which must therefore have 
complex zeros. 

Since the root-separation theorem is true for 7^ real and negative it still follows that if 
there is an r-fold zero of D for negative 7* the matrix is of rank n—r for that value and 
all first minors of D have (r — l)-fold zeros. But this is not true for other values of 7®. 

4 * 092 . These considerations are illustrated by the upright top if we take the co- 
ordinates Xy, 2:2 to be the direction cosines of its axis with regard to two perpendicular 
horizontal axes. 

The equations of motion ace, in a usual notation, 

Axj^—Cnx^—Mghx^ = 0 , Ax^+ Gnx^—Mghx^ = 0 , 

so that = Mghipi^ + a:|), 

and is a minirmm at the vertical. 

Here Da = (A 7 *-Jfgfh)» 4 -( 7 »»V, D^^Ay^-Mgh, Do=l, 

and the signs run as follows, failing to reveal any zeros of Da for negative 7®. 


yi 

Da 

Di 

Do 

— 00 

+ 

— 

+ 

0 

+ 

— 

+ 

00 

+ ’ 

+ 

+ 
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Boots of unilmy and orthogonal mairices 
The easiest way of discussmg stability is to put 

a;i+iaj2 = 

A^+Cni^-MgH==0, 

Ay^+ Cniy—Mgh = 0. 

liOn i IGhi^ 4-3fgrAy^ 

'^“~2T'*2\1P 2~/ ’ 

and are purely imaginary if Chi^>AAMgh, even though is a Tninimum. If 

< 4AMgh one root has a positive real part and the top is unstable; but y^ is complex. 
The motion of the end of the axis for either y is in an equiangular spiral, to the fh^t order. 

Each root of the quadratic for y corresponds to two equal and opposite roots of the 
quartic Dg = 0. 

4*10. Roots of unitary and orthogonal matrices. Let be a unitary matrix of 


n rows and columns. Then 

= ^*m* (1) 

Consider the equations = Aa;^. (2) 

In general the roots of the determinantal equation 

= 0 (®) 

will be complex. Then the conjugate of (2) gives 

( 4 ) 

Multiply (2) and (4). Then 

= AA^asf . (5) 

But on account pf (1), (6) reduces to 

( 6 ) 

and therefore AA* = 1. (7) 

Hence aU the roots of a unitary matrix have modulus 1. 


Now let Ai and Ag be two different roots of (3)*and corresponding values of the Xf. 


Then proceeding as before we get 

«ifcO?n**aa^U = AiAJ®fla4, (8) 

and also = (3) 

Hence either = 1 (10) 

or = 0. (11) 


In the former case Ai = Ag, which we have already considered. Hence the solutions have 
a property of complex orthogonality similar to that possessed by a set of hennitian 
equations. 

The theorem of 4-061 can be extended to pairs of unitary matrices in the same way as 
for hennitian ones (cf. 4-083).* 


then 

and if ^ QC 6^* 
The roots are 
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4*101. Consider now the most general 2x2 unitary matrix. As in 4*032 we write 


2 = 



Then 

and we can take 


\co*+d6* 

a = cosae^^, 
a* = coscte-^f. 


ac* + bd*\ _ /I 0\ 
cc* + dd*l~\0 ij’ 

b = — sinae*’', "I 
b* = — sinae'^i'J 


with a, B, y real. Then 3 = ~ ^ = 

^ ’ da* 

= t&nae-^~y\ 

a* a 

and these are equivalent. Also 

= tan® a, dd* = ooB^a, cc* = sin®a, 

ad* 


( 1 ) 

( 2 ) 

(3) 

(4) 

( 5 ) 


and aU the conditions are satisfied if 

d s= cos a e**, e = sin a 
yff+5 = 2e, /d--5 = 27 . 


Take 

Then 

where 


I _ /oo8ae^*+’^ — 8mae*y\_ cosae^’ 

~ \Bin a e*(**^^ cos a ^ Isin « 

_ ^ \/cosa — sinaWe^ 0 \ 

” ® \ 0 e"^/ \8in a oosa / \ 0 ’ 


— sinae^y~*A 
cos a 6"^’ / 


(9 = i(i/+ 7 -e), f = i(7-r+e)* 


(6) 

(7) 


( 8 ) 

( 9 ) 


Thus whereas the most general real orthogonal 2x2 matrix can he expressed in terms of 
one angle, the most general unitary one needs four. 


4*102. General rotation in three dimensions in terms of a unitary transformation in 
two. Let itj, Xf be two complex quantities, and therefore identified by four real ones. 

We wish to build tqp &om them three reel quantities ooxxesponding to reotanguloc ooordiDates in 
three danensionB. We apply a unitory transformation a so that 


!/*=■»«*/• (1) 

Then ' = afXf = as+aB. (2) 

Products ZtXt transfoim according to the rule 

= Otf »w»/®i* (3) 

Let ch he a set of quantities such that c^ = Om transformiug to according to the same rule: 

= atfOfffOfi. (4) 

Then d,* = d„, and || d,* || = H a „ I |(.a„l| || c„||. (6) 

If Cm = a^ast, S du | = Q, an invariant. We require in the more general case that || df^ || shall be an 
inyaaiant but not neoessaii^ zero. 
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From 4-101 (8) we see that the determinants j] j and || I are both equal to e***. Hence if the 
Cfjb are real || || will be coz^plex unless e = 0 or a multiple of it. We take c = 0, and we can write 

“""(s'* a*)’ = 1- 

Also 

= (7) 

and is invariant in any ease. 

Now let z be rectangular coordinates in three dimensions and take 

Cxi^iy--x, Ci* = s, C2jj = i2/ + a?- (8) 

Then <a2-<5ii«22 = + (^) 

CiicJi + 2cijof,+c,a<^2 = 2(a5* + i/« + z*), (10) 


and the two invariants differ by a factor 2. Hence the transformation apphed to Cn, Cij, Cj, will give 
a rotation in three dimensionB, and 


« = i(<522-Cll)» y = ^.(Cll + C*2), 2=^12. 


( 11 ) 


Consider in particular the following two transformations: 

(1) ‘ yi = cos Jda?i-sin idasj,) 

t ^2 ^ sin Jdaji+cosJdcj.j 

Then ^ = oos^^oj— 2cos sin^a:xa; 2 +^‘^^» 

= am^cosi5(a5— a|) + (cos*i^— 8in*l^)a:ia?2» ’ 

^ = sin* + 2 cos 4^ sin i^a?ia? 2 + cos* 

i(!/a-2^) = ioos^(ji|-aa)+sm^a;ia;2/ 

yiy% = isind(a|— a4)+ooB0a?iiC2- 

Hence if ®, e defined by (11) transform to g, C, 


( 12 ) 

(13) 


(14) 


f =s a;cos^+iSsind, 

v = y^ 


(16) 


5= — ajsind+jscosdJ 

which represents a right-handed rotation through 6 about the y aads« 


(2) 

yt = e^xt. j 


<16) 

Thea 

yj = yj =s y^y, = x^x^, ■ 

= ioosiJ'(a^-a5)+4»sm^(ai;+ai),| 

(17) 


^(S^+»i) = ^<x»\5^i«a+a4) + isin^J^a!S-a^),J 

(18) 


i = acos^— ysin^,' 
Tf =: ajsin^+yoos^. 

- 

(19) 


which represents a rotation throu^ tfr about the z axis. 
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Any unitajry trcmsformation with 6 = 0 can be built up from these two operations and therefore 
always maJses x, y, z and their transfomis real. 

Now consider the matrix 


/g-i/aU 0 \/oos^d — sin 0 \ /cos^e”^^^+^ --sin-i^e~^*^^-x)\ 

y 0 e’^*^/\sini^ cosJ0 / \ 0 \ sin cosjde^^^+x) /’ 


Vi 2 /a == sind cos d— Ja?| sin 

sin® Jd + x^x^ sin de*^ + cos* 


( 21 ) 


i{2/S“3/!) = Ki*|-i»i)(csos^<50sAoos;^-sinAsinx) 

(cos d cos A sin 4- sin A cos;^) + a;ifl?aSind cosA, 

^(2^+2/i) = i(a4-aa)(eosAsin;k;+cosdsinAoos;^) 

4-“(aa+iri) (cosA oos;\;~coBd sinA sin;t)+a5ja?2sind sinA, 
yi 2/a = — — a:^ ) sin d cos ~ (a?* 4* al) sin d sin ;^ + a?! ajj cos d. 


( 22 ) 


rhe ooeffidente of Kaj— aa}r ip(a4+a:j)> XiStg are the same as in the matrix for the rotation, of 
ixea given in 4*034. 


4*1 1. The Pauli spin matrices. We now look also for a xmitary transformation 
w^hich represents a rotation about the z axis. Consider 

yi = aa?i - biHa, = b*Zi + a^iCa, - 
juoh that y 1 ~ y| = ®a ~ ®i* 

Put a = pe*'!', b = (re*K 

Then the conditions are satisfied if 


t = X = i^. p®f-(ra=l, 

30 we may put p = cos ^a, cr = sin ^a, 6 = » sin ^a, and then 

= JCiCos^a— iajasinja, 1 
ya = — i»iSin4a+arsOOsiaJ 

yf-y| = !»f-a:i, 

yf + = («! ■+■ a|) 008 a — 2ia;i *2 sin a, 

ViVi = — i*(*? + «!) sin a -H XiWj cos a, 

and in the x, y, z space ^ = a;, 

71 = ycosa— ssinoc, ■ 

^ =a ysina +2 0 os<x., 

Hence (1) gives a rotation throng a about the x axis. 


( 1 ) 

( 2 ) 

(3) 
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In the X, y, z space small rotations about the axes *, y, z respectively are given by the 
three matrices 









where powers of e above the first are n^lected. The corresponding 2x2 unitary trans- 
formations are given by the matrices 


/ 1 -iie\ (1 -|e\ /1-iie 0 \ 

\-^e 1 /* lie 1 /’ I 0 1 + iter 

H,rewrite J), 

the matrices (6) are 1 — iietTi, 1 — iie<rj, 1 — iietTa., 


( 6 ) 

(6) 


The matrices (6) are the ‘Pauli matrices’, which occur in the theory of electron spin 
in quantum mechanics. 

We can verify that 


erf = tr| = o-| = 1, cTj^or^ = -cTjO-i = io-g, o-jO-j = -(Tgtra = vTi, = -olio’s = «’’a- 
The matrices erj, o-j, Cg therefore miMoomnmte. 


4*12. The Eddington and Dirac 4x4 matrices. Consider the 4 x 4 matrices 


T)- ^-(t’ 1 ]- 


where, for example. 


/i(ri 0 
1 0 krj 



the elements cr bemg written out as indicated and the inner enclosing brackets then 
removed. Multiplication may be carried out on the 2x2 matrices of which the elements 
are themselves 2x2 matrices, and the results then expanded into 4x4 matrices. It may 
be verified that 



and similarly the squares of E^ are — 1. Also the four matrices are easily shown to 

anticommute. Ifwe now write 

iE,=^E,E,E,E, = {^^ ‘J*), 

WB hftiVc iB| = — = E-^E-^E^E^E^E^E^E^ 

■■ 3Jt Tji TP Tit TP TP __ TP JP TP TP 
— ^ — * Ij 

and 

iEj^Ef — — E^E^E^, %EgEj^ =» E^Ef^E^E^E^ = — E^E'^E^E^E^ = E^E^E^. 

Thus Jfj anticommutes with E^, and similarly with E^, E^ and E^. 
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Thus we have an antioommuting pentad of square roots of — 1. Written in full they 
are as follows, in order : 

'0i0 0\ « 0 0 0 \ /O 0 0 /O -1 0 0\ /O 0 0 -1\ 

< 0 0 0 W 0 -i 0 0 \ loo -■ 0 W 1 0 0 0 \ / 0 0 1 0 \ 

OOOi Mo 0 i 0 / lo-i 0 ol lo 0 oiMo-iool 
,0 0 * 0 / \o 0 0 -*/ Vo 0 o/ \0 0 -1 0 / \l 0 0 0 / 


Any matris 4= v) has square — 1. Denoting it l)y Ei^, we find 




12 


ON 

\ 0 wj 




E. 






^‘(‘o-%) - 



^-(4?) - 




IS 


Ws 0/ 




1 

II 


A 

> 

1 r, / 0 

-*1\ / 

r 

.)-( 

’ -®46 = (5 Q 

') ■( 



We thus have fifteen matrix square roots of — Ij to which we can add a sixteenth, 
jE^e — *1-' ^ shown that the first fifteen form six antioommuting pentads, each E 

being a member of two pentads.* 

The matrices introduced by Dirac in the solution of the relativistic wave equation are 
anticommuting tquare roots of 1 and are connected with a pentad of Eddington’s by 
* the relations 

s= ^ “ ^-^69 ^3 ^ ‘^^■^159 P ^ ^^^339 “ ^■®46* * 

* Eddington^ 22e&ii^iv% Theory of Protons and Blectrpns, 1936. Eddington does not write the 
out in £uS» ^ut they are implicit in equations 3*61, p. 42. The antis 3 mnnetrical ones 
with^reversed this is due to the tact that in godl element Og^ he takes i to refer to the 
h to the 3^;., cc^tlcary to the usual convention. 
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4*13. Oblique axes. So fax the axes of reference that we have considered have been 
rectangular. The position of a point could, however, be expressed either by the orthogonal 
projections on the axes of its displacement from the origin, or by displacements in 
any three non-coplanar directions that will add up vectorially to the di^lacement from 
the origin to the point. The second method corresponds to the usual resolution into oblique 
components; we shall see that the first also has a physical significance. The characteristic 
feature of rect an gular axes is that the two sets of quantities are then identical. Let us 
see what happens with oblique axes. Suppose that we have a set of rectangular axes Xi 
and take three oblique axes x'j with direction cosines 1^^ with respect to the rectangular 
ones. For a reason that we shall see in a moment we denote the oblique coordinates by an 
index instead of a sujB&x, thus, x'^. Then the rectangular coordinates of a point P will be 
lijx'^ as before. Since for fixed j are the direction cosines of a single line. 



i 

(1) 

but in general for j ^ 1 

i * 

(2) 


since this is the cosine of the angle between the directions of x'^ and x'^, which are not 
perpendicular. The distance.of a point from the origin is r, where 

= (3) 

which is a quadratic form, and can be written 

r* = (4) 

where = 1', but grjj, g'g^, g'^ are not 0. If the axes x] are rectangular, but 

not otherwise, g'ji = 8^. 

Now consider the orthogonal projection of OP on the direction of and denote it by 
x'j with a suffix. It is 

( 6 ) 

and ar^a:'^ = g^x'^x*^ = r®. (6) 

Thus the form x^Xf correct for rectangular axes needs to be modified for oblique ones by 
raising one of the suffixes. We cannot now write it as a:J*. 

The position of P can be specified equally well by the values of either x^ or but the 
actual magnitudes of the three quantifies are different. The former are called the comriant 
components and the latter the contramriant components of the displacement OP. It is 
commonly thought anomalous that the adjectives are not interchanged. But the covaiiant 
component in the direction Oj has the property that for a given position of P it is inde- 
pendent of the directions of the other two axes; this is not true of the contravariant 
component, and in this respect the covariant components might appear to be the more 
fundamental. On the other hand, if we vary one contravariant 'component without 
altering the other two, we know directly how much and in what direction the point is 
displa^. This is not obvious for variation of one covariant component. Both systems 
therefore have their advantages and we need a means of ‘transforming :l^m either to 
the other. 
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We write ^ \\ 9 }i\\ = ^'’ (7) 

denote the cofactor of g'^i in Q' by O'^^, and put 

g'» = O'i^lG' = g% (8) 

Then is the reciprocal matrix of grj,, and 

X'' = Sr'%'. (9) 

This formula with its companion 

( 10 ) 

are known as the formulae for raising or lowering indices. The determinant G' is seen to 
be fondamental. If we denote the angle between the x[ and x'^ axes by ce^ and so on, 

gria = 008 08, (11) 

O' = 1 00SO3 eosoa = 1 — cos^Oi— oos^ag— cos®a8+2cos(xicosa8cosa8. (12) 

COSOg 1 COSOi 
cosoa oosoi 1 

But g'^, g'^, gr'*3 are not in general equal to 1 or to one another. 

Alternatively O' = || |1 = || 1 1| || = |1 \\K (13) 

But I lij II is the voltune of the parallelepiped \rith edges of unit length along the axes, 
or alternatively the continued scalar product of direction vectors along the axes. It could 
therefore be zero only if the axes were coplanar. The element of volume is therefore 
G'^dx'^dx'^dx'K 

ISA is a general vector, the resultant of components A'\ A'® along the oblique axM, 

its rectangular components will be 

~ (14) 

and its covariant components will be 


A'j — gjiA'* — ItjAi. 

Now let ^ be a scalar and consider its derivatives with regard to x'^. We have 

3^ _ ^1 

dx'^ ~ 3 «'^ dXi ~ *^dXf 


(16) 

(16) 


and d^jdx'^ are therefore the covariant components of grad^. To cet the contravariant 
components we must multiply by g'^^ and contract. 

If A and B are two vectors, 

A'iB'l = li^AiB'i = AiBi, (17) 


which is their scalar product. Similarly, 


which is the divergence of A. 


dA'i dA'f dAj 
dx'i ~ « dxt~ dxt’ 


(18) 


As for rectangular axes we can define tensors of any order, but the transformation rules 
wffl be different according as each index is upper or lower. We can contract with respect 
J 1(0 a.iqi^^ated index provided that it is upper in one occurrence and lower in the oilier, 
|^.<0d t^ixesult will be a tensor of order lower by 2. 
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4-131. Crystal structure: the reciprocal lattice. A simple tkree-dimeosional 
lattice is specified if three foudamental displacement vectors are given, ^aiking any atom 
as origin, there will be a similar atom at any point where 

are the displacements to three neighbouring atoms not in the same plane as the origin, 
and %, Wg, are integers, positive or negative. The points so specified are called lattice 
points. A plane through any three lattice points will include similar atoms in a repeating 
pattern. Its direction can be specified by its intercepts on axes through the origin in the 
directions of Oj, Oj, o,; let these, divided by a suitable integer, be ajh^, where 

h^, Aj are integers with no common factor. Then h-^, are called the indices (Miller 

iridices) of the plane,* and are the same for all parallel planes. 

We shall denote the volume . Og a Ug of a single cell of the lattice by tJ^. 

The set of vectors h-y, bg, bg reciprocal to the set Oy, Ug, Og is defined as 


. UgAOi , OjAUg 
Oy , Og , Og . 


tti.bf — 


They satisfy the relations 
and = bi.bgAbg = 


_ • {(^a • ~ (^t • %) _ 2. 

Va «a' 

Any vector A can be expressed by 

A. ^A..b|_} (A .bg) cEg*4~ {A .bg) Ug 

(A . Oj_) b^ -f- (A . Ug) bg + (A . 0g) bg. 


( 1 ) 

( 2 ) 

( 3 ) 

( 4 ) 
( 6 ) 


If, therefore, we build up a lattice with b^, bg, bg as fundamental vectors, the volume 
of a cell is the reciprocal of that in the origmal lattice. 

Since ajjhy, a^/hfy, are points in a lattice plane, the directions of the vectors 


are parallel to this plane; but both these directions are perpendicular to ^b^ + Agbg + A^bg, 
and this displacement in the reciprocal lattice is normal to the planes of the atomic 
lattice with Miller indices hy, Ag, The equation of any of these planes can therefore 
be written 

(hyby + Agbg + Agbg) .X _ . 

lAgbi+Agbg+Agbgl 

and p is the perpendicular from the origin on to it. How if as is a lattice point it is of the 
form nyay+ 1 / 1 ^ 02 + then 

(Ajbj+Agbg+Agbg). (tijtti+Wgflig+WgUg) *= AjWj+AgWg+Ag'ng. (7) 

Now if hy, Ag, Ag have no common frntor we can choose %, ng, so that the sum on the 
right is 1. For, first, if Ag, Ag have a common factor q the process of finding the highest 
common factor enables us to determine 8y, Sg so that a^Ag+SgAg » q. Similarly, if Ag, A» 

* The suggestion for ibis specifioation was made by Qrassmazm and otbeis, but first became 
^pular through Miller’s Lehrfnuh dor KrwtaUograpMe (1863). 
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have a oommon factor t we can find so that t-^h ^ + = r. But, by hypothesis, j audr 

have no nnunmnu factor; therefore we can find a linear combination of these expressions, 
with integral coefficients, that is equal to 1. This can be taken as + 

Evidently )iini+Aj» 2 +^’ts be made 0 by taking % = Jig = ng = 0. Then the per- 
pendicular distance between the planes with the corresponding values of x is equal to 

[ Aibi+Aabj+Agbg |-^, and this is the spacing of the crystal planes with Miller indices 

hif Ag, Ag. 



Now consider a parallel beam of X-rays falling on a crystal. Suppose that plane waves 
traveUing in a direction Sg faU on the atomic lattice and are scattered by the separate 
atoms. We want the condition that those travelling away in a direction s shall reinforoe 
one another. The difference of path for waves scattered by two atoms separated by is 
(s— 8o)-%t the condition for reinforcement is that this. shall be a multiple of the 
wave-length A for aU atoms in the region. Hence 

(s s^.a^ — hjX (j = 1, 2, 3), (8) 

where the hj are integers. Then from (6) 

8 — Sg s= A(Ajbj-f-Agbg-t-Agbg), (9) 

or, supposing Ag, Ag to have a common factor n, 

8 — Sg = 7iA(Agbg -)- Agbg -H Agbg). (1®) 

Now take an origin at a point 0 of the reciprocal lattice. The geometrical meaning of 
(10) is that if Pis a point such that PO = Sg/A, thenifP0iss/A, Q must be a point of the 
reciprocal lattice, and all such points that lie bn a sphere of radius 1 /A about P will corre- 
spond to reflexions of rays of wave-length A. Moreover OQ is parallel to the external 
bisector of the angle OFQ, and hence the reflexion can be regarded as taking place at 
planes with Miller indices (^, Ag, Ag) whose normal is in the direction OQ. 

Jf we write 2$ for the angle OPQ, so that 6 is the angle of reflexion, we have 

^ = »|Aibi-hAgbg+Agbg| = i|s-sgl =|sin^ (11) 

or »A = 2d)iBind, (12) 

.which is Bragg’s reflexion ccmdition. 

Ihrther, by squaring (11) we have that 

^A*[Aibi+Agbg-hA^bg|* = 4sin*d, 


(13) 
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and also firom (10) since 

s® = 1 »A(Ai5i -t- Agfej + itjba) + So 1* 

(14) 

that 

j _ 2So . {hjbi + AgbaH- ^ 363 ) 

(16) 


lAA+Aafts+Asbal* ‘ 

Further developments are 

given by P. P. Ewald.* 



4*14. Curvilinear coordinates. For many problems it is convenient to specify the 
position of a point by three functions of the rectangular coordinates that are not constant 
over planes. We may, for instance, use spherical polar coordinates; then the coordinate 
r is constant over a sphere with centre at the origin. If we continue to denote rectangular 
coordinates by and call the curvilinear ones we shall have 




-dx'^+P^.dx'^ ■ 

dz^ 




( 1 ) 


dz'^ = 


dz. 


dx. 




3^ _ dz'^ dip 
dz^ dz^ dzy 


( 2 ) 


so that the summation convention is still applicable. But the partial derivatives are no 
longer constant. In (1) z^ must of course be regarded as a known function of the three 
z*^^ which are permitted to vary independently; in (2), z*^ is conversely regarded as a 
function of the three x^. The relations between the coordinates are no longer linear, but 
those between small changes are linear, and so are those between derivatives of a scalar. 
Sets of quantities that transform like dz^‘^ are called contravariant and those that trans- 
form like d(j>jdx'^ are called covariant, as for oblique rectilinear axes. If da is the distance 
between two neighbouring points we have 


where 


cfe® = dx\ = g'^idz'^ dz'^, 

, dXj dZj 


(3) 

(4) 


Just as for obKque rectiliaeax coordinates we caja form 
defined by 

^ ~ dx*dxi 


the reciprocal set of quantities 


(6) 


and 


8aj'«\ 

dx'^dxf^ 035* 0!c* "" \0a;'^ 0»*/ \0a/^ dx^ j 

- 0iB* 0a;'” _ 00 !'” dx^ _ ^ 


(3) 


Covariant and contravariant tensors of the second order can be defined according as 
they transform xmder farther changes of coordinates like or g'fK It may he verified, 
as an exercise in differential caloulus, that if we take a third set of coordinates a;'” we get 
the same form for ^ by transforming first firom a(* to x'^ and then to x'® as if we trans- 
formed to »*“ directly. 


* KriataUe vnd MSnlgmutrcMen, 1928, partaeulariy Notes 1 and 2. 
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All information about magnitudes of displacements for small clmnges of the curvilinear 
coordinates is summarized in the grj,. If we vary without varying x’^ and »'? the dis- 
placement will be yCfl'ii) 0, 0}. The three component displacements for separate 
changes of the new coordinates will not, however, in general be at right angles. The 
inclinations are easily found in terms of the g'ji as for oblique coordinates, but are seldom 
required. We usually choose our coordinates so that the displacements corresponding 
to small changes of the x'^ separately will be at right angles; and the condition for this is 


dx* dx* _ ^ 


U=¥l), 


(V 


or (8) 

If these conditions are satisfied the new coordinates are said to be orthogonal. 

As an example let us take the x'^ to be spherical polar coordinates r, 6, A. Then 


rci = vsin^ oosA, teg = r sin 5 sin A, x^ = roos6, 
da!i = sia5 cos Adr+rcos^ oosAd0— rsin^ sinAdA, 
dccg = sm5sinAdr-(-rcos0sinAd^-frsind cosAdA, 
da^ = cosddr — rsindd0, 

and + (<^ 2 )* + = dr* -f rHd^ + r* sin* 0dA*. 

Hence g^u - 1, fl'ia = g^gs = r*sm*0. 


The determinant of the transformation is (g^ugfaafl'as)’^® — r*sin^. The inverse trans- 
formation is 

dr = sin^ eosAda^-f sin0 sinAdxg-bcosdd^g, 
rdd = cos^oosAda^i-l-cos^smAdajg— sin^da^, 
r sin ^dA = — sin A<fa^ + cos Adscg. 


The reciprocal matrix to g^i is 



1 

g'n9ii9»z 



0 0 ' 

dWxL 0 


1 0 
0 r-* 
0 0 


• )■ 

y~®oosec®0/ 


We have here a decided difference ffrom any rectilinear coordinates. The non-zero elements 
in gjj and are now not merely unequal but of different dimensions. In fact in spherical 
polar coordinates the contravariant components of a displacement are dr, dd, dA. We can 
define a set of covariant components by 

= (dr, r W, r® sin® 6dX). 

But neither set are the physical components. The latter would be taken to be component 
diaplaeemer^ with regard to redtangvlm axes at the point, and would be (dr, rd$, r sin ddX). 
The physical components are all lengths. In practice we are usually concerned with the 
physioal components. We denote gr^, ^ 22 * 9vi ^7 small changes of the curvi- 

linear coordinates make displacements dsj^, dsg, dsg; then we have for the physioal com- 

'tMHifmtn 
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Hie same relations hold for components of velocity. If we have for rectangular axes a 
relation between vectors of the form . « , 

Xt = d^/dXi, 


this transfonns directly to any set of orthogonal axes, and, written in physical com- 


ponents, will be 




da/ 




_ 




etc. 


Multiplying or dividing by the corresponding h we get the same equations written as 
relations between covariant and contravariant components. 

The derivative of a vector A^, in curvilinear coordinates, does not in general transform 
like a second-order tensor, on account of the variation of g^i with position. This is the 
greatest complication of the tensor treatment in curvilinear coordinates. It can be 
overcome by a suitable modification of the derivative, but this would take us beyond the 
scope of this book.* 

The rules for transforming coordinates will work equally well even if distances between 
neighbouring points cannot be put in the form by any choice of coordinates. On 

a sphere, for instance, we can express the position of any point by two variables, but there 
is no way of choosing variables % so that in all neighbourhoods on the sphere 


ds* = da^+dasl. 

The theory of transformations when the quantity corresponding to distance caimot be 
put into Euclidean form without introducing new dimensions is the basis of Riemannian 
geometry and of the general theory of relativity. 


4*15. Electromagnetic theory. The tensor method can be extended to four dimen- 
sions, and then forms a convenient way of stating the equations of electromagnetism. If 
we<K)D.iteth.,aanti^ +*j+&J-cW,., (1) 

where c is the velocity of light, da taken between two neighbouring events (each specified 
by three position coordinates and the time) is the same for aU observers even if they are in 
uniform relative motion. This statement is equivalent to three physical ones : (a) A particle 
moving with uniform velocity relative to one frame is moving with uniform velocity 
r^tive to the other. (6) Both observers attach equal values to distances at right angles 
to their direction of relative motion, (c) Both observers find the same value for the velocity 
of light, in whatever direction, (a) and (6) are taken over from Newtonian physics, (c) is 
an additional rule required by the Michelson-Morley experiment. Now if we write 
x^ s tct, da^ reduces to the sum of four squares and can be treated like the square of a 
distance in Euclidean geometry, except that we now have to work in four dimensions. 
Since it is the same for all frames of reference the transformation from one to another is 
an orthogonal transformation in four dimensions. 

Let us denote a new frame by accented letters and take the axes of Xg and Xj, also Xg 
and xi, at right angles to the direction of the relative motion. Then Xg = Xj, Xg = x^, and 

x|+a5*xi*-t-xi». (2) 

This is satisfied if 

xi = Xjcosa— Xgsina, a4 == 


* Full accounts aace given by A. J. MioCanneU, AppUcationa of AL&aoZute JDiffermtial OatouX/ua, 
1931; T. Ii6vi-Civit&, Tha Abaotuta Differentied Calouhia, 1927. 
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The nrigin of the second frame has zero velooity in that frame ; hence if we take dx’Jda^^ « 0, 
dxjdx^ will be v]ic, where v is the velooity of the second origin with respect to the first 
frame. But this gives 


where 


tana = 

^c 

(4) 


(6) 


(6) 


This transformation, due to Larmor and Lorentz, is a complex orthogonal transformation, 
not a unitary one; it satisfies U = 1, not lit = 1. For real and t it leaves and I' real. 
The ordinary transformations due to rotation of the axes of a^, x^, x^, leaving *4 unchanged, 
can of course be superposed on it. Sets of four quantities, defined for each 83retem of 
reference, that are transformed into one another by the Larmor-Lorentz transformation, 
can be called components of four-vectors. The fundamental four-vector is a* (a = 1, 2, 3, 4) 
itself. But since is a scalar, mdxjde is a four-vector, where m is any other scalar. If m 
is the intrinsic mass of a particle, supposed the same in all frames of reference, and u is 
the resultant velooity, it follows that — u^[c^) is a four-vector, where 


=s dxjdt = ic. 

The fibpst three components correspond to those of linear momentum in Newtonian 
dynamics, the Newtonian mass being replaced by m/.y(l— Then if we denote the 
first three components by italic suffixes when treating them separately from the fourth, 


/ mua 


mtc 




(7) 


is a four-vector. 

Agn-iHj since the transformation is orthogonal, the four-dimensional volume element 
dxi^dxgdxi is unaltered. Hence the three-dimensional element dr = dx^dx^dx^ trans- 


forms like IfdXff that is, like 



( 8 ) 


If we define density as intrinsio mass per unit volume it therefore transforms like 
m(l — and a momentum per unit volume like the product of the density and the 

velocity. Comparing with (7) we see that if p is the density 

(/£Wia,icp) (9) 

is a four-vector. In the -same way, assuming that the electric charge of a particle is the 
same in all firames of reference we have that, if p is -the electric charge per unit volume and 
ja the current density, icp) is a four-vector. It follows that 

dirj+ic~ = divi+^ (19) 


is a scalar and unaltered by transformation. It is actually zero ; 


|+divi = 0 

by the equation of continuity. 


( 11 ) 
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EUctromagn^ic theory 


The pair of Maxwell’s equations 


now show that 


izr 3® . • 

ccurlfl— = 4nj, 

divE = 47rp, 

(curlJT)^— ic divjElj 
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( 12 ) 

(13) 

(14) 


is a four-vector . Here JS and JET are the intensities of electric and magnetic field, the former 
in e.s.u. The four-dimensional divergence of (14) is obviously 0. 


divfl = 0, ourlE-f-i^ = 0, 
c at 


The other pair 
show that JBT is the curl of a three-vector A, and that then 




(16) 


(16) 


where ^ is a scalar. A is arbitorary for given JT to the extent of the gradient of any scalar, 
the effect of which on E could be compensated by a suitable change in (j>. Hence we can 
impose another condition on A\ we suppose that (-A, ij5) =» Ag^ is a four- vector. The 
condition that dAJdXg^ shall be scalar is satisfied if 





(17) 

Then 

_ a.4i . 3 ^ dAi 
* ^ ~ iodt * dzi ~ a®4 

dA^ 

a*i* 

(18) 


^ S-d-s 3-^2 

^ a®2 a®8 * 


(19) 

with symmetrical relations; and and are six components of an antisymmetrical 

tensor. We write 

^ ZAf 3A^ 

•^1 — /»> 

•^2 “ fsv -^8 /l8» ~ /4V 

— /42, i^8 == /43, 

(21) 


and/jj^, the field tensor, is 

— Hs 0 

"“-^1 0 — 

0 

If we now write {ja?iop) =» 5 ^, the pair of equations (12), (13) can be written 


( 22 ) 




The pair (15) can be written 








(23] 


(24) 


If a, y are all different these reduce to (15); if two of a, fi, y are equal they are identities. 


xo-a 
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The Lorentz force and the generalized stresa tensor. If fe is the meohanical force per unit 
volume, ^ 

k = pE+-jhH, (26) 

which may be written as the first three components of 

K = ifafiSfi. (26) 

The fourth component defined by this is 

lCi = -E.j, ( 27 ) 

so that is i/c times the work done by the field on the charge per unit volume per unit 
time. Using (23) we now have 

= (28) 

If we define a tensor T^^y by ^ 

^ay ™ (29) 


we find after some algebra that 
The tensor T has the form 


dT 

Jr — “y 



3^2 






^82 


-iSifc 




■iSJc 


where the 3x3 set in the top left comer is the Maxwell stress tensor, S is the Poynting 

c 1 

vector —EaH, and u is the energy density {E^+H^). 


4*16. Probabilities in chains. We consider a system capable of several 
states. At any instant there Is a probability Xf that it is in a state denoted by sufSz i. 
We consider the probability that it will be in state i at a later instant. Given that it 
is in state k at the first instant (i.e., if = 1) the probability is a^g. Then since it must 
be in some state at the second instant 

= 1 , ( 1 ) 

and the total probability, for any set of values that it will be in state i at the 
secoi^d instant, is 

Vi = (2) 

Card shuffling is the most familiar instance. The will be the probabilitieB of the 621 
possible orders of the cards at the start. The conditions of abnffling imply that for any 
order before a redistribution several different ordras are possible after it; for a known 
order k at the first instant these would have probabilities o^j^, which must add up to 1. 
The total probability of order i after redistribution is then given by (2), by the usual rules 
far eombining probabilities. 
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The same principle occurs in statistical mechanics. If the data are that the momenta 
. and coordinate of a system are within specified finite (not zero) ranges at one instant, 
the subsequent motion is not exactly determinate even on classical mechanics, and 
motions differing considerably will occur according, say, to what pair of molecules 
encounter at the next collision. 

Such probabilities can occur in chains, since the processes can be repeated. If a second 
rearrangement is made and the probability of state i after it is we shall have 


and so on. The successive probabilities are obtained by multiplication by the same matrix. 
This suggests a general treatment. The equations 


Xdf — (4) 

are consistent if | = 0. (6) 

Suppose that (5) has n roots A^, and denote the 6^ in the respective solutions by 6^^. Sum- 
mations with regard to^* must be made explicit. Suppose further that can be expr^sed 
in the form S Then 

^ =“ S 2 

and the result of p applications of the operation (2) will be ^afdtp as for the dass of 

i 

dynamical problems described in 4-062. If in (6) we add the elements of each column 
we get n sums all equal to 1 — A, by (1). Hence A = 1 is always a root. 

It follows that for any set there is a possible set of values of the x^ such that == x^. 

They need not all be equal, since we have not assumed 

= 1 . ( 6 ) 

k 

But this condition is often simply a matter of our choice of what distributions are taken 
together and what are considered as alternatives. In the oard-shu£9ing problem each 
is 1/52!, both i and k have 62! possible values, and the condition is satisfied. But if we 
treated all separately except that we Ixunped together those where the ace of spades is 
later in the order than the ace of hearts all 22 would still be 1 , but aU 22 would not, 

• t k 

since for a given t , o«, would be systematically greater if » corresponds to one of the com- 
bined alternatives than to one of the unaltered on^. Similarly, in the problem of collisions 
between molecules of a gas systematically greater if i refers to a region of 

X; 

larger volume than for a smaller one. But this can be remedied by taking all the r^ons 
of equal size. Thus in actual problems (6) will often be satisfied, and if not we can usually 
choose the alternatives in such a way that it wiU become satisfied. 

We shall therefore assume (6), which makes a considerable simplification in the analysis. 
We return to (2). Let the greatest and least of the be ilf and m. We assume that the as^ 
axe not all equal, so that M>m. We assume also that no » 0. Then, using (6), 

yi-M = 22 Jf). 

k 


( 7 ) 
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Terms •with ** = Jf contribute nothing to this sum and no term is positiYe. Of the others 
there is at least one "with — m, and therefore if a is the least of 'the and therefore' 
< ^ if there are at least t'wo states, 

yi-M<a{m-M). ( 8 ) 

Similarly yi—m>a{M—m). . (9) 

If then M' and m' are any two of -the y^, 

M' <M—oc{M~m), ( 10 ) 

m' >m+a.(M—m), ( 11 ) 

I Jf'— w'l <(Jlf— «i)(l — 2a). (12) 


Thus the extreme range of the variables is multiplied at eanh step by a positive factor 
less than 1 — 2a, and must therefore -tend to zero with a sufficient number of trials, what- 
ever the initial probabilities of the possible distributions may be. Thus the probabilities 
of all the distributions tend to equality, provided only that none of the is zero. The 
theorem can be extended even if some of the are zero. It might be impossible, for 
instance, -to pass directly from state 1 to state 2, but possible 'to pass from s'tate 1 to state 3 
and back to state 2. The analysis applies equally if we apply it to the result of taking r 
steps, now being the probability that the system would reach state imr steps given 
that it was in state h initially. E-^idently it -will be possible for all to be positive in this 
case when some of them are zero for one step. Hence, provided that for some finite number 
r of s'teps, and for any state h, there is a non-zero probability for every i that state i -will 
be reached, the probabilities of aU states will tend to equality whatever the initial 
probabilities. 

It might happen that | if' — m' | in (12) was 0 for all pairs. In that case uniform prob- 
ability distribution would be reached in one step. 

An alternative proof, using complex variable theory, is due to EiAohet. Por a given Xj 
let the of largest modulus be such that i««i = B. Then in the Argand diagram the 
are a set of points •within or on a circle of raffius B about the origin, and whatever the 
may be, subject to their not being negative and to their sum being 1, cannot lie 
outside this drcle. Therefore ] A ] .B < jB and all 

( 13 ) 

Again for each i, - o«) = S 

fc+t 

1 A^— 0(4 1 1 I < JS S ®<j! = i2(l~®«). (1^) 

i 

But for one \6^j\ == R; hence for this 

I 1^1 — ■ (16) 

If then 0, Xj lies •within or on a circle with centre touching the unit cxcde at -f 1. 
Ihirther such a circLe centred on the smallest % ^ -will include all the Ay. Hehce if all •with 
i as karedifferentfromOit-will be impossibleforanyAotherthanl'to have modulus 1. But 
•tbiB condition says simply that whatever state •the system is in it is not certain •to move out 
of that state; and the conclusion is that when jp, the number of steps taken, is large enough 

A® tends to zero unless A = 1. Hence if none of a^, is zero 'the probabilities of 

the states will all tend to definite limits given by the solutions of (4) •with A = 1. It is 
possible’ 'to have more than one such solution. In fact we could have all the diagonal 


* CT. 11*04. 
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elements 1 and then for all i and the probabilities nerer change. A necessary 

and sufficient, condition that there shall be only one solution mth A => 1 is that the 
matrix Of*— ^ik shall be of rank 

Up to a point we can consider all possible solutions with | A | = 1 together. In (4) let 
be the with the largest modulus i2. Then if any dj^ such that ajj. + 0 is such that \d^\<R 

= 1 1 — 1 I < = R, 

which is a contradiction. The argument can then be extended to » = 2 if ] ^ 2 1 “ 1 l» 
and so on. Then if all the are different from 0 the only solution with | A | = 1 is 

= A=l, 


and therefore we have another proof that the only possible ultimate steady values of the 
probabilities are equal. The argument can again be extended to the case where some of 
the are zero; it can only stop if after all l^tl upto (m < n) it is found that all 
vanish for i>m and i<m. But this means that it is impossible for any state with h>in 
to pass to one with In this case it is easily seen by using the relations (1) and (6) 
again that all will also vanish if h^m and i>m^ and the converse process is also 
impossible. Then there will be an infinite number of possible limiting states, depending 
on the total initial probabilities in the various independent sets. Thus the case of a multiple 
root at A 1 corresponds to the case where the probabilities fall into two or more inde- 
pendent sets; and the limiting probability will be the same for each state of the same set. 

This shows incidentally that we cannot always make (6) true. For we could certainly 
have a set of such that probability could pass from the states with f < m to those with 
i>m but not conversely. It is clear that in this case the whole probability tends to become 
concentrated in the latter set. 

We have already seen that the existence of a solution with | A | = 1 but 1 requires 
that some with i = ft, is zero, and further, in order to make, for 1 j < ] 1, 


= |^l|> 


(16) 


there must be some 5*, say 0^, such that ] ^2 1 ~ I !» ^ ^ naust be 

equal to 0^. Since the are real, (% = 0 (as we know already) and 0^ = Aff^. 

Now we can take 0^ in place of 0i and infer that there is a ^3 equal to X0^, and that for 
alliE;suchthat&x.4‘$3,a2X; — 0. But since only values of jk are available the process must 
close in a number of steps m, where m < n, and it follows, since all the found axe different, 
that in every row of ang all elements are 0 except one, which must therefore be 1 . Thus the 
matrix contains a minor of the form, for m - 4, 



and the equation || A#^ || = 0 is satisfied if 

1~A^«0, (17) 


the roots of which are exp (2nri/w), where r is any integer from 0 to m- 1. The form of 
a^g shows directly that if the system starts in any state of these m, it will necessarily pro- 
ceed to the oth^ in a definite order and return to the original one in m steps. 
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If in = » the system must describe the whole set of possible states. For m < n the states 
not included in the cycle are independent of those in the cycle and may form other cycles 
or have | A | < 1 for all roots not equal to 1. 

The problem therefore resolves itself into several oases. 

(1) If the are such that, no matter what the initial state, there is a non-zero prob- 
ability that any other state will be reached in some given finite number of steps, thA^ 
the probabfiitieB of all states tend to become equal when the number of redistributions 
is made large. This is the ergodic theorem. 

(2) If the are such that the states form sets, each member of any one of which is a 
possible successor of any other of that set but not of one of any other set, then the cha- 
lacteristio equation has 1 as a multiple root and the probabilities within each set tAwd to 
become equal; but their limiting values are not independent of the i-nitinl values. 

(3) In the above cases the roots of the characteristic equation are all either 1 or have 
modulus less than 1. Ifthere is a root with modulus 1 but not equal to 1, some of the states 
win form a cycle such that each one has a determinate successor, and the original state 
will be reattained after a ntunber of steps not greater than n. 

Case 1 is the one that arises in ordinary card shuffling and in the kinetic theory of gases. 
(The arguments usually given, due to Boltzmann and Gibbs, are fallacious.) Case 2 could 
arise in card shufiOing if the pack was divided into two halves and these shuffled separately 
and finally placed together. Obviously many orders attainable by shuffling the complete 
pack become impossible. But the probability that the aces of spades and hearts will be 
together will never become independent of the probability that they were in the same 
half of the pack to start with. Case 3, in card shuffliing, would describe a case where the 
‘ shuffle ’ consisted of always removing one card from the top and putting it at the bottom 
— ^whiidi will never give more than a out and never a true shuffle. But it also connects any 
deterministic mechanics with chain probabilities, since it shows that a necessary and 
sufflicient condition that later states shall be exactly specifiable given the state at one 
instant is that the time factors in the solutions shall have modulus 1 .* 

4*17 . Integral equations. These are of several types, the common feature being the 
occurrence of an unknown function xmder the integral sign. They have a considerable 
literature, but can only be considered briefly in the present book. Three related types 
are as foUows; 

J ^ Z (», y) ij>{y) dy = /(aj), (1) 

^(®) =/(*)» ( 2 ) 

!?(», y) 4>{y) dy = A^(®). (3) 

Here the limits are fixed; K(x, y) and/(a;) are known functions, and ^ is a function to be 
found. These equations can be considered as limiting cases of matrix equations. For if 
we take points of subdivision at yja = 0, 1/n, 2/», . . (n— l)/n, we can put 

/(®<) ^(yk) = 

= (4) 

* For applioatums to statistioal meohani oB and -to quantum tbeoiy, of. Proc. Roy. 800. A, 160, 
1»37, 387-47; PW. Mfig. (7) 33, 1942, 816-81. 
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Then the equations are the limits of 


a 

Wft-O 


(s; 

( 6 ) 


liK^Yj, = XYt, 
nk-o 


( 7 ) 


when »-»-oo. These are useful for numerical solution. With more accurate integration 
formulae they can be solved directly for any niimber of interrals up to 12 on Mallock’s 
machine for solving simultaneous equations. But they also show that considerable 
similarities are to be expected between these types of integral equation and algebraic 
linear equations. In particular, (7) will in general be soluble only for a certain set of 
discrete values of A, n in number, and therefore in the limit there will be an inSnite number 
of solutions. There will be complications in the solutions of (5) and (6) also in cases where 
the determinant formed' by the coefficients of the vanishes. 

The function K{x, y) is called the kernel of the equation. The condition 
for a symmetrical matrix corresponds to 


K{ 3 f,x') = K{x,y). 


( 8 ) 


If this is true the kernel is said to be symmetricid. We can define a hermitian kernel by 
the condition 

K{x,y) ^ K*i 3 f,x), (9) 


Similarly, we can have an antisymmetrical kernel defined by 


E(x,y) = -E{y,x). (10) 

Analogues of orthogonal matrices exist. In (1), a solution may be 

*)/(*) 

which is easily seen to correspond to the solution of a set of simultaneous equations by 
multiplication by the reciprocal matrix when A A = U. 

Integral equations can seldom be solved in finite terms; but there are extensive theories 
of their solution by successive approximation.* 


EXAMPLES 

1. By ooDsidKiiig the xuatrioes , ^ow that two eymmetrioal matrices do not 

neoessanly commute. 

tv TV- vT. V / oob 6 — sm0\ / 1 — tani^\ / 1 tan|d\”^ 

ve &, cosff ) ~ \taiijd 1 / \— tanj^ 1 j 

3. One of the quadratio forms 

8as*+2y*+6e*‘+2ya!— 2aia!, a!*+2y* + 8ye+12isai+12iBy 

is positive definite. Determine which, and find a real linear transformation that reduces them to the 
forms g*+9*+C*, 4g*-V-S*- (Prelim. 1943.) 

* E. S<fimudt, Math. Ann. 68, 1907, 433-76 ; F. Smithies, Proo. Lend. Math. Soe. 48, 1937, 256-79; 
46, 1940, ^9-66; Duke Math. J. 3, 1941, 107-133. 
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4. Find a real non-singular linear transformation that wiU reduce the form 



to the standard form 2 /i+ 2/2 + ---+2/|— 2 / 2 + 1 “ 

where P=£Ci+ ... +a:S, Q = S 

i<5 

Determine for all real A the rank r = jp + 2 and the signature a = — g of the forms P+2AQ. 

(M.T. 1935.) 

6. Two uniform bars AB^ BO are freely pivoted at B, and supported in a strai^t line by springs 
of stiffiaess A at , P and 0. The mass of each bar being m, show that the periods of the normal modes 
of vibration are given by my^jX = 3, 3 ± ^3. (I.C. 1940.) 

6. A long chain of rods each of mass 3m and length 2a» pivoted fredy at the joints, lies in a straight 
line, and at each j oint there is a spring producing a restoring force equal to mA^ times the transverse 
displacement. One end of the chain is acted on by a force of period 27r/A, and the other is fixed. Show 
that if Ao/V 3<A< Ao all rods will be equally agitated, but that for other values of A the motion is 
confined to the neighbourhood of the exciting end. (This is a mechanical analogue of a radio 
frequency filter.) 

7. A light string AB of length I has n— 1 particles P^, P^, ..., P„«i of mass m/n attached to it, so 
that APi = PiPj = ... = Fn^iB. A and B are fixed, and the whole is under tension P. 

Show that in a nomial mode of period 27r/y the amplitudes of small transverse motions of the 
particles are connected by the rdation 

— 2oosaa/+a/_i = 0 1), 

where cos a ss 1 — y*mZ/2n*jrj find the noxmal firequenoies. 

By taking the limit as n -+■ cx), obtain the normal firequenoies of a uniform hecu^yy string wdth the ends 
fixed. 

8. Blufitrate Raylei^’s method by consideringthe vibration of auruformrodof length J and fiexural 
rigidity PI, clamped at both ends which are free from end-thrust. Show that Baylei^^s method gives 

the fundamental firequency v as — jJ{504EIIpl*) if the approximate form of the rod at any instant is 

taken to be given by y =f{x), where /(a;) is the simplest polynomial satisfying the boimdary con- 
ditions. (M/o, m, 1936.) 

9. If a quaternion is defined by the rule 

u = Iwo+iwi+iWg + leMa, 

where i* := 0 = Ic, 

and that for any quaternions there cbdsts a quaternion such that 

tit? tr, 

provided that Uq, are not all zero. 

Show that the Eddin^n matrices P*,, P^j satisfy the conditions for i, j, le. 

10. In the following Clarendon type denotes an n x n matrix; and the symbol [a, 5]' is defined to 

mean oh —ha. Two sets of matrices (t, Jfe s= 1, 2, 3) aare so related that 

[ae*s»jfc] = 0, [popj = 0, IXftPjg'] = 

are defined by m< = 

Show that 

[in<,ni«] = 

= 0 . 

[m*, a5,aj*] =s: 0; [m^, = 0. 


(Dirac.) 



Chapter 5 

MULTIPLE INTEGRALS 


‘One by one, or all at once.* 

w. s. oiLBBBT, The Yeorrycm, of iho Guard 

5*01. Double integrals. We give first a general description of the problem of inte- 
gration with respect to two variables. Let f{x, be a function of x and y, bounded in 8, 
a closed region in the plane of x and y. Let 8 be divided up into smaller regions whose 
areas we shall denote by 88^. In each 88^^, the function will in general have an upper and 
a lower bound, say and Consider the two sums 0 - H = 'Zhn88^. Now 

n n 

suppose the region further subdivided and new sums formed similarly. In general Q will 
be decreased, since the upper bound of f{x,y) in a particular need not be attained in 
all its subdivisions. In any case G cannot increase. Similarly,!? will in general be increased 
and cannot decrease. Since no amount of subdivision can make 0 less than H, both 0 
and H will tend to limits as the number of subdivisions is increased; we increase it in such 
a way that the ranges of x and y in each element of area tend to zero. If 0 and H tend to 
the same limit this limit is called the double int^al of the function. It is the natural 
extension to two independent variables of the Riemann integral in one dimension, with 
the necessary safeguard that the elements of area must become sTuall in hofh directions. 
This ensures that the whole r^on is sampled effectively. Without it, if f(x,y) for given 
X always had its upper bound aby = a and its lower bound &ty = b, and if we took all the 
elements to be strips parallel to the y axis, the two sums could clearly never tend to 
equality however much we increased tiie number of subdivisions. 

A sufficient condition for the existence of the double integral is that the funotion/(a;, y) 
shall be continuous with regard to both x and y and that the bounding curve shall have a 
finite length. If there are isolated points or lines of discontinuity the integral may still 
exist, since these can be enclosed within regions whose areas are made indefinitely small 

in proceeding to the limit, just as in single integration J f(x) dx exists if either 

f(x)^0 (r+O), /(») = ! (» = 0), 

or /(a;) = 0 (a;<0), f(x)^l (x>0). 

For in both cases the point of discontinuity can be enclosed within a range however 
small 6 may be. Then the contributions of this range to the lower and upper sums are 
respectively 0 and and the difference is arbitrarily small. 

It is easy to prove by an extension of the method of 1*101 thatif/(*, y) is continuous the 
value of the double integral is independent of the shapes of the elements of area; however 
the sizes tend to zero the limits will be the same. They may be triangles, squares, rectangles, 
or hexagons; they are not even restricted to be all of the same ^ape. In general at any 
stfge there will be a fringe of elements at the boundary whose shapes deviate from any 
regular pattern that we may have chosen for the interior. 

5*02. R^>eated integrals. So long as the number of elements is finite they ^ve the 
same upper and lower sums whatever order we take them in. In particular, we may take 
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the region to be divided up by lines parallel to the axes, and take together the elements 
between each pair of adjacent lines parallel to the x axis; then add up over all such strips 
and we again have the same sums. But this becomes in the limit the process of integrating 
first with regard to y and then with regard to x. The double integral can then be shown 
to be the same as 

/{//(«. 

and also as f {//(»» dx} dy, 

the ranges being so chosen that the whole area is covered subject again to the conditions 
that /(a;, is continuous and that the boundary has a finite length. 

Detailed proofs of these statements will be found in the standard books on advanced 
calculus and analysis. Here we shall be content with summaries of the results. The two 
integrals just given are called repeated integrcds. The result that the double integral is 
equal to either of the repeated integrals can be extended to any number of variables. 
The notation just used indicates the order of thb integrations ; another often used instead is 

jdxjf(x,y)dy, 

meanings as for the first repeated integral, that the integration with regard to y with x 
constant is to he perfomoied first and then the result, w-hich is a function of x, integrated 
with regard to x. Double integrals are seldom evaluated directly, the repeated integrals 
being more manageable. 

If the area of integration is a rectangle bounded by the lines a? == Uq, a; == Oj, ^ 
y = 6^, the limits are constants and 

dy\ f{x,y)dx. 

But for other forms of the region of integration the limits for the first integration will in 
general depend on the variable that is being kept constant. Thus let us suppose that the 
region is a quadrant of a circle defined by *>0, y^O, For given x, these 

inequalities require 

0^y^(a‘-x‘)\ 

and the range of integration for y is therefore 0 to (a^—x^)Va. Then x can range £com 0 
to a, and the integral over the quadrant is 


Similarly, it can be written 


Jo^Jo 

ra rV{a*-if*) 

Jo%Jo f{^>v)dx. 


f{x,y)dx. 


The region of integration always specifies a set of inequalities to be satisfied by the 
'ndex>6nd6nt variables. From these the limits for a repeat^ integral can be found either 
jy direct transformation, as in the example just considered, or with the aid of a figure. 
Che latter is. often useful, particularly when the boundary consists of several curves ^th 
lifferent equations. 

A repeated integral often arises directly, but is sometimes most easily evaluated by 
averting the eirder pf idte^ation. When the limits are not constant the easiest way of 
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deciding the limits of the inverted integral is usually to find inequalities as for the double 
integral as an intermediate step. Thus consider 

J=» f da;f S{y)dy. 

JO Jo 

The inequalities indicated, if x and y are to be within the 
region of integration, are 

and for given y,y^x^t, while y, if unrestricted by x, can 
range firom 0 to f . Then 

7 = J* dx=>j^[t-y) f{y) dy, 

so that one integration has been performed immediately. Geometrically, the integral is 
over the triangle whose comers are (0, 0), (t, 0), (t, t); and if we integrate first with regard 
to a; it must proceed from ^ to f to cover the variation possible for given y within the 
triangle. 

5'03. Change of variables. TaJke a double integral 

1 = jjf{x,y)dxdy 

which is ordinarily evaluated by successive integration with respect to x and y. Let 
^ and y be two differentiable functions of x and y. The curves of £ constant and y constant 
will in general mark out the plane of x, y into four-cornered figures, which could be used 
as the elements of area in defining the double integral. We have to express the elements 
of area in terms of ^ and y. x and y will now be regarded as functions of £, y. 

Ab we turn to the left in turning from the axis of positive x to that of positive y, we 
also take | and y so that we turn to the left in changing from the direction of increasing § 
to that of increasing y\ but these directions wlU not in general be perpendicular. The' 
simplest approach is to notice that as and Sy tend to zero the element of area specified 
approximates to a parallelogram except possibly near special points, such as the centre 
of a circle iii,y are polar coordinates. To the first order in if one comer is {x, y) the 

two adjacent ones are 

But the area of a parallelogram with three of its vertices at {x^y^, {ot^y^ is 


Vi 1 

= 

®a-«i Vz-yx 

»* Vi 1 
«8 Vi 1 


»8-*i Vi-Vx 


and therefore the area of the parallelogram is 

9* ^ 
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The determinant is 
9(^.^)/3(*.y)-Then 


called the Jacobian of x, y with, respect to ij and denoted by 


I 



dgdy. 


where /(«, y) must be expressed as a function of g and and the range of integration is 
such that each element of area within the original region appears once and only once m 
the transformed integral. 

This is the simplest way of getting the answer, but has several disadvantages. It is diffi- 
cult to fix limits to the error in replacing the element bounded by curves of constant g and ij 
by a parallelogram, and therefore to show that the total error tends to zero when dll the 
ranges Sx, 8 y do. Also it is difficult to generalize, for though the argument in this form is 
easily extended to triple integrals, since we have a convezdent form for the volume of a 
general parallelepiped, the extension to »-ple integrals is not obvious. We get, in fact, 

fjjf(z.y,z)dxi,dz . 

where 

d(x,y,z) dx dy dz 

ag ^ a| • 

^ dy dz 

dy dy dy 

dx dy dz 

a? a? 


Sut four variables of integratioiL occur in general relativity, and in more than three 
dimensions it becomes diJBicult to see what we mean by any generalization of the volume 
even of a parallelepiped, except by adopting a purely analytic definition by an integral. 
Then the known properties of area and volume in !Euclidean geometry can no longer be 
used to short-circuit the direct transformation of variables. The variables oj, y, z may not 
be Cartesian coordinates; then it becomes dij 9 S.cult to see what we Tnp>fi.n by the area or 
volume of a region. For all these reasons it is best to proceed by direct traiisforination 
of variables, one at a time. It is convenient to use a suffix notation and to take the case 
of a triple integral to illustrate the method, which can clearly be extended to any order. 
We start with 

■^ “ // Xi)dx^dx^dXi, ( 1 ) 


and iegKrda:i,a^a;3 as functions of §s, with continuous first partial derivatives. Then, 

by the mean value theorem. 


= ( 2 ) 


where each dxjd^ is to be regarded as evaluated at some point (not necessarily all at the 
same point) mside the dement bounded by two sets of values of the differing by 
We first express as a function of X2 and x^. Then, keeping a?2 and x^ constant, we have 
to solve the equations 





( 3 ) 
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dxx dxi dxi 

Wx W2 Ws 

dz^ dZi dz^ 

Wi w, 

dZj dzg dzg 

S|i 3^2 3^3 




dz» dZa 

W2 Ws 

dZa Sza 

Wz Wz 


Szi. 


(4) 


When 8^1 -> 0 the determinants tend to the Jacohians evaluated at (*1 z^ z^) ; and therefore 




( 6 ) 


Now express as a function of ig, and z^; we find similarly, keeping constant, 

dza.^ ^ 


_ 3*2 




dz. 


s 

3a^, 


3(»2.«8)i.i: 3aj3,._ 


( 6 ) 


( 7 ) 




i9(Sl,^2.&)i 

Einally, express a:, as a fimction of and then keeping and constant 


( 8 ) 


(9) 

«id (10) 

Points near which the Jacobian is unbounded or tends to 0 are called aingvlar points 
of the transformation, and may need special treatment. 

This method shows that the fibnst method, based on treating elements of area or volume 
as parallelograms or parallelepipeds, actually gives the right answer, and being justified 
to this extent can be used directly in many oases where it is more convenient than working 
out the Jacobian explicitly. The transformation is often simplified by use of the theorem 


for 


3(gi 

3(% 


^n) _ 3(igi a?n) 3(^1 ••• Sn) 
Vn) ^(Sl ^(Vl Vn) 
dZj _ dZj djj 


( 11 ) 

( 12 ) 


where on the left is regarded as a function of the Tjj^ and on the right as a function of the 
But the determinant of the expressions on the right of (12) is the product of the two. 
determinants on the ri^t of (1 1), by the rule for multiplying detenninants. Alternatively, 
the theorem is required by consistency; for if it was fidse we could get a different result 
by transforming an integral to variables directly from what we should get by trans- 
forming first to and then to tjjg. 
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There is a theorem that if the Jacobian of mth respect to is zero 

everywhere, one of the g’s is determined when the others are given, and they are not a 
suitable system of coordinates. A proof will be found in most books on calculus. 


5*031. Changes of limits. Change of variables naturally implies changes of the limits. 

The new limits may be found either analytioally, by writing the ranges in terms of 
inequalities, or by drawing a figure and finding the limits by examining the ranges of 
the new variables required to cover the latter. No general rule of transformation can be 
given, but the methods will be illustrated by examples. 

There is an apparent inconsistency between the Jacobian transformation and the 


simple reversal of order in an integral with regard to two variables, for 


H«,y) 


= -i. 


This is explained as follows: is unaltered by any cyclic interchange of », y, z 

or of g, If, It is positive if, when the directions of d^, dr}, d^ are turned so that dg and 
lie in the plane of dx and dy, the rotation about dz from d^tod')] being positive, d^ makes 
an acute angle with positive dz. Thus the positive Jacobian means that di, drj, d^ form a 
right-handed set of directions, and Mx,y,z increase throughout their ranges of integration, 
1 ], ^ will also increase; for each integration the lower limit is the smaller. If the Jacobian 
is negative di, dy, d^ form a left-handed set, but an odd number of them will decrease 
through the range. If we still make all the lower limits the smaller we must therefore also 
reverse the sign. Hence if the lower limit is made the smaller for every variable, the Jacobian 
must be replaced by its modulAis. The formula for two variables is right because the limits 
are not reversed and therefore we must not use 3(a!, y)ld{y, x) but its modulus, which is -f 1. 


5*032. Polar coordinates. Take 


J = jjf{x,y)dxdy (0<a:»+y“<o®), 
and transform to polar coordinates r, 6. Then 


aj = roos^, y = rsin0. 


8(a;,y) _ oos0 — rsin^ 
d{r,d)~ sin© raosd 


and I = JJ/(a:,y)rdrdd. 

With the usual conventions we always take r > 0; then we represent every point within 
the curdle once by taking 6 from 0 to 27r, and the limits are 0 to a for r, 0 to 2fl' for 6. It 
would be possible to allow negative values of r, so that {—x,—y) would correspond to 
with the same 6 as for (*, y); but then to represent every point once 6 can only 
range from 0 to ir, and the limits become — atoaforr, OtoTrford. Hither system is equally 
valid. The origin is a sin g ular point of the transformation, but gives no trouble. 


5*033. Evidently if we change firom rectangular coordinates x, y, z to cylindrical 
coordinates m. A, z we get similarly 
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5*04 A d^nite integral 

If we now change from cylindrical to spherical polar coordinates (r, A, 6) we must put 

z = rQO&d, nr^raixid, 


and therefore 


d(m. A, z) _ d(m, z) 
0(r,A,^) ~ d{r,6) 


- -r. 




This can also be obtaiaed directly by taking 

a: = rsin^cosA, y = rsindsinA, 2 = rcos5. 

We represent the whole of the interior of a sphere of radius a by letting r range from 0 
to a, 6 from 0 to tt, and A from 0 to 27r. But either of the following would be equivalent: 

— o<r<a, O<0<jr, 0<A<7r, 

0<r<a, —TT^d^n, 0<A^7r. 

We must not take the ranges as, for instance, 0<r<a, — 7r<0<7r, 0<A<2v, for this 
would cover the sphere twice over and give twice the correct result. 

5*04. As an illustration of several features in the treatment of double integrals let 
us take the method given in many text-books for evaluating the integral 


It proceeds as follows: 


/ = J er^dx. 

p= re-^*dxx re-^^dy 

Jo Jo 

rco /•oo 

= j I e-^*^*>dxdy 
Jo Jo 


•m /•1A» 


e~**rdrd6 


therefore 


ra> ri/sff 

= j e-^rdrx I dJd 
Jo Jo 

l = \^. 


The passage from (1) to (2) requires justification; it is not obvious that the product of 
two ringle integrals can be converted into a double iutegral. Actually J must be under- 
stood to mean 


e-^dot — lim 


^-►oojo 




and we can without loss of generality take X—Y. Then (1) reads 


P => lim I e“**daj x 
,2— >00 J 0 


j\-^dy. 


II 
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5*041 


But in 


A mvMipU integral 

f f e~^^'^'^dxdy 

Jo J 0 


the limits are fbxite and the integrand continuous. Hence it can be evaluated as a repeated 
integral and is the same as the product of integrals in (8). Hence 

72 = lim f f e-^+'o'^dxdy. ( 10 ) y 

JS-ycoJo Jo 

But this is not obviously transformed to (3) by change 
of variables; for the region of integration is a square, 
and (3) must be understood to mean 





lim I j e-^rdrdd, (11) 

JR-^OO J 0 J 0 

and in this the region of integration is a quadrant. 

The justification is that the integrand is positive for 
all y, and the integral over the square must lie 

between those over quadrants of radii X and X^2. » 

That is, 

e~^rdrdd<\ j 6~^'*^^dxdy<\ I e-^rdrdd. (12) 

Jo Jo Jo Jo Jo Jo 

When we integrate with regard to 6 and then proceed to the limit, the first and third 
expressions tend to the same limit; hence 


/•oo 


e~**rdr = Jtt. 


By an obvious transformation we find the result, often wanted later,* 


( — i) ! = J e~^dx = 


5*041. A multiple integral. Especially in the theory of probability the integral 

•1 = JJ — J e«P ( - flf ) 


is ofteu wanted, where 


W = 


is a positive dejBonte form and the limits are — cx3 to c» for all variables. If IF is not positive definite 
the integral does not converge. We know that W can be reduced to a sum of squares by a transforma- 
tion to variables such that the Jacobian of the transformation is unity (cf. 4-08). Then if . 

( 3 ) 

I is the product of n integrals of the form 


Hence 


— II II* 

vi««ir 


'See Chapter 15 for the definition of the factorial function. 
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Integrals along curves 

5*05. Curves. So far, though we have used geometrical language as an aid to visual- 
ization, there has seldom been any need for our variables to be actual position coordinates. 
We are now concerned with a group of physical applications where this identification is 
necessary. The first step, however, must be to translate into mathematical language what 
we mean by saying that a set of points in three dimensions forms a curve. The first essential 
is that the points occur in an order as we proceed along the curve; the second is that there 
are no gaps in the curve — we can travel between any two points of the curve without ever 
leaving the curve. We can express these conditions by saying that the coordinates «, y, z 
of a point P on the curve can be expressed as continuous functions of a real parameter t 
in an interval of t. The order of increasing t specifies the order of points along the curve; 
and the hypothesis that a:, y, z are continuous functions of t and aU values of t in the 
interval are admissible ensures the absence of gaps.® We can always transform / to a new 
variable a continuous increasing function of so that the interval of is from 0 to 1 ; 
hence we can always suppose t chosen so that its interval is from 0 to 1 (possibly open). 

If any of a;, z is unboimded on the curve, then since a function continuous in a closed 
interval is bounded, the interval for t if finite must be open. Such curves can be treated, 
by analogy with the treatment for infinite integrals, by considering intervals 
and then letting a 0, 6 1 . 

A curve will intersect itself if there are values « = t^dLy 0<c<d<l, such that 

y> == Curves that do not intersect themselves are called simple. 

If (r, yy z)g„ 0 = yy curve is closed.* A simple curve that is not closed is called 

an arc. 

Take points y,., z^) in order on the curve, where A is (a:^, y^y Zq) ^ ^ 

(yJSLy Y y 21) = y<nty 

define \ as the positive value satisfying 

(aV+i-av)*+(2/r+i-S^r)*+(*r+i-a'r)* (1) 

n— 1 

and let ~ S ^ ^ increases indefinitely, the largest A,, tending to zero, s^ may tend 

r— 0 

to a limit. If it does, and if the limit is independent of the way of choosing the i^, the limit 
is called the length of the curve between A and B. We denote the length of the curve £n>m 
a given point A to an arbitrary point P by s. A given value of s identifies a point of the 
curve, and s, if it exists, can be used*as a parameter in place of t. 

5*051. A necessary and sufficient condition for a curve to have a finite length is ihoit Xy y^ z 
all have bounded variation on the owrve. First assume that the curve has a finite length. 
We have 

h^ ^ I ^r4-l "" 1 J ^ ^ ~ S A,. ^ S [ — 3?,. j . (2) 

Hence for any choice of the points i’, S | 1 ^ greater than the length of the 

curve; hence x has bounded variation on the curve. Similarly y and z have bounded 
variation on the curve. Conversely, let TJ., T^, 1^, the total variations of a?, y, z on the curve, 
all be less than M. Then for any subdivision 

SA,.<S{{ I + 1 yr+X'^Vr I + 1 [}< (3)^ 

♦ The meaning of cZoeed as applied to curves and surfaces is of course quite unrelatsd to its meaning 
as applied to intervals. 


XZ-2 
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and therefore S A, is bounded above. But adding new points of subdivision cannot reduce 
S hf, hence for any process of subdivision 2 hf tends to a limit. Uniqueness of the liTnif . 
for different methods of subdivision is proved as for the Biemann integral. 

5*052. Integrals along curves. If 

I j ^f{x,y,z)ds ( 4 ) 

s increases continuously as we pass along the curve from A, and J is a Biemann integral. 
It exists if and only if fix, y, z) is bounded on the curve and continuous with regard to « 
except possibly at a set of points of measure zero. 

If tt, «, to are three functions of x, y, z bounded on the curve, let 


J — \ (udx+vdy +wdz). 


( 6 ) 


This is regarded as the sum of three Stieltjes integrals, since x, y, z are not necessarily 
monotonic functions of a. a; is both continuous and of bounded variation. But even if tt 
is continuous as a function of s it may not be continuous as a function of x, for part of ths 
curve may be perpendicular to the axis of x, say for x = a, and then tt may change dis- 
continuously as x passes through a because y or z does so. But it follows at once ffrom tbs 
(sufficient) conditions already obtained for the existence of the Stieltjes integral that J 
will exist if the curve can be divided into a finite number of arcs, on each of which tt, v, ud 
are either continuous or of bounded variation. 

It can be shown that a fimction of bounded variation has a derivative almost every- 
where;* hence the derivatives 

0 

I = dxjda, m = d^/ds, n = dzjds ( 6 ) 

exist almost everywhere.* In other words a curve of finite length has a tangent almost 
everywhere. By a farther theorem we can change the independent variable to «; then 

/=» J Qsi+im}+nv})d8 = ^liU^da — ^l.uda. (7) 

Sufiddent conditions for this change of variable are that both (6) and (7) shall exist and 
that the dxjds are bounded.t The last condition is obviously satisfiled. In practice and 
If axe usually continuous except posdbly at a finite number of points, and both expressions 
fox J will be seen to exist on inspection. 


5*06. Surface integrals: area of surfaces. Corresponding to simple closed curves 
and arcs are closed surfaces and surfaces with boundaries. A closed surface is one of finite 
diameter and with an inside and an outside, so that we can pass from any point of the 
sur&ce to any other without leaving the surface, &om any internal point to any other 
without crossit^ the surface, and similarly from one external point to another; but we 
cannot pass from an internal point to any external point without crosdng the surface. 
If in addition any simple closed curve on the surface can be sbrnnlr up to a point without 
leaving the surface, the surface is called simply coimected. These conditions are satisfied 

* Titclunei^nAi, Theory of FimeHone, pp. 366-9. See also Hote l-15a, p. 663. 

t SeelVofA i-iaiA r> AA9 
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by most ordinary surfaces, in particular by the boundaries of solids, but it is possible 
to construct an anomalous surface known as the Klein botUe, w'hich has no inside and 
outside, and no bounding curve. It is of finite extent and we can pass firom any point of 
it to any other without leaving it, but any two points not on the surface can be con- 
nected by a path that does not cross it. Such surfaces are excluded from our discussion. 
Any straight line that intersects a closed surface at all will intersect it in an even number 
of points; we shall not consider surfaces such as, in cylindrical coordinates, 



which is intersected an infinite number of times by any line A = 0, nr = o, where 0 < a < 1. 
An example of a surface that is not simply coimected is an anchor ring. 

Any simple closed curve on a closed simply connectedsurface divides itiuto two portions, 
whichwe shall call caps. ThecurvewillbecaJledthenmof either cap. Either cap separately 
has no inside, but usually has the farther property that a simple closed curve on it and 
not meeting the boundary divides it iuto two regions separated by the curve, and any such 
interior curve can be contracted to a point without leaving the surface. That is, the cap 
must not have a hole in it. We exclude the Mobius strip because it is possible to draw 
closed curves on it that do not divide the strip into two mutually inaccessible regions. 
A Mobius strip can be made by taking a long rectangle of paper, giving it a half twist, 
and pasting the ends together. It clearly has a single boundary, and a complete longitudinal 
cut along it, following the origmal middle line, does not separate it into two pieces because 
the strip is still held together at the edge. Again, we can make a longitudinal out one-third 
or less of the way across; this will be found to divide the surface into two pieces, the edge 
portion giving a strip with two edges and a complete twist in it, while the inner portion 
remains as a narrower Mobius strip interlocked with the edge portion. We thus see that 
the original edge of the strip can be deformed into a circle by continuous distortion. 
Further, had the strip been made of a more extensible material, the inner portion, instead 
of being severed, might have been stretched to maintain its connexion with the outer; 
hence a circle can be filled by a one-sided surface. Therefore any closed curve capable of 
being continuously deformed into a circle is also capable of being filled by a one-sided sur- 
face. But it is obviously also capable of being filled by a two-sided surface. Imagining the 
deformation now reversed so that the circle is deformed into the edge of a Mobius strip, 
we see that the edge of the latter can also be filled by a two-sided surface.* In what follows 
we shall be entirely concerned with two-sided surfaces. 

Such considerations about properties of figures in space that are maintained in any 
continuous deformation of the figures beloi^ to the branch of mathematics known as 
topology. Such statements as that a plane closed curve has an inside and an outside seem 
trivial at first sight, but are actually true only when the definition a closed curve is 
made perfectly dear and even then are quite difficult to prove. Again, in the theory of the 
magnetic fidd of an electric current it is usually taken for granted that the dosed circuit 

* For illustrations of a one-sided surface filling a circle, and a two-sided surface filling the edge 
of a Mobius strip, see Courant and Bobbins, Whast is MathemaHes, pp. 261, 388. The one-sided 
surface is not sizqply a mathemsticsl curiosity; one will actually be formed by a soap film 8teetohe4 
across a boundary of suitable form. Wbetfaeir the film will be stable as a two-sided or a one-sided 
surface is simply a matter of which has the smaller area. 
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can be filled in by a two-sided surface; but tbe edge of a Mobius strip would be quite a 
possible form for such a circuit, and how to fifltt it up with a two-sided surface is far from 
obvious, though it can be done. 

Corresponding to the length of a curve it is natural to try to define the area of a curved 
surface by taking a set of points in the surface, connecting them up so as to form tria.T>glftB 
and defining the area of the surface as the limit of the sum of the areas of the 
when these are made indefinitely small. (With plane polygons of more than three vertices, 
there is, of course, an extra complication ; four points on a curved surface do not necessarily 
lie in one plane.) Unfortimately,. without some further restrictions on how we are to 
select the points and what pairs are to be joined, this does not lead to a unique definition 
of the area, even in some quite simple oases. From the study of the definition of a multiple 
integral it is natural to require that aZZ sides of the triangles should tend to zero and not 
simply that the areas should; but even this is not sufficient. To take an example given by 
H. A. Schwarz,* imagine a circular cylinder of radius 1 with its axis parallel to the z axis, 
divided up by plane cross-sections at interval m. Take on each section n points equally 
spaced about it ; for each section the n points are opposite the points midway between those 
chosen in the adjacent sections. Then these points specify a set of isosceles triangles with 
their vertices in the surface, and their sides can be made arbitrarily small by taking m 
small enough and n large enough. But if A, B are points of a section with their cylindrical 
coordinates A differing by 27r/», the midpoint of A, Bis inside the cylinder by a distance 
1 — cos 7r/«, and the z coordinate differs from that of C, the nearest point of the next section, 
by m. Hence the plane of the triangle is inclined to the tangent plane at (7 at an an^e 


tan~^ 



This is small only if mn^ is large; if m tends to zero like n~^ the planes of the trian^es 
approach the tangent planes, but not if m tends to zero like n~K Again, the area of a 
triangle is 

. w/ . . . , 7r\^» 

sm-|w*H-4sm*— I , 
n \ 2nJ 


and that of the 


2n 

m 


triat^es covering length 


1 of the cylinder is 


2wsin- 

n 


1-i — ssin* 


TO® 


2n/ * 


If »->oo, this tends to 27r provided that toto*->oo. Thus the condition that the sum of the 
areas of the triangles shall approach that of the cyliader is the same as the condition that 
their planes shall tmid to the tangent planes. If this condition is not satisfied the sum 
may tend to any limit greater than 27r. 

Consequently the definition of the area of a curved surface is more difficult than that 
of the length of a curve. For a curve, so long as the direction cosines of the tangent vary 
continuously with position, the direction of a short chord must tend to that of the tangent, 
and the ratio of its length to that of the arc must tend to 1. For a surface, the corre- 
sponding approximations for trian^es require a further condition, which can be taken to 
be that all angles of the triangles are greater than some fixed angle S. But this introduces 

* Qm. math. Abhand. 2 , 1890 , 309 - 11 . 
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the further question: can we prove for a general surface that such a choice of triangles is 
possible however short the sides t As for the length of a curve it is also necessary to prove 
uniqueness: to show that if several such choices are possible they all give the same result. 
A further condition that is clearly necessary may be expressed very roughly by saying that 
the triangles must not overlap, more precisely in either of the following ways. If we 
project the triangles surrounding a point on to the tangent plane at that point, no point 
of the tangent plane must lie within the projections of two triangles. Alternatively, if A 
is surrounded by vertices B,C,D, we take a curve on the sxirface connecting AB and 
then move it about A in such a way that it never intersects any of its previous positions. 
It will pass through other vertices within a specified distance in turn and in a definite 
order, ordinarily returning to B. If the order is BCD . . . FB, take the triangles about A 
to be ABC, ACD, ..., AFB. Repeat the process by rotating a curve through BF about 
R till it passes through C ; the order of passage through further vertices identifies further 
triangles, and the process may be repeated until the whole surface is covered. Without 
some such rule there is no guarantee that the whole of the surface will be covered by the 
triangles or that some of it will not be covered twice. 

We shall not attempt to prove the uniqueness and existence of the area of the surface 
as the limit of the sum of the areas of elementary triangles inscribed in it. The problem is 
difficult and is still engaging the attention of pure mathematicians.* For further informa- 
tion the works of Lebesgue, Young, BurkiU, and Saks*" may be consulted. What is estab- 
lished is that suitable sets of triangles can be found (that is, such that at each stage of 
the approximation no triangle has an angle less than S, where S is fixed, and such that 
the conditions for avoiding overlapping axe satisfied) provided that the surface is bounded 
in all directions and has a normal at every point P, such that if Qg, ... are other points 
tending to P the normal at tends to that at P. The latter condition is often described 
by sa 3 dng that the surface has a continuously turning normal. These conditions are 
sufficient but not necessary, being clearly not satisfied by a cube. But the definition is 
easily extended to cover the latter case. If the direction of the normal changes dis- 
oontinuously when we cross a curve or a point on the surface we need only cut out the 
exceptional region by a strip or hole of arbitrarily small width, evaluate the area of the 
remainder, and find the limit when the width of the excluded region tends to zero. 

We can now define ///(«, g, z) dS over a curved surface. If is the area of any elemen- 
tary triangle we can t^e the value of /(«, y, z) at any of its comers, form y, z) SS, 
and proceed to the limit. A sufficient condition for the existence of the limit and for its 
uniqueness for different ways of choosing the elementary triangles is that /(a;, y, z) shall 
be continuous and that the surface shall have a finite area. 

If (A, jz, v) are the direction cosines of the normal to the plane of an elementary triangle, 
the projections of its area on the coordinate planes are {\S8,jzSS, pSS'ff If z on the surface 
is given as a function of a; and y and SSg is the projection of the element on the plane z ss 0, 

. S/(a;, y, z) SS = S/(®, y, z) SSJv JJ {/(«, y, z)ln} dxdy, 
where n is the cosine of the angle between the normal and the z axis, and therefore 

* H. Lebesgue, AnnaK di Mat. (3) 7, 1902, 231-369; W. H. Young, Proc. Soy. Soc. A, 90, 1919, 
72-81 ; J. 0. Bnrkm, Proe. Loni. Math. Soc. (2) 22, 1923, 311-36; S. Saks, Theory of the hOegrci, 1937. 
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We have assumed again that v -> Wr, which again asstimes that the normal to the surface 
is ‘continuously turning^; but, as before, this restriction can be somewhat relaxed. We 

then 'smte j z)d3 = f f{f(x, y, z)ln) dxdy. 

In particular the area of the surface itself is 

J = JJ {Ijn) dxdy. 

The positive sign is taken for nifx and y both increase or both decrease through the range 
of integration, the negative sign if one increases and the other decresises. In practice 
surface integrals are usually evaluated by transformation into repeated integrals. 

5*07. Green*8 theorem and Stokes’s theorem. We are now ready to consider two 
important theorems, the one connecting a volume integral with a surface integral, the 
other connecting an integral about a closed curve with a surface integral over a cap filling 
the curve. The first needs a preUminary lemma, variously known as Green’s lemma, 
Gauss’s theorem, and the divergence theorem. It states that 




( 1 ) 


where i*, w are functions of a?, y, z with continuous first derivatives within a region F, 
approaching their values on the bounding surface S continuously, and the first integral 
is taken through V and the second over S. i, w, n are the direction cosines of the normal 
to 8, drawn cmtwards. 

Take first the term jjj^dxdydz. Since the first derivatives of u are supposed con- 
tinuous, this can be ev^uated as a repeated integral, the integration with regard to x 
being done first. Now, if we take lines parallel to the axis of a?, each intersects 8 an even 
number of times if at all; the first intersection, proceeding firom negative a, is an entry, 
the second an exit, and so on if the line intersects 8 more than twice. Numbering the 
intersections 1, 2, ... in order, since integration is through the interior of S, we have 


/ 




( 2 ) 


consisting of a finite number of terms since we assume that no straight line intersects S 
an infini te number of tiihes. Now consider the integrations with regard to y and z. These 
constitute an integration over a region in the y, z plane, defined b;^the condition that a 
line £com any point of it parallel to the axis of x intersects 8 at least twice. We have 

jju^dydz = jjl^U2d8 (S) 

according to our i^finition of the latter, being the modulus of the direction cosine of 
the normal at the point. But we see easily by reference to a figure that the outward normal 
at a point of exit makes an acute angle with the axis of x; hence I2 is the direction cosine 
of the outward normal. Similar considerations apply to ^ 0 , ... if there are more than 
two intersections. 

For Uiy . we should have a similar relation to (3); but would still have to be taken 

positive, and would therefore be the direction cosine of the imoard normal. If we define 
Z to be always the direction cosine of the (yuitwmd normal we theocefore have always 

= JJZucZaS^, JJugci^dte = JJZwcZ^a* •••9 


(4) 
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each integral on the right being over the region of the surface identified by the corre- 
sponding suffix on the left. Hence 

jjj^dxdydz = S JJ ludS^. (5) 

But this sum includes all points of intersection and therefore covers the whole of 8. 
Therefore it is jjludS. 

By integrating first with regard to y and z we obtain similarly 


JJJ “ JJ JJJ ^^dadydz = JJ nwdS. 


( 6 ) 


Finally, by addition we have the result stated at the outset. It will be noticed that to 
justify the treatment of the three terms separately, using different orders of integration, 
we assume that dujdx, dvjdy, dwjdz are aU continuous with regard tox,y and z. It is not 
sufficient that their sum should be continuous. (But cf. 11 >053 a.) The theorem also 
requires some restriction on the surface /8^; it is sufficient that it should have a finite 
area and a contiauously turning normal in the neighbourhood of evmy point. 

Both these conditions can be somewhat relaxed. Suppose that 8 is intersected by 
another surface T dividing the region into two parts Sj and 8^, that T satisfies the con- 
ditions, and that u, v, w are coniinuous but their derivatives may have finite discon- 
tinuities in crossing T. Then we can apply the theorem separately to the regions bounded 
by 8i and T and by 8^ and T. The sum of the volume integrals is the integral through 8. 
The sum of the parts of the siurface integrals arising from and 8^ is the integral over 8. 
But I, m, n are equal and opposite for the two regions at every point of T, and u, v, w are 
the same; hence the parts arising from the integrals over T cancel, and the theorem remains 
true as applied to V and 8. 

There may be curves on 8 where there is no definite normal, as at the edges of a rect- 
angular parallelepiped. The latter is actually the easiest type of surface to prove the 
theorem for. To adapt the general argument we need only enclose the curves where the 
normal does not exist within narrow strips. The volume int^ral is then seen to be equal 
to the limit of the integral over the rest of the surface when the width of the strips tends 
to zero, and the' theorem remains true. 

The theorem is also true of the r^on between two closed surfrboes, or of the interior 
of an anchor ring. 

If u, V, w are the components of a vector u^ we can write the theorem in the forms 


being the component of « along the outward normal. It is undesirable to try to prove 
the theorem directly in either vector or tensor notation, for two reasons. First, the proof 
depends on the possibility of treating the terms separately, and they are not put together 
till the end. Consequently in the greater part of the proof we are not dealing with the 
vector as a whole. The use of vector notation is therefore impossible. Tensor notation 
would require the specialization of suffixes and increase the trouble of writing out in 
comparison with the use of different letters for the components. Secondly, either treat- 
ment would suggest that the theorem can be applied when u, », w are the com- 
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ponents of a vector; this is not so. There is an intimate relation between the theorem 
Cauchy’s theorem in the theory of functions of a complex variable, but the functions it 
is there applied to are often not the components of a vector but a pair of scalars. 

A common practice, especially in German books, is to write the integrals with only one 
gigri of integration. This has the disadvantage that for evaluation the integrals must be 
written as double or triple integrals, and some confusion can arise: there ate no variables 
of integration 8 and r. 

If all the components are independent of z and we apply the theorem to the region 
between two planes of constant z and a cylinder with its generators parallel to the z axis, 
we get the two-dimensional form of the theorem 

JJ 

Tor the ends contribute nothing to the surface integral, siace l = m — ^ there, and the 
values of nw at corresponding points of the two ends are equal and opposite; and the 
length of the cylinder cancels. This result is also easily proved directly. 

Replacing it by u and v by — tt we have 

J| -/(*»-»»)*>• 

But if we proceed along the tangent in the positive direction (i.e. keeping the area on the 
left), the direotion cosines of the tangent are ( — m, Z) = (dxjds, dyjde). Hence the integral 
on the right is taken around the boundary in the positive sense. This is the 

two-dimensional form of Stokes’s theorem. 


5*071. Green’s theorem. In Green’s lemma put 

rdV 


Ui=U 




Then 
that is 


. where by dVjdft we understand differentiation along the outward normal. Similarly 

and therefore |JJ (17V*F- 77*17) = JJ d8, 

provided that UdVjdXi and VdU/dxt have oontiauous first derivatives within the region; 
that is, that the second derivatives of TJ and F exist and are oontinaous. 

5*072. Stokes’s theorem. Let (7 be a simple closed curve and 8 a two-sided surfoce 
with C as the boundary. Let «, «, w be three functions of position with continuous first 
derivativee. Stokes’s theorem is that 
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where (Z, n) are the direction cosines of the normal to the surface at the element dS, 
The sense to be taken for the normal is given by the consideration that if (7 is continuously 
deformed and displaced so that it is described in the positive sense in a plane of z constant, 
and S lies in this plane, the normal becomes parallel to the positive direction of the z axis. 

First let (7 be a closed plane curve and S its interior. If we take axes of X, F in the plane, 
we have the two-dimensional form of the theorem 




UdX+VdY = 


BX 


btJ 


dXdF. 


Take an axis Z normal to the plane and replace X, 7, Z by X^ (j = 1, 2, 3). Then 

But Xj does not vary in the path, and for j = 1, 2 we can put 


_ 


U = Ui 


aZi’ 


T/ 


then 


and 


dV dU _ Buf Bxf Buf Bxf 
3Xi aXj “ 

■ /Buf a®* Bxi Bui Bx^ 
sXdx^BX^BX^ Bx^BX^BXj^^'^ 


( 2 ) 

(3) 

(4) 
( 6 ) 


dX. 


But BxfjBXj = Ifj, the cosine of the am^e between the directions of a;^ and X^; and 


Then interchanging i and Ic 




(6) 


(7) 


j^u,dx, - 


■II 




( 8 ) 


being the direction cosines of the normal to the plane. This proves the theorem for 
any plane area with a finite perimeter. 

Now take a set of triangles approximating to a curved surface, apply the theorem to 
each, and add. Each internal side is traversed in opposite directions in adjacent triangles, 
and the contributions to the left side fiom internal sides cancel, leaving those from the 
outer edges. But if we now take the triangles indefinitely small the sum of the contribu- 
tions from the outer edge tends to JufdXf around the outer edge; and the int^ral on the 
ri^t tends to the surface integral. This extends the theorem to a general sur&oe. 

In vector notation the theorem is 


( M.etes f I n.avacludS. 
Jo JJs 
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In tensor notation, if we write 


Flux and circulation 


5-08 


C -c 

Sm - > 

y. jg J* 

n.<25 is often written as dS, regarded as a vector with magnitude d8 directed alongn. 

5*08. Flux circulation. If is a vector, n^ the direction of the normal to a 
surface, f Ktti<2/Sf taken over a surface is called the flux of through the surface. la 
hydrodynamics, if is the velocity of a fluid at any point, the flux is the volume of fluid 

through the surface per unit time; hence the name. around a 

circuit is the eirctdation around the circuit. Then Green’s lemma can be read: 

The flux of a vector through a closed surface is equal to the volume integral of its diver- 
gence through the interior. Stokes’s theorem can be read: The circulation of a vector 
around a circuit is equal to the flux of its curl through a cap filling the circuit. 

Consider a closed surface S and let all its dimensions tend to zero. If F is its volume 
we have 

i JJ ku^dS = i JjJ ^^dx^dx^dxs, (1) 

and since the components of Ui are supposed to have all their first derivatives continuoiia, 
we can, by taking the element small enough, make this differ as little as we like from the 
value of divti at a point within the element, irrespective of the shape of the element, 
provided only that its size tends to zero in all directions. Thus 

limiJJZiii<d^ = divM, (2) 

when the size of the element tends to zero in the way stated. This result is particularly 
useful when the divergence of a vector has to be express in terms of curvilinear ortho- 
gonal coordinates. 

Vectors with zero divergence everywhere in a region are called aolmcndcA in the region. 
The flux of a solenoidal vector through any closed surface in the region is zoto; and wn- 
versely, by the last result, if a vector has zero flux through any closed surface in a region, 
it is solenoidal in the region. Especially, in the flow of a fluid of density p, where p may 
be variable, the rate of transfer of mass through a surface is ^^pliUidS. If the ma^ within 
every surface remains constant with time, the vector pv^ is therefore solenoidal an 
div (pte) = 0. In particular, if the fluid is homogeneous and incompressible, so that the 
mass within a closed surface within it is necessarily constant and 0p/0®< = 0, 
simply divu »= 0. In many hydrodynamical problems the latter condition is satisfied. 
A sufficient condition for a vector to be solenoidal is evidently that it shall be the curl o 
another vector. We shall prove in 6*1 1 that this condition is necessary • 

Vectors with zero circulation about every circuit in a region are called irrotoHoruilm 
the region. If A(^) and B{Xf) axe any two points in the region and we connect them by 
two different paths L and L' in the region. 


j^UidXf s= 


(8) 
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For the path along L from ^ to J5 together with the path L' from ^ to ^ form a closed 
circuit in the region, and if is irrotational the integral aroimd it will be zero. But in this 
circuit the part L' is traversed in the opposite direction; hence the result stated follows. 

Thus UidXi depends only on the termini and not on the intervening path, and can be 

expressed in the form ^b~4*a^ where ^ is a scalar function of position. Now take a point 
B' with coordinates (ajj + dx^, x^, x^. To get from ^4 to B' we can go to B and then on to 
B', and 

^ ^ «i, (4) 

whence = Ui, (5) 

and by symmetiy =* . 


Hence an irrotational vector is the gradient of a scalar. Again, 

^ ^ itCx 

dXi, dXfdxj^ 3 * 4 * ' ' 

and therefore an irrotational vector has zero curl. Conversely, if a vector has zero curl 
everywhere in a region we can apply Stokes’s theorem to show that its circulation about 
any circuit capable of being filled by a cap in the region is zero and therefore it is irrota> 
tional, and therefore, by the above argument, it is the gradient of a scalar. 

If Uf is both solenoidaJ and irrotational, ^ exists and then, since dujdxf == 0, 


which is written compactly 


0*5 0*1'*' 03^"*^ 0a^ ” ’ 

W = 0. 


1. Prove that, if ~it«x.<n. 


EXAMPLES 


Jo Jo 2^a' 

2. 8, T are the fixed points (0, 0, ± JJS), and P is the variable point (®, y, z); the distances PS, PT 
are denoted by a, t respectively. If 

, «+« a—t 


aad ^ is the angle between the plane PST and the plane ^ = 0, show that 


Hence prove that 


\d(x,y,z) 

j j j 


the integral being taken over all spaces 


(Prdima 1942.) 
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Examples 


3. By using the trainsformation 

x+iy = (w-fit?)® 

or otherwise, evaluate 

^(x^’¥y^)~‘^dxdy 

taken over the region enolosed by aros of the oonfocal parabolas 

== 4.a^{x+ar) (r = 1 , 2 , 3 ), 

where €Li>aj^>0, a^<0. 

4. Provo that the integral 

J P 

taken over the surface of an ellipsoid of semi-axes o, 6, c, where p is the length of the perpendicular 
from the centre on to the tangent plane at a point of the ellipsoid, is equal to 




Evaluate 


rd8 

J 


(M-T. 1940.) 

5. Determine the new limits in the following integrals, when the orders of integration are reversed: 

fi ri rbcoBeo0 

dx\ f{x,y)dy, d0\ f{rpd)dr» (1.0.1940.) 

JoJot* J J 0 


6. Express the integral 


ra /•* /•v 

da\ dy\ 

JO Jo JO 


dx 


in spherioal polar coordinates, and show that its value is na^l2^. 


(LC. 1938.) 


7. If is a homogeneous polynomial of positive integral degree n in the coordinates, satisfying 

= 0, and jS' is a sphere of radius a about the origin, prove that 




8. If il and B are two vector functions of position, prove that 

dLv(-4AjB) JB. curl curl JB. 

If further A and B are functions of the time and are connected by the relations 

dA dB 

curlB, -^ss— curlil, 
dt at , 

and 7 is a volume enclosed by a fbsed sux£em^ 3, prove that 
« 

j j(A*+B*)dT = - j j(AKB).d8. (M/o, Part m, 1931.) 

9. Prove that 

div(^JL) ==: ^div-A-fA.grad^. 

If divJD =s 47rp, J5 = — grad^,B = JECB, where JC is independent of JB, show that, if ^ is 0(l/r) at infinity 

, l^e integrals being taken throui^ all space* 



Chapter 6 

POTENTIAL THEORY 


‘But all that moveth doth Mutation love.’ 

SPENSEit, Tkt Faerie Queene, Bk. 7 

6*01. 1/r as a solution of = 0. Let be the coordinates of a point P and r its 
distance from the origin. Then 

1.1 fl) 

dx^r dr\r/dx{ r®’ ^ ' 

8 * 1 8 _ 1 dXf Sx^X/j. 

dXidXjgr~ 8a;jr* r^dx/^^ r® 


r® 

Now put k = i and apply the summation convention; since 


( 2 ) 


iHiXi = r*. 


8* 


^ti = 3 , 

i = 0 , 


dx^dx^ r 

so that 1/r is a solution of Laplace’s equation, = 0, except at the origin. 

It follows at once that if ^ are the coordinates of another point Q, and 


(3) 


(summed), then 


r‘=(x,-^)> 

ili-n 

8a:|r“’^’ 


(4) 


except at Xf = Eurther, if we take n points ... and denote their coordinates by 
^ and the various distances QgP by r,, then 




0 , 


(5) 


where a, are any constants, except when any of the r, is 0, that is, when P coincides with 
any of the points Qg. Differentiation is of course understood to be with regard to the 

n 

coordinates of P. Hence with this restriction any function of the form 2) ajrg is a solution 

»— 1 

of Laplace’s equation. 

8 1 8 1 

Note that result that will be needed repeatedly. 

Now the gravitational potential due to a distribution of particles is of this form. So is 
the electcostatio potential due to a set of point charges. Hence both satisfy Laplace’s 
equation. This equation arises also in the hydrodynamics of an incompressible fluid. For 
if is the velodfy at P(a;() the condition that the mass within any dosed surface is 
constant requires that % is a solenoidal vector; and for cmy circuit capable of being filled 



176 Potential due to particles g-Oj 

by a cap occupied wholly by fluid that has never passed near a solid boundary the ch- 
culation ju^dx^ round it is practically zero, so that to a good approximation is also 
an irrotationaJ vector. In classical hydrod 3 Tiamics we adopt the approximation 



where ^ is a scalar function of the coordinates, satisfying Laplace’s equation, and called 
the vdodty pot&atiai. The solutions of this equation therefore contain the whole of the 
part of hydrodynanodcs that neglects viscosity and treats the fluid as having a constant 
density independent of pressure and of any other complication such as variation of 
temperature or composition. These conditions are not satisfied in any real fluid, but in 
many actual motions of fluids about solid boundaries they are satisfied within the obser- 
vational uncertainty except in parts of the fluid that have passed close to a solid; and the 
modem development called boundary layer theory deals with the latter regions, which are 
usually thin. 

If r is the distance of P from the origin, rg/r-^- 1 when r->-oo. Hence when r is large 

» a « 

r?6 = rS-S->Sag. (6) 

8^1 


Thus unless Sug = 0, ^ behaves for large r like 1/r. If Sug = 0, ^ will decrease more 
rapidly than 1/r. 

Now consider the flux of the gradient of 1 jr through a sphere of radius a about the origin. 
The direction cosines of the outward normal are xjf, hence 



But the area of the sphere is hence 




(7) 


This can be extended to any closed surface surrounding the origin. For if we take such 
a surface S, and take a sphere S large enough to enclose 8 completely, we can apply 
Green’s lemma to the region S — between 8 and S. Using d/dv to denote differentiation 
along the outward normal from this region, which will be outwards from O over S and 
inwards over 8, we have 



( 8 ) 


Thfe left Eide is zero. The oontribulaon to the right from S is — in. Hence 



d8 = 47r. 


( 9 ) 


Since dv is here taken towards the side containing O, it follows that if we take dn out- 


wards from 0 



( 10 ) 


which extends (7) to any surface enclosing the origin. (An easy application of Green’s 
lemma shows that this integral is zero if 8 does not enclose the origin.) 
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In classical hydrodynaDoics, if the flow is radial and symmetrical about the origin, and 
u is the velocity at distance r from the origin, « is a function of r only. The rate of outflow 
through a sphere of radius r is then ^rhi. If the region between two such spheres of 
radii and is filled with fluid throughout the motion, it follows that rf iij = rlu 2 ‘, thus 



( 11 ) 


where iTrm is the volume of fluid issuing from the origin per unit time. Then 



( 12 ) 


apart from an irrelevant constant. If m is positive, this is the velocity potential of a source 
emitting volume 477m of fluid per unit time; if m is negative, it is that of a sink. That due 
to any set of sources and sinks is obtainable by addition as for gravitation and electro- 
statics. 

The resemblance between these three branches of mathematioal physics, to which the 
flow of electric current in a uniform conductor may be added, is so close that the mathe- 
matical theory common to all is most conybuiently developed in one piece. With a slight 
modification much of the theory is also applicable to magnetism. It is known as potential 
theory. 

It follows at once from (10) that if 

(13) 

jJ^d5 = -47rS'a.. (14) 

where the summation in S' covers all the a, corresponding to the points Q, that lie within 
S', for if Qg lies within S, agjrg contributes — 47ra, to the sum, and if Q, lies outside S the 
term contributes 0. This is a ca>se of Gauss's theorem. 

6*02. Continuous distributions. The appUcation of these results to continuous dis- 
tributions meets with two difficulties, one mathematioal and one physical. If we identify 
our particles with protons and electrons, the gravitational and electrical potentials will 
consist of finite sums of the form just discussed. In practice, however, the number of 
elements in any piece of matter of ordinary size is so large that the working out of the sum 
would be impossible, and also there are additional forces at short distances. But just for 
this reason another method becomes possible. An integral is the limit of a finite sum when 
the number of intervals becomes very large, their total length remaining the same. Thus 
a sum over a large finite number of intervals is a good approximation to the integral; 
but, conversely, the integral is a good approximation to the sum. This suggests that 
instead of taking the matter or charge as concentrated in separate points we may take it 
as distributed continuously throigh the volume, in such a way as to keep approximately 
the same total mass or charge in any given region containing many elements. It is 
obviously impossible to make the totals exactly the same for every region.- For if so we 
could take a closed surface surroimding a sin^e element; the mass within it wiU tend to 
zero when the surface is taken small enough if the distribution is continuous, but to a 
finite limit for the actual distribution. The approximation is in fact good only for expires- 
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sing average properties of regions containing many elements, and will not deal with 
individual paxtides. The former type of properties are usually caUed molar or macroecopie 
the latter molecular or rhicToacopic. (It need not be inferred from this choice of words that 
an actual microscope is capable of observing individual molecules!) If, for instance, 
a r^on not exceptionally long in one dimension in comparison with the others contains 
n elements, where n is large, in the actual distribution, and the equivalent mniaa oj 
charge of in the continuous one, we have the sort of approximation required. 

The density at each point can be identified with the ratio of the total mass in such a 
region to its volume, and siimlarly for the charge density, and both will be finite every- 
where. 

The physical difficulty is that if a solid consisted entirely of stationary particles, under 
no forces except inverse square ones, it could not be stable and would ooUapse to zero 
volume. This has been- partly met either by supposing additional repulsive forces, 
considerable at short distances, but falling off with distance faster than r-®, or by supposing 
the particles to be in rapid orbital motion. In the former case the additional forces must 
be studied separately; this method has been adopted especially by Bom and Lennard- 
Jones in the theories of crystals and gases. In -the latter the potential due to a given body, 
even apparentiy at rest, will be a rapidly varying function of the time. The quantum theory 
ftima at combining both suggestions into a single hypothesis. The various solutions all 
make the forces between particles follow, the inverse square law so long as the distance is 
considerably greater than 10~® cm., and their mean values over intervals of the order of 
10“” sec. change little from one such interval to the next. Consequently the mathematical 
and physical difficulties can be met in the same way: the predictions of the inverse square 
law will be right provided that we apply them only to changes of mean position or 
momentum, during intervals of time longer than about sec., of the matter -withia 
regions greater than about 10~® cm. in linear extent, and when they are right they will 
be approximately the same as those for continuous distributions that preserve the same 
-total mass or charge within such regions. 

In our formula for ^ we therefore replace Ug by pd^id^^d^z, so that ^ specifies a point 
of the distribution. We continue to use for the point where ^ is being evaluated. Then 
we are led to study the frmction 

= 0 ) 

where now p will be a fonotion of 1 ^, gj, I3, the coordinates of a point Q‘, x^, *2, are 
coordinates of a point P, and R is the distance QP given by 

= ( 2 ) 

y is a constant with different values in different branches of physics. For shortness we 
write = dr, so that dr is an element of volume. 

We suppose as before that p = 0 for points at more than a given distance from the 
origin. Then again when r is large 

y^-»-yJJJ/9dr. (2) 

If p — 0 tbiou^out any region, = 0 in that region. For if we differentiate ( 1 ) under 
the integral sign we get 
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For values of B sufficiently small, Q will be_in the region where p — 0. The integrand is 
therefore a continuous function of ajj, x^, *3, wherever B does not vanish, and the ranges 
of integration are finite. Differentiation under the integral sign is therefore justified. 
Then, by addition, we get as before = 0. 

Important intermediate cases between discrete particles and continuous distributions 
are surface and line distributions, in which the mass or charge per unit area or unit length 
respectively is finite. It is again obvious that the potential satisfies Laplace’s equation 
except possibly on the surface or line. 

6*03. Uniform spherical shell. Before proceeding further with the general theory 
we consider a few important special cases. Take first a uniform surface density cr over a 
sphere of radiiis a. ^ is obviously independent of direction and therefore is a function of 
r only, and it must satisfy Laplace’s equation except actually on the sphere. Now if 
accents denote differentiation with respect to r, and ^ is a function of r only 


Xi., 


dxfdxji r ^ 


oe^Xj, .. . x^x. 




W - +(i' = fS-+^ - W). 


( 1 ) 

( 2 ) 


Hence since = 0 everywhere except on the sphere 





( 3 ) 


where A and B are constants. But when r is large 

r^-^y JJcrd;8 = 47rya^cr. 

Therefore outside the sphere = 0 and B = 47rya®(r; and* 

. iTrya^ar , 

^ = — ~ — (r>a). 


( 4 ) 

( 5 ) 


At the centre ^ is obviously finite and equal to 47rya<r; hence B must be 0 within the 
sphere and 

^ = irtyacr (r < a). (6) 

Thus <f> has two distinct analytic forms inside and outside the sphere. Its radial 
derivative is 


d6 iTTva^cr , , 

= 0 (r<o), 


(7) 


* No stronger evidence for the need for an adequate notation could be required than that pro- 
vided by the history of this formula. There is good reason to suppose that Newton delayed for about 
twenty years his publication of the comparison betwe^ the gravitational acceleration of the moon 
with gravity at the earth’s surface because he was unable to prove that the attraction of a sphere 
at all external points was the same as that of a particle of equal mass at its centre. But the proof 
from Laplace’s equation is so easy as to be almost trivial. Why did Newton not discover liaplace’s 
equation? Presumably because his duxion notation did not allow him to contemplate more than 
one independent variable and could not express partial derivatives. 


la-a 



180 Sphere; spherical cap 6*031-6*032 

and therefore has a discontimiity — 4mya‘ as r increases through a. (f> itself, however, is 
continuous on crossing the sphere. This is a general result: the potential is continuous 
when a surface distribution is crossed, but the normal derivative has a discontinuity of 
~4aty<r. 

6*031. Uniform sphere. Next consider a uniform sphere of density p and radius a. 
We can imagine it built up of concentric spherical shells of radius a, thickness &a, and 
therefore surface densities p8ct. Then at points outside the sphere 


^5 = 


>■ Jo 


iirypa^ 

S~T~ 


ir>a), 


( 8 ) 


as we should expect. For internal points it is easiest to work with d^Jdr, since shells with 
a > r make no contribution to this. We have 


At the centre ^ = ^rrypj ctda — ^Trypo*, 

and therefore ^ = 27ryp(o*— -Jr®) (r<o). 

Hence both ^ and d^jdr are continuous on crossing the sphere, for 

]ini =5 lim2}r7p(o*— = fnypa^, 

r-^a 3 T r->*a 

]im = hm(-f7T7pr) = -fwypa. 

r~^a \ ^ ^ / r-^a 

But {6 for r < a does not satisfy Laplace^s equation; for 

0 

g^(-f»rrpr*) = -^pXi, 

V®(— iTrypr®) = — 47ryp. 


( 9 ) 

( 10 ) 
( 11 ) 

( 12 ) 

(13) 


(14) 


This is Poisson' e equaiion and expresses a general property of the potential inside matter. 
It foUowrs that when the density is discontinuous we can expect the potential and its 
first derivatives to be continuous but at least one second derivative to be discontinuous. 

6*032. Spherical cap. Consider now the potential on the axis of a s^ment of a 
sphere of radius a and semi-an^e a. 


We have yo- J “ 


*'a®sind(i0dA 
B 


f =a 27rycr J 


_ 27ryo‘^{(a*+r*— 2orcoBa)’*-*-]r— a]}. 


(16) 



( 18 ) 
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Line d&naUy 

and again d<f>jdr has a discontinuity — ^Tiycr when r increases through a. R for ^ = 0 must 
of course be taken positive, \ r—a\, whether r>aoTr<a, being simply the distance AP. 
If a = TT, so that the segment becomes the whole surface of a sphere, we recover the 
formulae (5). 

If a becomes large, with r—a=‘X and asina = 6 fixed, we get the case of a circular 
disk of radius b. In this case 

^ = 27ryor{^(6® +x^)—\x\}, (19) 

which tends to + 2irY(r or — 2ny(r &bx-*-0 from negative or positive values respectively. 
Formulae (18) (20) are correct, of course, only when P is on the line of symmetry. But 
they show how the discontinuity in the normal derivative mamtains the same value 
even though the values on one side range from zero to 27ry<r as a varies. 

6*033. Line density. As an example of a line density consider a distribution X per 
unit length along the axis of z, from ^ = — a to + a. We have 




dC 


,{a;2+^*+(C-*)*y^ 


-0 

= 7a(i 


yA sinh-^ -i rrr 2\ 




a — z 




+sinh~^ 


a + z ) 


( 21 ) 


If and — o<z<a,' both terms tend to +00 logarithmically; but if z< —a or 

z>a one tends to +00 and the other to — 00 , and the limit of the sum is finite. If a is 
very large and x, y, z not large 


== yA |2 log 2a - log (»* +y‘) + 0 | . 


( 22 ) 


The parts of this that do not tend to zero as a-> oo are 


— yAlog 


(a;« + y®) 
4o* 


-2yAlogg, 


(23) 


where w is the distance from the z axis. This is a solution of Laplace’s equation; for 


^log(a?®+y*) 

^iog(®®+y®) 


2a; 

a;*+y®’ 

2(a:®-y*) 

(a®+y*)*’ 


9»® (*®+y®)* " (*®+y»)*’ 

^log(**+y*) * 0. 


(24) 


Thus logur/2a is a two-dimensional solution of Laplace’s equation. Its gradient is inde- 
pendent of a, which is needed only because logur is, strictly, meaifingless because w is a 
length, not a number. Thisisthesimplestpossible case of another generalresult: nearaline 
densiiy A tib.e potential tends to infinity like — 2yA log wfb, where w is the shortest distance 
to the line and b is some fixed length, even though the line may be curved. 
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Dovblet 


6 ’034-6 >035 


6’034. A closely related two-dimensional potential function, as we shall see in the 
theorv of the complex variable, is 


<j> = tan~^-. 

^ X 


( 26 ) 


For here 


and 


3^ y 1 y_ 3^ 2ay 

^ ~ ~ x^+y^' 3a;® ~ (a:®-|-y®)®’ 

3 ^_ 1__1 *_ 3 ®^ ^ 2ay 

dy~ X l+y^jx^ ~ x^+y^' dy* (a:®4-y®)®’ 

V ®<6 = 0 . 



The magnitude of grad^ is l/vj, as for ^ = logtu, but its direction is along the circle 
vj = constant whereas that due to ^ = log wjb is radial. <j> is not a sin^e-valned fonctioa 
of X and y, but its derivatives are single-valued. 

Volume densities are good approximations to those that arise in problems of gravita- 
tion, and surface densities to those of electrostatics. Line densities are more difficult to 
realize in the theory of attractions, but the particular potential distribution log (ur/fc) is 
important in two-dimensional hydrodynamics and the flow of electricity in plane sheets. 
The form iaxr^yjx occurs in vortex motion and the magnetic field due to an electric 
current. 


6*035. Doublet. Another type of potential of theoretical importance is that of a 
dovblet or dipde. If 



where {x—a)^+y^+z^, .B| = (®-t-a)®+y®-i-z®, (28) 

and we make a^O, A-»-oo, in such a way that 2aA-*-/i, 

JL 9 1 ® /nAV 

(29) 

This is a solution of Laplace’s equation except at r » 0, since 

= ( 80 ) 


^ is called the potential due to a doublet of moment ji at the origin, directed along the 
axis of X. For a doublet of moment /a in a direction at 



7 9 1 r 9 1 

(31) 

where 


(32) 


The diceotion 1^ is called that of the axia of the doublet. 

The doublet jBeld represents closely that of a small bar magnet, and occurs in many 
physical problems. The equipotential surfaces are closed, with the axis of the doublet 
as axis of symmetry, and all touch at the doublet. 
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6*036. A doublet shell is a distribution of doublets over a surfarce so that their axes 
are all along the outward normal to the surface. Nothing like it exists, but some general 
theorems make use of its properties. If jiidS is the moment per element of area dS, and 
are the direction cosines of the normal. 


This is capable of a simple transformation. Take P to be 
the point Xf, Q to be and let QP make an angle x ''*dth 
the normal at Q. Then 


a 1 _liiXi-g() cosx 


(34) 


If a cone is drawn &om P to the boundary of dS, and 
we draw around P a sphere of radius a, the area of the 
intercept on this sphere is 

P* 



(35) 


The ratio d(i) is called the element of solid angle subtended by dS at P, and the sum of the 
a*da) is the intercept on the sphere by a cone joining P to the boundary of S ; and 

^ = (36) 

a remarkably simple form. It is important to attend to the sign of d(o, which is that of 
cos X- lA the figure do) is positive for <j>p, negative for and Evidently the potential 
at a great distance behaves like r-® instead of j— * ; and if /t is constant over a closed surface 
^ = 0 at all external points and ^ = — 47ry/i at all internal ones. Hence <f» has a dis- 
continuity 47ry/t on crossiag the surface outwards. For a uniform plane doublet sheet ^ 
jumps from — ^Tiy/i to 2-nyit on crossiag it. 

Oonsider a uniform doublet shell filling the half-plane ^ = 0, a; < 0, with the axes 
directed towards positive y. The solid angle subtended at P is d/27r times that subtended 
by a whole sphere about P, and therefore is 26, where 6 is tan-^y/a;. Hence 

• ^ =s 2yiiiJd = 2y/ttan-*-. (37) 


When $-^n, when d-^—rr, and therefore again there is a dis- 

continuity imyit on crossing the shell in the direction of the axes of the doublets. In this 
ease ^ does not tend to 0 as r oo, but that is because the sheet does not satisfy the con- 
dition that all matter is within some given finite distemce from the origin. 

To sum up, if we call a surface of simple discontinuity of density a cUscontinuity of 
zero order in the density, we can call a surface density a discontinuity of order — 1, 
and a doublet shell one of order -2. All can be regarded as limits of continuous 
distributions. If p potaxibxla, and a-*-0, p~*-Po for aj>0 and -»■— Po a;<0. If 

p =>^^exp^— as a-^0 for «my »+0, t>ut J pdas-xr however small h may 

be. Ifp = ^^pa!exp^-^j,p-»-0foranyar+0, J j>dx~i-0, j ^paj<Zaj->-p. The order 
is that of increasing izregularity in the continuous distribution needed to give the 
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requisite properties ia the limit: in the respective cases Pnxax ~ and 0{pr\ 

where a represents the linear scale of the distribution. The corresponding orders of 
discontinuity in the potential, measured by the orders of the lowest discontinuous 
derivatives, are 2 , 1 , and 0 . The rule can be extended to discontinuities in higher 
derivatives; in most practical problems the order of the discontinuity of the potential 
is higher by 2 than that of the density. 

6*04. Potential Inside a continuous distribution. We have now to consider more 
general oases. = 0 always holds when P is outside matter. When P is inside matter 
(which would be impossible for particle distributions), p does not vanish at P and the 
integrand tends to infinity. It is therefore necessary to define ^ as an improper integral 
by first excluding a small region about P from the region of integration and then taking 
the limit of the integral when the diameter of the small region tends to zero. In order that 
the limit shall exist we shall require that its value shall be the same for every shape of the 
excluded region. Take to be a small sphere of radius a about P and cr* to be any surface 
entirely within <r, and consider the contribution to (j> made by replacing cr by cr'. It is 

( 1 ) 

where P, 5, A are spherical polar coordinates with origin at P. Assume that p is bounded 
and integrable in the neighbourhood of P; replace it by the upper bound of its modulus 
within a. Then 

I \pEAR 1 < ~ • (2) 

where Jili is the radius of <r' in direction 6, X; and 

Jo Jo (3) 

Hence if e is an arbitrarily small positive quantity, we have only to choose a so th&t 
27ryp^a^ < e, and then the contribution of the region between cr' and <t will he less than e, 
whatever the shape of cr'. Therefore the improper integral gives a definition of ^ inside 
matter indepmident of the limiting form of the cavity excluded. 

We are a]bo concerned with the gradient d^jdx^ inside matter, and we wish to know 
whether it is equal to the limit of the gradient inside a small cavity, where is 

the value of 0 in the cavity. The physical meaning of the latter is seen on considering how 
we could measure the intensity of a field of force inside a solid. Clearly we cannot do it 
if the instruments themselves are embedded in the solid, since the solid itself would 
prevent them from moving and recording anything. ObservatioDs must be made in 
cavities, which will usually he made small in comparison with the solid itself. Then 

where the suffix 0 indicates that integration is through the part of the solid outside <t> 
Now I lil proceeding as in the last paragraph we see that the change in this 
integral when we take a smaller havity tr' instead of cr is O(o), and therefore the integral 
to a defhiite li|n^- 
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Again, = 

where 4>o is the contribution fixjm the matter outside cr and that firom matter inside. 
^0 can be differentiated under the integral sign; 







( 6 ) 


The problem therefore reduces to showing that d<f>Jdx^ 0 when cr is taken small. But if 
we take two points P, P' within cr, where P' has coordinates 


where JR and R' axe the distances of dr from P and P'; and this is 


( 7 ) 


# 


pdT{R-B')- 
BB' 


But 


hence 




PP' 


(8) 


< 9 ) 


and each part of this is 0{a). But when PP' ->■ 0 the left side becomes the gradient of 4>\ 
in the direction PP'. This proves the result. Then 


8x, 


r 5“.%” ■ -’'/If® 


If ^ is known for the complete body, d^Q/dXf in a small cavity is therefore found approxi- 
mately by differentiating and differentiation under the integral sign is permissible. 

Note that this argument assumes only that p is bounded near P, not that it is con- 
tinuous. ^ therefore exists and has first derivatives at a finite discontinuity of p, as for 
instance at a free surface. 


6*041. Gauss’s theorem. Let us consider the flux of d^/dXf through a closed surface 
S. The points Xf are tahen to be on /? is a function of the ^ only and does not involve a;^; 
hence 




( 11 ) 


since inversion of the order of integration is permissible provided p is continuous and 8 
has a finite airea (actually in somewhat wider conditions). Now in the integration over 8 
the It are to be treated as constants. If a point Q with coordinates ^ lies outside 8, then 
by Green’s lemma 


taken through the interior of 8. If Q is outside 8, V‘(l/P) =» 0 at all points within 8 and 
the integral is zero. If Q is inside 8, we have, as in 6*01 (7), 



d8^-40. 


(IS) 
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Hence 

where the range of integration for t is through the interior of 8. This extends Gauss’s 
theorem to continuous distributions. 


6*042. First treatment of Poisson’s equation. Gauss’s theorem provides an easy, 
though not satisfactory, way of getting Poisson’s equation. The last integral is unaltered 
if we now replace ^ by everywhere, including p\ and the first integral is 

(16) 

Thus f f Jv^^dx^dxgdxs = - 47Tyf ffpdx^dxzdxg. (16) 

This must be true for every region, and therefore 

V20 =s —4Tryp (17) 

almost everywhere. This is Poisson's equation, and gives the appropriate modification 
of Laplace’s equation inside matter. 

\ 

6*043. Second treatment of Poisson’s equation. This is one way of getting 
Poisson’s equation, but is not altogether satisfactory for three reasons, (i) The use of 
Green’s lemma to derive (16) fix>m (14) has been completely justified only if 3^/3*^ have 
continuous derivatives with regard to aU the coordinates; but we have not even proved 
that the derivatives 3®^/3a:^3®* exist, (ii) There is also a complication from points Q 
actually on 8, but this is easily treated. For in that case the integral in (13) is easily seen 
to be bounded, though not equal to either 0 or — 47 t; and since the total volume of the points 

on is 0 it does not affect the right of (14). (iii) For one variable, if for all a; of a range 
rx rx 

I f{t)dt— git)dt, it follows only that f{x) = g{x) almost everywhere; they mighi 
J a J a 

differ at any set of values of x capable of being enclosed in ranges of arbitrary small total 
length. The proof that /(a?) = g{z) everywhere is easily completed if it is known that /(a] 
and g{x) are continuous, but in the present case it has not been proved that is con- 
tinuous even if p is. 

The following treatment rests more directly on assumed properties of p. We start 
from (10) above. One result found at an intermediate stage has applications in the 
theory of magnetism. We must notice that 


_^_ 1 . 

^x^R~ 


(18) 


the first integral being over the surface of the body. This expresses d^/dXf as the sum of 
two potential functions, one due to a density — l^p per unit area over 8, the other to 
density ^p|^i^ through the interior. Hence if p has bounded and integrable derivatives 


3 *^ 




( 20 ) 
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Poisson^s equation 

Now if P is within 8, take a sphere 2 about P and entirely within 8, and apply Green’s 
lemma to the region between S and 8. We assmne now that the first derivatives of p 
are continuous. Then we have 




mi 




taken through the region between S and 8. Zj on S is towards P. Then 


8V 

Bxfdxi 




where the first volume integral is through the interior of S, and the second through the 
region between S and 8. But now on putting k = i and summing, the last integral vanishes. 
The second is arbitrarily small when the radius of S is taken small; and the first in similar 
conditions tends to iiryp evaluated at P. Hence 


= — iTTyp, 


(23) 


This argument assmnes no properties of <f) other than those inferred from properties of 
p and its derivatives. In using Green’s lemma we have assumed the existence and 

continuity of between S and 8. The foctor IjR gives no trouble, so that 

we have shown that a sufficient condition for Poisson’s equation is that p shall have 
continuous derivatives in the neighbourhood of the point considered. This is rather a 
stringent condition, but not a necessary one. A less stringent one was given by Holder.* 
Consider a heterogeneous sphere of radius a, with p a function of r. The potential alt 
an internal point is 


4?ry r*’ r® 

4> = — - 1 pa^da.+4my I paict. 


4!>ryXi 


f pa^da, 

Jo 


= — isryp, 


with no restriction on p except that it is continuous at the point considered and 
integrable for 0 < r < a. 

The fact is that the use we have made of Green’s lemma is a three-dimensional general- 
ization of integration by parts, the rule for which can be stated either in a form involving 
derivatives and therefore assuming the functions differentiable, or in one that, at most, 
assumes one of them continuous and the other of bounded variation. The three- 


* Gf. O. D. Kdlogg, FoundationB of P<aentidl Theory, 1929, 162-66. The Holder condition is that 
for any point Q, | Pt—PQ | where A and a are fixed. 0<a< 1, and It<e. It is an extension 

to three independent vaiiableB of the Lipeohitz condition in one. 
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dimensional extension is most easily stated in terms of derivatives, but a more general 
statement not involving derivatives would be possible, though more complicated, and 
it is the latter that would be needed to prove Poisson’s equation in the most general case. 

6*05. Surface distributions. Surface density. Let us suppose tha.t over a surface 
B there is a bounded concentration a per unit area; then the potential at P is 



( 1 ) 


If P is on the surface this is to be interpreted as an improper integral by excluding the 
interior of a curve C on the surface about P and then making 0 shrink up to P. Evidently 
Laplace’s equation is satisfied at all points not on 8. 

Take a point 0 on 8, and the axu of so that at every point of 8 within a certain non- 
zero distance from O, except possibly at 0 itself, there is a normal to 8 making an angle 
with the x, axis differing from a right angle by more than some fixed amount. If Sf is a 
smooth surface we need only take the axis of to be the normal at O. If has a conical 
point at 0 (not a cusp) we can take the axis of to bisect the angle. Then we can take a 
curve G about 0 so that a-jl^ is bounded within C, where Zj is the third direction cosine 
of the normal. Then if P is (0, 0, x^) and we take a closed curve 6 on so that c is entirely 
within G the contribution to ^ from the part of the surface between c and G is 


rrcT dg^dg, 

^JJ 

over the part stated. If we take cylindrical coordinates m, A 


( 2 ) 


\or[ls\<S, (3) 

+ ( 4 ) 

and (2) is < yK JJdurdA < ZrtyaK, (6) 

where a is the greatest value of vj on C. This is arbitrarily small, and therefore even for 

Zg = 0 the improper integral has the same value irrespective of the limitmg form of 0. 
Hence has a d^nite value even if P is on 
How take G so that iaryaK < Then take so small that the contributions to ^ at 

P and O, say ^ and from the part of 8 outside C differ by less than then 


>—00 1 <^nyaK+ie<e. 


( 6 ) 


Hence ^ approaches continuously when P approaches 0 from either side. 

(f> is also contmuous on 8. For if P is on /Sf, within C, and at a distance r from 0, the 
largest distance of P from any point on <7 is <a-fr<2a. Hence the contribution to 
1 0 —00 1 from the interior of (7 is < ^myaK, by (6). We take a so that this is < and iheu 
take r so small that the contributions from parts outside C differ by less than Then 
!0~0o| <®» ^6 can find a region on 8 about 0 such that | §5— <e at all points 

of it. Hence ^ is continuous everywhere. 

If 8 has an edge passing through O, or if a finite number of edges meet at O, the results 
follow on applying the argument to each face separately and adding. 

I^^resultf still follow for a cusp if <r is bounded. These cover the cases possible for 
intersected an infinite number of times by any straight tme. 
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Surface density 

Referring back to 6*043 (20) we see that a 4 , a simple discontinuity of a volume density 
di^ldxi is contintLOus, For can be expressed as the sum of two potential functions, 

one due to a volume density and the other to a surface density. But both these potentials 
are continuous, by what we have just proved. 

The normal gradient of ^ is discontinuous on S. This is seen most easily by again using 
Gauss’s theorem, though as for the proof of Poisson’s equation the argument giving the 
amount of the discontinuity is difficult to complete. We suppose that the surface has 
bounded curvatures. Take a small curve G on /S, and at each point within and on C take the 
normal to S. On each side of S take points at a small distance h from the surface. These 
determine two caps with the interior of G between them. Complete the closed surface S 
by taking these two caps and the parts of the normals to S at the rim C between them. 
Then by Gauss’s theorem 

(7) 

where dv is drawn fi:om the interior of S and the integral on the right is over the part of 8 
within G. This equation is independent of h. Now let h tend to 0. The normals to the caps 
approach those to fi^,^aw^away from 8 on each side, and the contribution from the rim 
tends to zero. lidmUe^ cement of the normal to 8 measured in the same sense on each 
side of 8 ^ dv — dn on tW side where dn is receding from 8 (indicated by suffix 0), and 
= — dn on the side wh#^ is approaching (suffix 1). Then 



(8) 


( 9 ) 

and since this is true for all caps 



(10) 


The chief objections to the argument are that we have not yet proved that the normal 
derivatives have definite limits as P approaches the surface, and that even if this is true 
the passage from ( 9 ) to (10) might be unjustified at a set of points of measure zero. As for 
Poisson’s equation it is better to have recourse to direct study of the expression for 9 ^ 4 / 0 w. 
We notice that the discontinuity found is the same as for the uniform distributions over 
segments of a sphere considered in 6 * 032 , and this suggests taking a small piece of the 
tangent plane at a point 0 of the surface as a standard of comparison. We take O as origin 
and the tangent plane there as 0:3 « 0. We assume that the suriace has finite curvatures 
at and near O. Take G to be such that aU points of it are at distance a from the axis of 
X3, and consider the contribution to d^fdx^ at points on the axis of from the part of 8 
within O. This is 

( 11 ) 

for Sf + S < o®, where t We have to consider the error introduced by taJkiD^ = 0. 

For aay function whose derivative exists 

/(fa) =/(0) + fsi>, 


( 12 ) 
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where p = 0<6<1. But 


Surface density 
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and 


where 


and lies between and R. Then 

’’IL 
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i?§ = l! + a + a;| = ®2+a;i, 
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(rK^d8=^-Y 




^"TX, 
0 


iX 

-r^jndufdX+y 


27r £ 

2AT^wdmd\. 

0 


6 ‘05 

(13) 

(14) 

(16) 

(16) 

(17) 


In the second integral on the right, > nr, and since the surface is assumed to hare a 
finite curvature = 0(®®). The integral is therefore small of order a. For any e we can 
therefore choose a so that the second integral is less than 
Again we have vrdm = Rf^dR^, since is taken constant; then 


-’’JJ. J. 

r is supposed continuous. Tins is equal to 


— 27ryr^ 




.\ 


(18) 


(19) 


.1 V(«®+*i)r 

where lies between the upper and lower bounds of t within C. Since t is continuous we 
can put T = <r+ 7}, where <r is evaluated at O and equal to t there, and ^ 0 with a. Also 

the modulus of the terms in brackets is < 1. Hence if a is small enough (18) diSers from 

— 27rya’ | ~ ^(a^ ' a^)] than |€. Next, by taking d sufficiently small compared 

with a we can make the second term in the brackets as small as we like, say <^, for 
aU ja;8l<d. In all (11) will differ from —27rycrx3j\xa \ by less than ■§€. It therefore 
changes discontinuously by an amount arbitrarily near to —Anyir when x^ increases 
through 0. 

Further, since the contribution to d^jdx^ from the part of S outside C is continuous, 
we can choose x^ so that its values at 0 and P differ by less than Then for values of 

such that I a;, I < d, but x^ has opposite signs, the difference between the values of 8^/3xt 
on the two sides of 3 differs from — 47jy<r by less than e. 

Here a has to be chosen so as to make the differences arismg in (17) and (18) from 
the variations of I, and r within C each < -Je; then x^ is chosen so that those arismg from 
the second term in (19) and from t— < r are <-|€, and the contribution from the parts of 
3 outside 0 differs by less than ^ from its value at 0; thus we show that d^jdx^ tends to a 
limit as a53-»-0 from either side, the difference between it and its limiting value on that 
side being less tixan and finally the difference between the limiting values on the two 
sides differs.from — 47ryo' by less than e, which is arbitrarily small. 

The argument for the tangential derivatives proceeds similarly. We have 


dXi 




i2* 
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The only serious modifioatiou of the argument is in the treatment of the integral over 
the circle in the tangent plane. The integrand here is an even function of Xg and the 
integral must therefore have the same limit when a; 3 -> 0 from either side if it has a limit 
at all. Now 


in which both terms are potential functions. Hence if t is differentiable d^jdx^ and 
exist at all points of 03 and are continuous. 

These various results require conditions of different stringency on the form of the 
surface and the distribution of surface density. Continuity of ^ is satisfied if cr is boimded 
and integrable and 8 meets no given line more than a fixed number of times. The 
normal gradient has discontinuity — 4ny<r if c is continuous and 8 has finite curvatures. 
The tangential derivatives of ^ are continuous if <r has integrable derivatives and 8 has 
finite curvatmes. Some of these conditions can be somewhat relaxed, but the cases 
where they are not satisfied and the theorems remain true are rare. 


6*06. Doublet shell. We have already had 


^ = y 


If, as before, we take 0 on the surface and a small circuit C around it, the contribution 
to ^ from the part of 8 outside C is continuous. For the part within 0, if is continuous, 
the contribution can be made as near as we like to yjiQ ffd<o. But this inoreases by 47Ty/Uo 
when the point considered passes through 0. 

There is a relation between this result and the discontinuity in 8^/dn for a surface 
density. If we displace the whole surface by —dn parallel to 03, the change in <j> will be 
to the first order in dn equal to that of a distribution of doublets of moment density —adn 
with axes parallel to the x^ axis, and for points close to this axis the axes will be nearly 
normal to the surface. This relation can be presented formally in various ways so as to 
show directly that the discontinuity in d^jdn due to surface density cr is the same as that 
in (p due to doublet density — <r, but the partial integrations are tricky. 

6*07. Uniqueness theorem for solutions of Laplace’s equation. Let ^ and 
be two different functions satisfying Laplace’s equation within a closed surface 8 and 
having continuous first and second derivatives. Then their difference also satisfies it. 

But by Green’s theorem 


IF* 




■Ils(*' 

3 ^' 


dx, 




dr 






( 1 ) 


Now if either ^ and or d^jdn and d^'fdn, are equal at ajl points of 3, this integral 
vanishes. But the integral on the left is not 1^ than 0 and can vanish only if 


dXf 


= 0 


( 2 ) 


at all points within 8. Hence is a constant and will be 0 if it is 0 on iS. Hence (1) if ^ 
is given over 8, it is luaiquely determined inside 8, (2)if 9^/8n is given over 8,^iB uniquely 
determined inside 8 except for an additive constant. 
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6*071. The same result is true if ^ and satisfy Laplace’s equation outside a closed 
surface 8, provided that they decrease sufficiently rapidly at large distances. Take a 
sphere of large radius A surrounding 8 and apply (1) to the region between 8 and this 
sphere, dv on 8 will now be towards the interior of 8. Now let be given to t.ftn d to 0 

at large distances and d<f>'PXi to be 0(l/r®) when r is large. Then ^ and 56' are 

0(l/r). Then the integral over the large sphere is 0{ljA) and decreases indefinitely as 
^->00. We therefore have ^ 


where the integration on the left is through all space outside of 8. Hence the integral on 
the left vanishes if ^ or = d^'jdn at all points of 8 ; then “ 0 outside 8. 

In this case at infinity and the difierence must be zero at aU points. Thus if ^ or 
d^jdn is given at all points of 8 and satisfies Laplace’s equation outside it, while ^ 0 and 

d^jdXi = 0{l/r®) when r-voo, ^ is uniquely determined at all points outside 8. 

The theorems remain true if ^ is given over part of 8 and d^pn is given over the te> 
mainder. For, forming as before, the integrals over 8 still vanish. 


6*072. Minimal theorems. Let satisfy Laplace’s equation within 8 and let be 
a function not satisfying Laplace’s equation but such that ^ at all points of 8. Put 
f = Then ‘ 


Hence 




d8 = 0. 


( 1 ) 

( 2 ) 


The solution of Laplace’s equation therefore mahies j j j ^ TnininrmTn subject to 

the given boundary conditions. The extension to the region outside 8, subject to the same 
restrierions as in the last theorem about the behaviour of <f>, for large r, is simple. 

6*073. A related theorem due to Kelvin is as follows. ^ is taken to satisfy *= 0 
within 8, and is a solenoidal vector such that l^u^ = d^pn over 8, Put 


. dd> 


dXf 


Then IfV^ = 0 on /8; 


dxt dxi ^ 


0 , 




= 2 jj^liVid8 = 0 , 


( 8 ) 
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Uniqueness iffieorem in tfuoo dimensions 

and therefore 

Thus jjju^dr is a minimum, given that is a solenoids! vector within S and has a given 
normal component on S, if U{ is the gradient of a solution of = 0. 

These theorems prove that subject to the given conditions there cannot be more than 
one solution. The proof that one solution exists is difficult.* 

6*074. Uniqueness theorem in two dimensions. The above theorems apply 
equally well to two-dimensional problems for the interiors of closed curves and 
cylinders. 

Modification is needed for external problems because in two important cases the 
vector Uf in two dimensions is 0{llr), not <?(l/r®), when r' is large. Por a cylinder with a 
finite charge per unit length the potential at a large distance behaves like log r. Por two 
plates extending to infinity with as 3 rmptotes inclined at 6^ and 0^ to the x axis, and with 
different limiting values of <j> on them at large distances, the conditions will be satkfied 
if, for large r,4> = A-\- Bd, which is a solution of Laplace’s equation. B must be zero 
for the exterior of a closed curve to make ^ single- valued; but it can be non-zero if the 
boundary is such that a complete circuit about the origin is impossible for large r without 
crossing the boimdary. In both cases will be 0(l/r). But then fJufdS diverges since 
d/8 = rdrdd. It therefore becomes meaningless to say that if we alW we shall increase 
this integral. The same applies if the boundary, which we shall now call C, goes to infinity 
along two curves with parallel asymptotes, since if ^ tends to different limits on them the 
normal gradient tends to a constant and again the integral diverges. The minimal theorems 
therefore do not hold in two dimensions unless there is some further restriction on the 
behaviour of % at laige distances. 

If, however, we take the extra conditions in the uniqueness theorem to be, for a dosed 
curve, that a, b exist so that for large r 

T T 

<rlogg->0, alog^-»-0, 

|.(<6-alog0 = 0{m, |.(^'-alog0 = (?{l/r*), 

we have 0" = 0(l/r), ^ 

and for a large drde = 0(l/r®). 

Hence the uniqueness theorem still holds if the behaviour of ^ and at large distances is 
suitably restricted. 

Evidently, from Green’s theorem, J(d;i/dn)ds has the same value for O and any closed 
curve enclosing it. This integral can be taken as a datum in many problems, since in 
electrostatics it is related directly to the total charge and in hydrodynamics to the total 
rate of outflow, and we can restrict ourselves to variations that preserve these, But if 
this integral is finite and not zero the radial component must tend to zero like 1/r, and 
the potential will behave like logr, with a given coefficient. 




* O. D. Kellogg, Foumda^ofM of PotenHal Theory, 236 and 277-328. 


IS 
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If G goes to infinity in two directions we can take <f>\ to behave like ad + b for large r, 

a and 6 being chosen so as to fit the limiting values of ^ on (7 in the two directioDa. If 

^—ad—b = o{l), ^'—ad—b = o(l), 

d 




dr 


{(^’-ae-b) = o(l/r), 


then 






on 


for a large arc, and the uniqueness theorem holds. This applies equally well to a semi- 
infinite plate, for which we can take the limiting values of 6 on the two faces to be 0 and 2ir. 

If G goes to infinity with two parallel asymptotes, on which (f> has limits, we can take 
the external boundary to be a curve normal to both. A sufficient extra condition to ensure 
uniqueness is now that 3^*/3»-»-0 on any otirve cutting the two asymptotes normally at 
a large distance. 


6*08. The Rayleigh-Ritz method. Minimal theorems are the basis of a useful 
method of numerical solution used by Rayleigh and Ritz and justified by Erylov. The 
usual method of solution would be to solve the partial differential equation and then 
combine solutions so as to satisfy the boundary conditions. But when the differential 
equation is equivalent to the principle that a quadratic form is stationary it is possible to 
choose a function /g that satisfies the boundary conditions and a set of functions /j,/*, ... 
that contribute nothing to the boundary values; then 




satisfies the boundary conditions. But if, as here, the correct solution makes 



a minimum we can substitute for <j>, evaluate the various integrals numerically, and 
then determine a 2 > • - so as to make the resulting expression a minimum. If the func- 
tions/, are such that any twice differentiable function can be expressed in terms of them 
the solution is theoretically complete, and can, with sufficient effort, give accurate 
numerical solutions where the formal solution of the differential equation is too com- 
plicated. An extension due to Richardson and Southwell does not even require the 
functions/, to be given explicitly. In this method a rectangular network of points is taken 
at sufficiently dose intervals, and the integral to be minimized is expressed directly in 
terms of the values at these points, n«iug centred finite differences. The values of the 
function are then solved for directly by successive approximation. The method is 
laborious, but, as Southwell remarks, will always work if the computer will. Whether 
it is more laborious than tabulating solutions of a partial differential equation d^ends 
on special droumstances. 


6*09. Green’s equivalent stratum. Let’ satisfy Laplace’s equation within a 
dosed surface 8, and let B be the distance of the point from If is within 8, 
take a small q>here ct about P and apply Green’s theorem to the region between cr and 
If P is not within 8, apply the theorem to the interior of 8 directly. In either case 
Y*(l/P) =. 0 within the region used, and we have for P within 8 




dv 


dtr, 


( 1 ) 
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where dv is normally outwards from the region towards P, and therefore equal to —dB. 
For P not within S the two integrals over cr do not arise, and we have simply 


ms 


dS = 0, 


d^jcn being the derivative approaching 3 from the inside. 

For P within 3, and or of radius a, which is arbitrarily small, 




(3) 



(4) 

Thus 


(6) 


This equation is a three-dimensional analogue of the theorem (11*13) in the theory of 
functions of a complex variable 

<»> 

when/( 2 ) is analytic within O and z is within C. It suffices to determine ^ at all points 
within a surface given ^ and its normal derivative on the surface. The term in 1/P is the 
potential due to a surface density on 3, that in d(l/P)/9» that of a doublet shell on 3. 
But these distributions cannot be assigned independently; for we see from (2) that if 
P' is a point external to 3 and B' the distance QP', there is a relation 




for every such position of P'. We should expect this since we know that if there is a solu- 
tion at ail, the values of either ^ or d^jdn over the boundary are sufficient to determine it, 
and therefore either will determine the other, apart possibly from an additive constant. 
The complex variable analogue is that either the real or the imaginary part of a funcrion 
f{z) over a closed contour will determine the other, apart from an additive constant, 
subject to/(z) being anal 3 rtio within the contour. 

With a suitable restriction on ^ at a large distance riie result can be adapted to deter- 
mine ^ outside a surface, given ^ and dipidn on the surface. For suppose that ^ satisfies 
s 0 outside 3 and tends to 0 at a large distance like 1/r, r bemg the distance from a 
fixed point within d. P is outside 3; we draw a large sphere S enclosing 3 and P, and a 
small sphere cr about P as before, and apply the theorem to the region between 3, cr, and 2. 

( 8 ) 

where dv is still taJken outwards from the region used and therefore, on 3, is from the 
outside. On E, ^ and: 1/P are of order 1/r, and d^jdv and 8(1/P) Bv of order 1/r®. Hence the 
integral over S is of order JJd’S/r’ and tends to 0 when r oo. Taking dn outwards from 3, 
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Comparing this with (2) we see that they can be consistent only if either <f> or d(f>jdu h 
disoontinuons on crossing S, and by subtraction 




'( 10 ) 


suffices 0 and 1 iadicatiiig limits on approaching S £rom the outside and inside respec* 
tivdj. If ^ is continuous across 8, 

If d^/dn is continuous, 

= JJ(56o-?Si)|^ ( 5 ) dS. ( 12 ) 

The field can therefore be represented in terms of a distribution either of charge or of 
doublets over 8. Consequently all theorems derived from the integral definition of a 
potential are true given only that the function satisfies Laplace’s equation in the region. 

Unfortunately, direct application of these theorems to find the internal or external 
field is seldom possible. The integrand in each of the equations, given either or d^jh 
over 8, involves the other, and to find the latter usually involves the complete solution 
of the problem, and the potential at P vdll be found in the process. It can, however, be 
carried out in the important special oases of a sphere, a circle, and a plane. The case of 
the circle is treated in Chapter 14. 

6*091. Solution for a sphere: external point. Let ^ be given over a sphere of 
radius a, P an external point at distance r, and P' its inverse point in the sphere. Let Q 
be any point on the surface and take PQ = P, P'Q = Jt', Then 



Hence we can eliminate {d^ldn)Qi we get 

Denote the angle POQ by Then 


\ 

and similarly (keeping P' fixed in the differentiation) 

a— (a^r) ooaS’ 


a—r<soB‘d‘ 
1 ® ’ 


AJl 

dnP' 


P'» 


(4) 

(fi) 

( 6 ) 
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Hence, on substituting and simplifying, 

^n4>p=jj^(T^-a^)d8. (7) 

6*092. Internal point. Similarly, we find for the potential at the internal point P', 
where OP — r', 

( 8 ) 

This problem, solved by Green, is sometimes called the first boundary potential pro- 
blem for a sphere. The second problem is the determination of the field given the normal 
gradient over a sphere. It can be solved by noticing that if ^ is a potential function, 
ro^i/Sr is another, and the information supplied gives its surface value. The third problem 
is the one that occurs in the study of gravity, where the level surfaces are approximately 
spherical but d^jdn is observed, not on a sphere, but over a surface where ^ is constant. 
It is found that, to the first order of small departures from spherical symmetry, this 

information is equivalent to the values of ^ -f- 2^ over the sphere of equal volume. But 
^ (rY) is a potential function and the information determines it over the sphere. Its 

values outside the sphere are therefore determined and those of ^ are found by an integra- 
tion under the integral sign with regard to r. The problem was solved by this method by 
Idelson and Malkin; the original solution was by Stokes, using spherical harmonics. Gf. 
24*124. 

In (8) we notice that if P' is at 0, r' — 0, If = a for all Q, and 



Thus the mean wdm of a potential function over a sphere is equal to its value at ihe centre. 
It follows that a function cannot have a maximum or a minimum at any internal point 
of a region where it satisfies Laplace’s equation. The extreme values must be taken on 
the boundary. 

6*093. Solution for a plane. If we make the radius of the sphere very large we 
approach in the limit the solution of the corresponding problem to Green’s for a plane. 
If z is the normal distance of P from the plane, 

( 1 ) 

It can be verified that the solutions obtained satisfy — 0 and tend to the proper value 

on the boundary; the method'" is <riTni]ii.r to that used in 6*091 and 6*092. Also if 


2if4>p ■■ 




P’ 


( 2 ) 


the solution has a derivative tending to the proper value on the boundary. The last result 
is of course obvious, since the surface density corresponding to a derivative {d^jdz) over 
1 8 ^ 


a plane is — 


irrydz' 


* Given, in fiiU by Poinosr^, TMorie du Potential Newtonien, 1899, pp. 183-91, 



198 Polarized medium 0 .^q 

6*10. Potential and field in a polarized medium. Consider a finite region where 
there is no total electric charge, but the polarization at a point QisP; that is, if dr is a 
small element of volume about Q(^t) the dipole moment of the element is Pdr. Consider 
first the potential and field at P{Xi) a point outside the region. Then 


Since 




( 1 ) 

( 2 ) 

(3) 


^ is the same as the potential due to a distribution of charge of density — divP through 
the region and one of surface density the normal component of P, over the boundaiy 

of the region. 

As for a continuous distribution of charge, when we wish to find the potential and field 
at a point P inside the region we must first suppose a small cavity made about P and study 
the behaviour of the integrals when the size of the cavity tends to zero. But now the 
improper integrals in (2) depend on the shape of the cavity. Those in (3) do not. We denote 
the outer boundary by 8, that of the cavity by S, the region inside ShyV and that inside 
S by V, and therefore the region between them by 7 — v. Then the potential ^ is given by 



-lirnyffr 

ti-9-o JJJr-v 




dr. 


( 4 ) 


Provided is bounded the second integral tends to zero, and 


4 . - g<8r. 


(fi) 


which is the same as the potential due^ a surface distribution over 8 and a volume 
distribution — divP through V. Then if divP satisfies the conditions imposed on/7 in 
6‘04 we know by the considerations there that we may diSerentiate (5) under the integral 
sign; then 


dXf 






-dr. 


(6) 


We denote this by and call it the electric intensity; it also is independent of the Umititig 
shape of the cavity. 

Again, Ef is the field due to thb surface distribution l^Pf over 8 and the volumd dis- 
tribution —divP through 7. As we shall see, it is not in general the same as the limit of 
the field in the cavity. It follows from Poisson’s equation that 

divJB = = —4717 divP, , 

of div {E ■+■ 4/nyP) = 0. (3) 

If in addition to the distribution of dipoles there was a charge density p there would 
be additional terms in ^ and E, and (8) would be replaced by 

div (JB+ == 4777 ) 9 . 



6-10 


Polarized medium 


199 


This is physically possible. We coTild make a hole in. a block of parafSn wax, create a 
charge on its interior by friction, and then fill up the hole again, thus leaving a charge 
density in the interior of a solid. The vector E + 4?ryP is called the diaplacement or in- 
duction and denoted by 2>. 

Now consider the field inside v. Since P is an external point of the region V—v the field is 


F, 




which is equal, if we make the cavity tend to zero, to 


P,+limyJJZfcP^5t^dS. (11) 

If we take the cavity to be a circular cylinder of length 2a and radius b with its centre 
at Q and its axis in the direction of P, then at .d is P and at P is — P (the normal 
being into the cavity) and is zero over the sides, apart from small effects due to variation 
of P in the neighbourhood. Then the field at Q due to the surface distribution over the 
walls of the cavity is 

^^^(l~(a*+6®)%)* 

Hence if as a and b become small, 6/a-> 0 this contribution to the 
field is zero. If a/6 0 the contribution is 4aryP. Hence E as defined 

by (6) is the limit of the field in a needle-shaped cavity with its axis 
in the direction of P, and 1> ( = B+ 4?ryP) is the limit of the field in 
a coin-shaped cavity with its axis in the direction of P. 

For a spherical cavity the studace density on the wall is — Pcos d and hence the field 
at the centre due to it is IwyP. 

Suppose now that there is a relation 

P = xJB, (13) 

so that jD = JS(1 + 4myK) = KE, (14) 

where k, and similarly K, are continuous scalar functions of position. Then k is called the 
electric susceptibility and K the dielectric constant of the material, which is inotropic. 
IS the relation between D and E has the form 



Dt = (16) 

where is a tensor that is not a multiple of the medium is anisotropic. 

We consider now the behaviour of D and E at the boundary of two uniform media of 
different dielectric constants Kj^. The intensify E at any point is that due to a volume 
distribution div P and a surface distribution — where n denotes the component in 
the direction of the normal drawn from the medium 1 to the medirun 2. Owing to the 
surface distribution there is a discontinuity in the normal component of E, namely, 

= ^{Fin-Pan)- 

Hence the normal component of D has the same value on both sides of the boundary. 

* The corresponding theory for magnetism is similar. The differences are (1) p is always 0, 
(2) K and K (now called the permeability fl) may vary greatly with the magnetic intensity 
JET, (3) there are permanent magnets, with fixed intensity of magnetization, so that we 
can write B = B+^nryl, but there is no relation between /and H. 
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6*11. Vector potential. Let m be a solenoidal vector. Then we can show that in general 

there is another vector A such that u is its curl. It is convenient first to call the com- 
ponents u, V, w and A, B, G\ then we have to satisfy 

^G dB dA dG 




^ ~ dy dz‘ ^ ~ dz dx’ ^ dx dy‘ 


( 1 ) 


Take 

Cl = 0, Ai = j vdz, Bi = — 

J Zi m 

r udz, 
fa. 

(2) 

where z, is independent of x, y and z, and the path of integration is parallel to the axis of z. 
Then the first two equations are satisfied. But 


BBi dAj_ r* (du 3»\ , 

'Bx ay 




=^w-w{x,y,z^. 


(3) 

since 

du Bv Bw 

Bx^By^ Bz ~ 


(4) 

In general wipe, y, 
Now put 

Zff) will not be zero, but it depends on x, y only and can 

A — Ai+A^, etc.; 

be denoted by u)g. 

(6) 

then 

aCj 3-Ba BA, dG,_ BB, 

By Bz ’ Bz Bx ’ Bx 


(6) 

Take 

fv 

Ba = 0, G,-0, Aj = - 1 v)f,dy. 

JVt 

(7) 


Then all the equations are satisfied. There is still a considerable arbitrariness in the 
solution; for we could add to {A, B, G) the gradient of any scalar whatever without 
affectixig its curl. Conversely we can impose an additional condition on {A, B, G) to make 
its divergence anything we like, in particular zero. For we need only add the gradient of 
a scalar ® such that V*® cancels the divergence of the solution we have already found; 
and given suitable boundary conditions ^ will be determinate. Hence, translating into 
tensor notation, if 


a vector A^ exists satisfying 



% — ®<fen 


a®*:’ 



( 8 ) 


and At is xmique subject to the same sort of boundary conditions as ensure uniqueness of 
solution in a potential problem. A is called the vector potential. 


6*111. The above method is very unsymmetrical in the coordinates. A symmetrical 
solution can be found in some oases as follows, and is useful when ourlu is given every- 
whmre. Let 


du- 


dXi 


= 0 , 


( 10 ) 


and assume 


BA. 


Bxf 


0 . 


( 11 ) 
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Then 


Yector with given curl 
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3M. 




_3^ 

ax^a*. 


■ a®| 


3> 


( 12 ) 


dr 


(13) 


Therefore the conditions are satisfied if 

through all space and if has zero divergence. But applying Green’s theorem to the 
region between a small sphere about and a large sphere 




(14) 


The second integral vanishes since is the curl of a vector. The first taken over the inner 
sphere tends to 0 if is bounded near ^ = Xf, and over the larger sphere also tends to 0 
if a)f tends to 0 suitably at large distances. Hence (13) gives a solution of the problem. It 
is still not umque because to A^ we could add the gradient of any solution of Laplace’s 
equation without affecting the relations (11). 

This method fails if is irrotational. For then is 0 everywhere and (13) vanishes. 
Its chief use is when = 0 outside a filament of very small oross'seotion and is large 
inside it. This case arises in vortex motion and in the magnetic field due to an electric 
current. In either case the integral 

fl ™ I UidXiy (16) 

Jo 

taken around a closed circuit, is zero if the circuit can be fiUed up by a cap not cutting the 
filament or wire, and has the same value for all circuits that can be filled up only by caps 
that out through it once. If we consider the contribution to Af from, an dlement between 
two planes separated by and call the element of surface in a plane parallel to them dS, 
we have 

dr = dlid8, (16) 


by Stokes’s theorem; hence 


JJfttjdS = * fl 

A -£f^ 

4m] B’ 


(17) 


(18) 


taken along the lexigth of the filament. Also 


' ®aim 

£1 

47r. 


Q a 


47r3a;j,, 




I 




2?» 


da, u 


Si f(§-ae)Ad| 
4mj ’ 


(19) 


where da is an element of length of the filament and a direction cosine of the tangent. 
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In hydrodynamics Q is the oironlation about the filament. In eleotromagnetism it 
inJjc, where J is the current in electrostatic units, and % is the magnetic field. 

6*112. Vector potentials of point charge and doublet. Take a doublet along the 
axis of z, so that 

u = grad (z/r*). 


Then in 6*11 (2) we take the lower limit for a; to be — oo; and 


and from 6*11 (7) 

sinc6 w tends to 0 when z- 


^1 = /^ 
-dg = 0, 

■00 


c 


Zzx , ux 

—^dz = 

r® r® 


. Then a solution is oj , and the divergence 

of is zero. Therefore, if % is the gradient of a potential it is also the curl of a 

vector potential 

^ • 


A giTniUr treatment applied to the elementary vector grad(l/r) shows that it is the 
curl of the vector 





The part (-y/'aT^^c/teT^ 
can take 


0) is the gradient of the soalax tan“^y/a; and is irrelevant; so we 



This is still very uosymmetrical; partial symmetry can be given to it by taking its mean 
with the two other vectors obtained by cyclic interchange of the coordinates, but at the 
cost of producing lines of singularity along three coordinate axes instead of one. General- 
ization by rotation of axes merely increases the complexity. 


EXAMPLES 

1. K the attraction between two elements of mass m, rnf is mmy(B), where B is the distance 
between them} show that the inwaoxi acceleration due to a uniform thin ^heiioal sh^ of mass M and 
internal radius a, at an internal point distant x(x<a) from the centre, is Ff where 

M 

If i?* is zero for all values of a and a?, subject to the condition z < a, ^ow that the only possible fonn of 
f{B) is A/JB*, where A is a constant. 

2. Assuming that at any point the magnetio potential of a body magnetized to intensity I is ths 
same as that of a volume distribution of magnetio poles of density — div J together with a surface 
distribution whete axe the direction cosinas of the outwaaxi normal, prove that (i) the 
inafde a sphere pemiaaently magnetized to intensity J is of uniform intensity — fwl, (ii) the fidd 
vanishes in a spherical cavity (not necessarily concentric) made in this sphere, (iii) if a plane lamina 
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Examples 

uniform thickness and infinite extent is permanently magnetized to uniform intensity I the field in 
a spherical hole made in the lamina is of intensity |;rJ— 47r(I.n) n, where n is normal to one of the 
plane faces of the lamina. (M.T. 1939.) 

3. 0 is the centre of a uniform cube of mass M, and P is an external point. The distance OP is 

large compared with the edge a of the cube, and the direction cosines of OP referred to three con- 
current edges of the cube are Z, w, n. Show how to express the gravitation potential at P in a power 
series in OP"^, and evaluate it up to the term in OP“®. (Prelim. 1936.) 

4. If and satisfy the conditions (1) ^ is continuous everywhere, and has continuous second 
derivatives except on certain surfaces, (2) K ^jdn has a given discontinuity on crossing such surfaces, 
(3) {4 tends to 0 like 1/r, and dtpldxi like l/r® when r is large; and if further div{Sgrad(^x'*^*)} = ® 
except on the surfaces of discontinuity, show that 

taken through all space; and hence that, subject to the conditions given, ^ is uniquely determined 
provided K is everywhere positive. 

6. Prove that if $4 satisfies conditions (1) and (3) above, the conditions that 



shsJl be stationary for all small variations of ^ are that 


dXf 



0 , 


except on the special aurfaGes,and th&t Kd^jdn shall be continuous on crossing such surfaces; and that 
if jSr is everywhere positive the stationary vedue of F is a minimum. Show also that if Kd^jBn has a 
prescribed discontinuity in crossing any such surface, F is still stationary provided ^ is not varied on 
that surface. 

K ^ is the electrostatic potential in a field containing didectrics, give the physical interpretations 
of the postulates and conclusions. 


6, Show that if a is a constant vector 


/aAr\ ^ (2-n)a nr(a.r) 

\ / T** I'W+s * 

and hence or otherwise find an expression for the vector potential inside an infimte straight solenoid. 

(M/o, Part ni, 1936.) 

7. V*Wi = 0, = 0 in a closed region A aaxd t«x = W| in a region which is part of D. Prove 

that «x = in the whole of D. 


8. Deduce from Stokes’s theorem that 

Jfidas JdSAgrad{4 

by considering the projection of on a line of direction n. 

Deduce that the mutual potential energy of two uniform magnetic shdls of strengfchs /t, is 



f 



Chapter 7 

OPERATIONAL METHODS 

Evea Cambridge mathematiciajis deserve justice. 


OLIVEB HBAVISIDH 

7‘01. Rules of arithmetic for differential operator. In a certain sense the opera- 
tions of differentiation and definite integration satisfy the rules of arithmetic. For if a 
and b are constants 

+«/(») = a/(«) (1) 

(^/(a) + <*/(»)) + hf{x) = ^/(») + {af{x) + bf{x)), (2) 

- a^m, (3) 

(‘) 

and if we define 

which is permissible by (1), we have the forms of the distributive law 

Thus in any algebraic combination with constants, involving only addition (and therefore 
subtraction) and multiplication, the differential operator can be manipulated as if it were 
itself a numerical constant. The function /(a;) operated on remains on the right and the 
operation can be carried out on it at the end. 

7'011. Operation of definite integration. The same applies to the operation of 


defimte integration. If we write Qf{t) for J /(^) df , 

Qm+am=:^am+Qm, (i) 

and therefore both can be denoted by 

(<?+®)/(<) = (a+<2)/(*); (2) 

also {Qf{t) + «/(*)} + 6/(f) = Qf{t) -f {af{t) + bf{t)}, (3) 

Qwm^<Qm}. 

Q{ohf{t)}=^{Qa){bf{% (6) 

Q{(a+b)f{i)} = Qafit) + Qbf{t), («) 

a{Q+ b)f{t) = aQf{t) + o6/(f). C^) 



205 


7*012-7 *02 Properties of Q operator 

Analogous relations can be found by replacing o or 6 by Q and interpreting 

W) = Q{Qm) = 

where Q^{t) is the same function of r as Qf{t) is of t. 

7*012. Non-commutative property of differentiation and definite integration. 
The above properties of differentiation, in the hands of Boole, became the basis of a well- 
known method of obtaining particular integrals of linear differential equations of certain 
types. It is also the basis of a method of obtaining the formulae required in numerical 
interpolation, differentiation, and integration. The corresponding property of definite 
integration was apparently noticed first by J. Caqu6,* and led to a number of developments 
in the theory of the solution of linear differential equations in the hands of Fuchs, Peano, 
Picard, and H. F. Baker. Heaviside attended particularly to linear differential equations 
with constant coefficients, which enable the maximum use to be made of the fact that the 
operator of integration can be combined with constants exactly as if it was a number. 
Of course it does not commute with variables; Q{tf{t'f^ is not the same as t{Qf{t)}~ But the 
reason why his methods worked can really be traced back to the method used by Picard 
in proving, for assigned conditions, the existence of solutions of differential equations. 
Unfortunately, though Heaviside noticed that the operators of differentiation and in- 
tegration combine with constants without restriction, he did not notice that they do not 
commute with each other. In fact 

which differ by/(0). Heaviside obtained a considerable number of wrong results through 
interchanging the order of differentiation and integration, and their explanation in terms 
of this non-commutative property was first given by H. Jeffreys.f Heaviside was also 
not particularly interested in questions of convergence, and this fact so disturbed the pure 
mathematicians of the time that they omitted to find out in what conditions the methods 
could be justified, as in fact they can within their proper scope. For dynamical systems 
with a finite number of degrees of freedom the systemaiic use of the definite integration 
operator provides far more concise solutions than any other method gives, and its justi- 
fication is complete for such problems without needing any pure mathematics more 
advanced than was available in Heaviside’s time. 

7*02. Interpretation of Q^{t) as a single integral. If/(0 = 1 we have by successive 
integrations m 

(21 = ^^ = 3 ! 

For a general function /(t) we have by definition 

«/(<)= JV(r)d!r, (2) 

* J. (2) 9, 1864, l$5-*222. f Op&roitiorko^ Methods in MathemaHccd Physios^ 1927. 
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The integral is over the shaded region in the figure. We change the order of integratiott 
and get 

= J* [ /(^) ^ Jo ~ (^) 


Similarly 


W) = Q j\t-'r)f(r) dr = J‘ |^|^{|-T)/(T)dTjdg 


and in general, by induction, 




( 6 ) 


{«) 


The same may be proved as follows. Q^f{t) is the function that vanishes at * = O 
and has derivative equal to The former condition is 

satisfied by (6). For the latter we differentiate under the 
iutegral sign with regard to t, and the result is 

P) 

The integrand vanishes at the upper limit if % > 1 and therefore 
differentiation of the limits gives nothing. Hence if the result 
is right for it is right for Q^-, but it is right for n = 1; 
hence it is right for all positive integer values of n. 

Thus any integral power of Q operating on a function gives a result expressible by a 
single integral, provided only that the function is integrable. 

7*03. Series of operators. These rules permit us to express as a single integral any 
sum of a finite number of terms of the form 



{aff+aiQ+aj^Q^ + ... +a,jQ")/(<) 

« f* (t—rY-^ 

-<../(«+ Sj, a, 

The extension to infinite series requires special justification. 

7*031. Gonverg^ce theorem. If faeries 

<*0 + tljZ+ ... +0,ji8’*+ ... (1) 

cowvergea for some valua of z from zero^ andf{r) ia a fw^ieHon of r, then the aeriea 


(<io+®iG+ ... + 0 *©“+ ...)f{t) 

ia unifomUt/ and abaoluteh/ convergent for aU vcd/uea of t anch that J /(r) dr 


easiata, and it 


egvalto 


( 3 ) 
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The two series (2) and (3) are equal term by term and therefore have the same sum if 
either of them converges. But since the series (1) converges for, say, « = r, then for any 
positive p less than | r | we can find a quantity M such that for all » ' 

\a^\p-<M. (4) 


Also since Qf{t) is bounded for 0 < f < T, say, there is a positive quantity C such that 

\Qm\<C (0<KT). (6) 

Hence \Q^fit)\<]^j*CdT <0\t\, \Q>f{t)\< j^C\t\dT<iG\fi\. (6) 


and in general 




(7) 


Hence the moduli of the terms of the series after the first are respectively less than the 
terms of the series 


G I * I 1 ^ 1®+ ••• + !)■( 



1 



( 8 ) 

( 9 ) 


But this is an exponential series and is absolutely convergent for aJI t. !Further, the terms 
are not greater than those of the series obtained by replacing t by T, and this also is a 
convergent series of positive terms independmit of t. Hence our series satisfies the JIf test 
for uniform convergence in the range 0 < f < T; that is, in any range of t such that Qf{t) 
is bounded. 

If/(f) is a continuous function, every term of the series is a continuous function; and 
since the sum of a uniformly convergent series of continuous functions is continuous, it 
follows that the sum of the series is a continuous function of < in the range 0 < < < T. For 
the same reason the summation can be carried out under the integral sign: thus 

.1 »- W) - »,f(f>+/>(r) (.1 00) 


The argument is sinll valid if the terms of (1) axe required only to be boimded; also if 

fir) dr exists only as an improper integral owing to/(r) being unbounded. 

0 

7*032. Composition of operators. Let 


F(s) s= ao+ai2+agir*+..., (1) 

(7(s) =a 6() + + 6 j2I*+ ...» (2) 

be two series that both converge for some non-zero value of \z\, say r. Then for any 
positive quantity p less than r, quantities M, N exist such that 


( 3 ) 
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For any 2 such that 1 2 1 <p the product series 

F (z) 0 {z) <= (®0 “I” ®1 ^0) ® " 1 “ (®0 ^2 "t" ®l ®2^o) "i" • • • 

= Co + Cig+C22®+... 

is absolutely convergent. We shall prove that if F{Q) and G{Q) are the operational series 
obtained by replacing z by Q, and if G{Q) operates on a function ^(«) satisfying the con- 
ditions of the last theorem, and if J’(^) then operates on the resulting function, the result 
is the same as if we replaced z by Q in the product series (4) and operated on <^{t) directly, 
We have 

F(Q)G{Q)<l>{t) = F{Q){bo+b^Q + b^Q^ + ...)^{t). (8) 

By the last theorem the series representing G{Q)^{t) is an absolutely and uniformly 
convergent series, and can therefore be integrated term by term. Hence 

Q^iK+biQ + b2Q^ + ...)^{t) = &o(2”‘^(*) + 6i<3”‘+V(<) + 62 < 2 ^W) + - (6) 

and F{Q)m)m^'Li:.ambnQ”^<f>{i)> (7) 

m n 


where the summation with regard to n is to be carried out first. But if | Q^{t) | < 0 and 
m+n'^ 1 




MNC /3r\’»+»-i 

— 1)! \p/ ’ 


( 8 ) 


and the terms are less than those of a double series of positive terms. All terms of this 
series with the same 7n+n = k are equal and there are A; -f 1 of them, n ranging from 0 
to k. Hence their sum is 

and the sum of this with regard to A; is convergent. Hence the series in (7) is absoluttiy 
convergent and can be rearranged in any order without affecting its convergence or its 
sum. We can therefore collect all terms in but we then have 


F{Q)G{Q)4>(t) = {e^+c^Q+c^Q^+...)m> (10) 

which proves the theorem. 

7*04. First order linear differential equations. Now consider the linear differ- 
ential equation of the first order 

( 1 ) 

where a is constant and z is given to be equal to a;, at < = 0. Beplace < by r and 
inflate both sides with regard to r fix)m 0 to t. We get 

z—Zff~aQz = Qp{t) (8) 

that is, (1 — aQ)z = ZQ+Qp{t), (8) 

and the expression on the right is a continuous function of t if p{t) is integrable. Nw 
operate on both sides of the equation with the series (1 -f aQ-f a®Q*+ ---)- By the last 
theorem the result of performing the operations 1 — aQ and 1 -f- aQ + + . . . suooessivdj 
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on X is simply x; for if we put * for Q in these series we get two series convergent for 
1 * 1 < 1/a whose product series is 1. Hence 

X = (l+aQ+a.^Q^+ ...){xo+ W 


This gives a formal solution, which could be developed in a series of powers of a. But we 
know otherwise that the solution of (1) is 


X 


= *0 J dr. 


( 6 ) 


Hence the expressions on the right of (4) and (5) are equal for all values of x^; therefore 

(1 + aG + a®^® + ...) jCo = e*^o> (®) 

(1 + a(3 + aa(2® + ...) Q(f>(t) = e<^Q{e-^if>{t)}. (7) 

We have so far given no meaning to division by an operator. But just for that ireason we 
are entitled to do so now, provided that we can ensure consistency. If, for instance, we 

give a meaning to y git), it must be such that the operator I — aQ acting on it gives 
g(t). But we have 

il-aQ)il+ocQ + cc^Q^+...)git) => git) (8) 


by the rule for the composition of operators, for all g(i) such that the operations are 
applicable. Hence we may define 


j^=l + a<2+a®g®+.... 


(9) 


and write the above interpretations in the compact form 


1-aO 

Q^it) = 


(10 a) 
(106) 


Similarly, if Fiz) is any function of z expansible in a power series near 2 = 0, F(0) not 
being zero, and G(z) is the reciprocal series, we can interpret 1]F(Q) to mean GiQ). That is, 
the fundamental interpretation of any operator is always its expanrion in positive powers 
of Q as if Q was a constant. Operators such as Q~^ and are not expansible in positive 
powers of Q in the sense indicated; that is, the functions 2 ~* and ate not capable of 
being expanded in positive powers of z. Consequently we can give them no interpretation 
at present; and it turns out that in the important dass of physical problems that require 
the solution of a finite number of linear differential equations with constant coefficients 
such operators do not arise. 

We have 

~-L^l = (l + 2ag + 3a*Qa+...)l = l + 2cd+^^+^H^ + ..., (11) 

(1 —asi)^ 


which is not an immediately recognizable form; but 

( i — ttiQ)* ^ “ (0+2aG*+3a*G*+..r+«a"~®<8“...)l = t+a*®+JaV+...+^~Yy^ *“+... 

= tef^. (12) 


JKF 
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We now see that 


1 


Simultaneoiis equations 


7*05 

( 13 ) 


which is the same as (11). But {l — aQ)~”' 1 contains more and more terms m its finite 
interpretation as n increases; Q^~\l — a$)~” 1 does not, for 


or 


(l-aG) 


^1 = 




(«-l)! 

jn-l 


i-l)!^2l(n-l)! 


on interpreting the separate terndLs by 7-02 (1). Similarly, by expansion. 


(1 




_t)«— 1 a(f — 7)*^ a®(< — r)“+^ 


(»-l)! 21 


-r)”+^ ■ \ 

- 1 )!+-/ 


dr 




Alternatively we may use (106): we have 

and so on as in proving 7*02 (6). 


( 14 ) 


( 16 ) 


7*05. Set of n linear differential equations of the first order. Consider the ' 
equations 


®iiyi+*ia2/2+--- + ®i«y» — ^ 1 )' 
®aiyi'i'®sa2^a'l" ••• “ ^a> 


( 1 ) 


i" ^niVi + • • • + ^rmlfn — ^n>. 


where yj, y^, are dependent variables, t is the independent variable, Sj to S* ate 

known integrable functions o£t,iD.0^t^T, and 


®W ~ ®r» 


d 

dt 


+ b, 


TV 


( 2 )' 


where a„ and h„ ate constants. We do not assume at presmxt that o„ = a„, 6„ = h„, hut 
we do assume that the determinant 

A = i«„ll (3) 

is not zero. If it is, we shall be able to show later that there is a defect in the specification 
of the conditions. 
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Simultarhecms equations 


Using the summation convention we can write the equations in the form 
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(4) 


Perform the operation Q on both sides of each equation; that is, replace t for a moment by 
an auxiliary variable r and integrate with regard to r from 0 to t. We get 

o-Jy» - ■ w J + Qy* = QSr, (6) 

Uf being the value of at < — 0. We rearrange this in the form 

frsVs ~ (®rs "I" ^ (®) 

These equations take account of both the differential equations and the initial conditions. 
Now let jD denote the operational determinant 

= m 

If this determinant is expanded by the rules of algebra we shall obtain a polynomial in Q, 
in general of the nth. degree. The term not containing Q is ^ , which by hypothesis does not 
vanish. Let F„ be the oofactor off„ in this determinant. F„ also is a pol3momial in Q. 

Now operate on the first equation of (1) with F^, the second with F^m, aiid so on, and 
add. We have 

^rmfreVa ^Ttni^rs^B + QSr). ( 8 ) 


But Ff^„ = 0 unless m = s, for it is a determinant with two columns equal. If m = s. 


Ff^rt — D. Therefore 


I>ym = QSr)- 


( 9 ) 


The expression on the right is a bounded integrable function of t because the 8^ are. Also 
the function D{z), obtained by replacing $ by a number z, is not zero at z = 0 because 
J. =i= 0, Hence 1 /JD(z) can, for z less than some positive quantity p, be expressed as a power 
series in z. In accordance with the rule of 7*04 we define as the power series in Q 
obtained by putting Q for z in the series for l/i7(z). Then operate on both sides of (9) 
with 2)“^- We get 

= ( 10 ) 

But series of powers of Q can be multiplied together according to the rules of algebra; 
hence D-^Dy^ is simply and we have the formal solution 

ym = + W- (11) 


The fundamental rule of interpretation is that the operators are to be multiplied out and 
interpreted term by term, but we shall see that they can all be reduced, at the worst, to ‘ 
single int^rals by metrns of rules that we have already. The series D~^ operating on an 
int^able function always gives a convergent series; hence the result has a meaning, and 
mxist be the solution corresponding to the differential equations and the initial con- 
ditions if these have a Solution at all. To show that there actually is a solution we must 
verify that (II) satisfies the initial conditions and the differential equations. 

First, if t tends to 0 all terms containing Q tend to 0; then !)“*• tends to A~\ F^^ to A^, 
the cofismtor of in D. Hmice for ^ » 0 

Vm = A-^A^a„u,. 


( 12 ) 
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But ® unless m ^ 8, when it is equal to A. Hence 


7*051 


i/m 

and the solution satisfies the imtial conditions. 

Secondly, a„ = - b„ Q, ( 13 ^ 

and therefore the solution can be written 


ym = Q + Q^r)- (14) 

The first term as before reduces to on summation. Hence 

Vm = U„ + ^'^^rmQi^r-br,Ua), (16) 

and the last term consists of positive powers of Q operating on a known function. But 



4 ^ 

II 

II 

(16) 

Hence 

+ Qf(f) = Km + ^*»m<3)/(<) =fvmf{*)> 

(17) 



(18) 


But again ® unless r = v, when it is equal to D. Hence the last term reduces to 

The second term cancels the term b^u„ and jfinally 




(19) 


which shows that the solution obtained satisfies the differential equations and completes 
the proof that the problem has a unique solution given by (1 1 ). 

We now consider the case of = 0. Multiply the equations (1) by the respective Af„ 
and add. Then = 0 even for'a = m, since the sum is then A. Hence 

^nrfirays ~ (^®) 

for all t, and in particular for t = 0. Thus the values of the at * = 0 cannot be assigned 
independently. If they are assigned so as to satisfy (20) there is a fixed relation between 
the y, for all time and one of the variables is redundant; if they do not satisfy (20) the 
conditioxis are self-contradictory. The condition that 4= 0 (i.e. is a matrix of rank ») 
therefore expresses the condition that the initial values of the unknowns can be assigned 
independently, and will be satisfied in any propmrly stated problem. 

7*051. The symbol p. The process of getting the operational solution (11) from (6) 
is the same as that of solving a set of algebraic equations in the y,. The above procedure 
is the most convenient for establishing the general theorems, but the actual evaluafion 
of the operational solution is made easier by a change of notation. We rephroe Q hyp~^', 
the rule that operators must be expressible in the form 

then becomes the rule that they must be expressible in the form 



7*052 Elementary operators 

-where the coefficients are such that the series 
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+ ••• 

converges for some value of z diflFerent from 0, jRewriting in this notation the interpi.vu«b‘ 
tions that we have so far obtained we have 


p-n = t, p-n = p-^i = 

= J^/(<) dt, p-^f{t) = J‘ dr. 

The advantage of this notation is that the operators in the last two equations expressible 
by a sin^ term have p or 1 in the numerator instead of or 
We also have immediately by direct expansion 


, n/p 

__ 1 = cosni. 1 = smnt, (22) 

1 = coshjrf, 1 « sinhfti. (23) 

Returning to (6) we see that as the solution is a purely algebraic process, if we write 
for Q in each of the equations (6) and then formally multiply by j?, and carry through 
the solution by algebra we shall arrive at the same solution, provided that we keep to the 
fundamental rule that operators are to be expanded in zero and negative powers of p 
before interpretation. But with this rule we get in place of (6) 


+ f>„) y, = JWr,«,+ (24) 

These equations are called -the etAsHdtary equations. They are formed from the differential 
equations as follows, as we see on inspection. 

Write p for d/dt on ihe left of each egmtian; to ihe right of each equation add the result of 
dropping ^b„onihe left and replacing fheyfyf Qisar initicd values. The resuMng subsidiary 
equations are to be solved by algebra as ifp was a number; and the result is to be inter^eted 
by eapanding in decreasing powers of p and interpreting p~^ as the operation of irdeqrating 
from 0 tot. 


7*052. Partial fraction rule. Since the operational solution (11) is expansible in 
powers of Q or p-\ beginning with a constant term, the operator must be of the form 
^(P)l^{p)> where F{p) is a polynomial in p of the same degree as 0(p) or lower. If p is 
replaced by a number z, F{z)IG{z) is a rational function of z and can therefore be expreraed 
in partial factions. iSaoh such fraotion can be expressed in descending powers of z, 
possibly beginning with a constant, and the sum of the expansion is the expansion of 
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F{z)IQ{z). Consequently if we formally break up the operator into partial jfractioiis and 
apply each separately to a given function, the sum of the results is the result of applying 
the expansion of the operator F{p)IG{p) to the same function. 

The resolution is particularly simple when G{z) has only simple zeros of the form g a a 
and is not zero at z = 0. We have then the algebraic identity 


whence 


F{p) F(0) Fjoc) 1 
pG{p) pG(0) a oiG'(a)p — a’ 

F{P) F(0) F(a) p 

Gip) GiO) 7 aG'{a)p- a.’ 

F(p) F(0) F(cc) 

G{p) G{Q)'^7o^G'{ot.f ' 


(26) 


Hence the part of the solution that depends on the initial conditions is expressed direo% 
in finite terms. A different form is more convenient when the function operated on is not 
a constant; we can write 

F{p) F{0) F(<x) 1 

G(p) G{0y7O'{«)p-a.' 


The interpretation (26) is often called Heaviside’s expansion theorem. But his methods 
involve two other expansion theorems, namely, expansion in powers of and in powers 
of where Ar is a constant, and. in the present treatment the former is fondamentd. 
Consequently (25) will be called thB pa/rtkil fraction rule in the present work. It can be 
read: Divide by p, put into partial fractions, nvultiply by p a/nd interpret. 

If there are mulMple zeros of G{p), or if it contains p as a fantor, the expression 
F(p)jpG{p) in partial fractions can stOl be carried out, but there will be terms of the form 
p~*or (p— a)~*, and F(p)IG{p) will contain terms of the forms orp/(p— a)*. These 

can be interpreted by means of (21). Consequently, whenever the functions 8^ are 
integrable and the initial values of the unknowns can be assigned independently the 
solution can be obtained by operational methods and the result can at worst be e:q>ressed 
in terms of a finite number of single integrals. 

A convenient way of finding the terms in (p — oc)~* may be illustrated by the foDowing 
example. Take 

“ (p+l)*(p + 2)- 

Wheaz-^— 1, l/(z+2)tendsto l;then 


F{p)~ 


P 


(p+1)* (p + 1)' 




P 


P 


(p + l)(p+2) p+1 p+2’ 




/ p p 

. p \ 

\(p+l)* p+1 

i>+2/ 






By subtraction we can in this way reduce the highest index in the denominator by 1 
each stage. Each step checks the algebra of the previous one. 
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7'053. Principle of superposition. It is, however, sometimes inconvenient to have 
to use two different resolutions into partial fi:uotions according as the operand is a constant 
or not. This can be avoided by the principle of euperpoaUion. We have in the p notation, if 


^ip) “ ®o+®iP ^ + o,^p~^ + 


F(p)l =ao+ai<+Oa^ + ...+o,,^+... =/(«), 


say, then 


f'lf) = fill + <*2^ 




i + --. 


and from the third line of (21) 

F{p)^{t) = Oo9J(t)+j'^^(T)/'(f-T)dT. 
Integrating by parts we have 

Jt-O 


(27) 

(28) 


since /(O) = Oo- Hence if we know F{p) I, the evaluation of F{p) f){t) is reduced to a 
single integration. Using this result we can derive 7*062 (26) from (25), and need only 
one resolution into partial fractions. 

This theorem can be interpreted physically as follows. We can regard a system as 
subject to disturbances represented by our Sjlf). But if it was in the state of = 0 up 
to time 0 and then the were suddenly raised to we could represent this as due to a 
set of impulsive disturbances, thus virtually absorbing the initial values into QS^ at the 

cost of making I Sf{^) &r = in the limit when 8 is made arbitrarily small. Then the 

Jo 

term i>(fi)f{t) can be regarded as the residual effect at time t of the impulsive disturbances 
^(0) at time 0. The later disturbances due to 8f or can then be regarded as the resultant 
effect of numerous small disturbances or d^{j) in time dr. Each produces its residual 
effect at time t, but the interval is now t—r instead of t. (Consequently their total con- 
tribution is the sum of elements of the form/(t— T)d^(r), which gives the form of the 
integral. It is not necessary for this purpose that {&({) should be differentiable, but if it is 
not the integral is not the usual Biemann lateral but the extended form due to Stieltjes. 
(Of. 1-081, 1*082.) 


7*054. A third method is often most convenient when the operand itsdf can be 
expressed in the form 0{p) 1 = g{t). Then 

F{p)g(f)^F(p)G{p)l, (29) 

and we canproceed directly to theinterpretationof the rightside by the partial fraction rule. 

7*06. Eiquatioiis of higher order. The method is most easily extended to equations 
of higher order by breaking them up into equations of the first order. Thus if we have 
an equation of the second order such as 

, da; . , 

^+a^+te.l 


( 1 ) 
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with X = Xf), dxidt = at t = 0,, we introduce a new variable y given by 


dx 

dt 


-y = 


0 , 


( 2 ) 


and the original equation can be replaced by 

dy , 

^+bx+ay = l. (3) 

Then (2) and (3) are two equations of the first order, and the subsidiary equations are 


px-y==pxo, 
py + bx+ay =pxi+ 1. 

EUminating y by algebra we get 

(p=»+ap)a;o+jpa^+I 
p^+ap + b 

which we can interpret by the partial firaction rule on putting 

p^+ap + b = {p — a){p—p)‘ 


(4) 

( 6 ) 

( 6 ) 

(7) 


7*061. If we have n differential equations of the second order, possibly with variable 
functions on the right, we proceed in the same way. If a typical equation is 




we take 




dt 


as defining a new set of variables z^; then (1) can be written 

dz 


( 1 ) 

( 2 ) 

(3) 


and instead of n equations of the second order we have now 2n equations of the first order. 
The operational method of solution will then work provided that the initial values of all 
the yg and Zg can be assigned independently. If they are Ug and Vg we write the subsidiary 
equations 

{araP + 6«r) *.+ + (5) 

The first step of solving is to eliminate Zg between these two; then . 

' {a„^+b„)p(yg-ug)+c„yg==^8r{t)+a„pvg, («) 

that is, , {arsP^+b„P+Ora)ya = S,it) + {a„p»+b„p)Ug+a„pVg. (7) 

These can be solved for the yg as for a set of first order equations and the same rules of 
interpretation apply. The aUqwance for the initial values of y, and dygjdi is made by the 
storms in Ug and v, on the right. 
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The determinant of the coefficients of dyjdt and dzjdt in (2) and (3) is 


®12 



so that solution is possible with arbitrary initial values of all y, and dyjdt provided again 
that I a„ II + 0. 

The ph 3 ?sical interpretation of the condition = || || + 0 is dear in this case. The y, 

may be the coordinates of a dynamical system and will satisfy differential equations of 
the second order with regard to the time. Then the condition that the initial values of 
y, and dyjdt can be assigned independently amounts to saying that the coordinates 
chosen and their rates of change may have any initial values. 

7*062. We have already had the rules 

— slscosnf, = sOLvt. (1) 

These can also be verified by the partial firaotion rule. If we differentiate with respect 
to » the series expansions of these operators in powers of p~^ we get series that con- 
verge; hence . . . 


f-P 


whence 


7*04(10) may be written 


2n^ 1 ■ 

(p* +«*)*/ ■ 
2?i®p 

(pa+n*)** 


1 s nt^nt. 


i toosvt. 


: ^nt—nicoBnt. 


p^OC p 


Hence ' 

In particular 

P{p-«) 1 P i 1 ^ 

^ ^ ^ • t ^ I M ^ A# /inS ^ * 




p*+^ p+ot {p^+fi*) 


and therefore 


and therefore 


(9) 
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These are given here as an illustration of 7*04 and 7*064. Alternatively, we can apply 
the partial fraction rule directly: 


P 


p—a — t 


. — gCa+w = e'^{co8^+iBia.fit), 


and we separate real and imaginary parts. 




7*07. We sometimes want the limits, if any, of 1 and its integral as t tends to in- 
finity. The problem of the induction balance in the next chapter is an instance. These can 
be simply found from the partial fraction rule. It is not necessary to consider repeated 
factors, since we can separate them by making small changes in the constants. The roots 
a must all have negative real parts, otherwise the interpretation would contain ex- 
ponentials with positive indices and increase without limit, or else trigonometrical 
terms, which will oscillate finitely. Then 


np) . 

GiP) 


m 


m 




■F(«) 

aG'(oc) 


(10) 


and the limit as t tends to infinity is F{0)/G(0). Also if the integral is to have a finite limit 
F(0)jO{0) must be 0; then 


p Fjo.) Fju) 



,. „ F(oc) 1 ,. FiX) 

(11) 

Hence 

J-W JP(0) 

Qip) ^ <?(0) ’ 

(12) 



(13) 


provided that the limits on the right exist, and that all zeros of &{p) have negative real 
parts. 


7*08. In dynamical applications &(p) is often an even function of p with simple zeros 
± in. We can separate F{p) into even and odd parts, thus 

np) = i{np)+n-~p)}+unp)-n-p )} = s(p)+pT{p), (u) 

where S{p) and T{p) are even functions; and then 


np ) , ^ S(p) +pnp ) . _ 5(0) , ^ S(in)+inT(:in) 
G[p) • G{p) Q{0y‘^ inG'iin) ‘ 

4 

TaMng the terms from e**”* together we have 


gf(0) 2^(m) 

Q(0y inG'iin) 


oosjrf— S 


2nT{in) 

inG'iin) 


sinnf. 


(16) 


(16) 



7-09 

But 


Solution in cosines and sines 
d 1 

*■«<?'(»») = -2fta|A(3!(^a)j 
1 _ ^(0) V cos ni - nTiin) sin nt 

<Hp)^ -W,-^- s i ,1 — • 
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(17) 

(18) 


f f P0ly“0“|iaJs in p containing only terms of even degrees this expresses 
the interpretation directly m real form in terms of trigonometrical functions. 

7-09. The Heaviside unit function. This function H{t) is defined by 

m) = (i (<< 0 ); {t>0). 

Evidently p~^H{t) = p-i^ l (i>0); p-^H{t) = 0 (#<0). 

Hence if J’(l))l=/«), 

F{p)H{t)=f{t) it>0), Jf’(p)H(<) = 0 («0), 

and in general j-(p) 

interes^ only in positive values of t; and then it is irrelevant 
... (P) “ supposed to operate on 1 or on H(t). Then for either F(p) 1 or F(p) Hit) 


( 1 ) 

( 2 ) 

(3) 

(4) 


EXAMPLES 

Solve the following differential equations with the initial conditions stated: 
d** d» 

^5 *, = 3,a!i = -2. 

d®a; dx 

iCo = = 0. 

dx 

3- ^+3* = «“**; *, = 0. 

. dx 

= **«"*•; «o = 0,a!i=sO. 




smx. 


given that 

6. Solve the e^fuations: 


§=0when®=0. 


(M/c, 19300 


— + 5a?+2y = e-*. 


given that x^l^y^c when i = 0. 
7. If 


^+3*+%'=0, 


Fip) 1 =/(«) 

^P’(p)-J"(p)j ! = «/(*). 


(Plrelina. 19460 


prove that 



Chapter 8 

PHYSICAL APPLICATIONS OP THE OPERATIONAL METHOD 

Cut the cackle and come to the bosses. 

8*01. Charging of a condenser. An electric circuit contains a cell, a condenser and 
a ooU with self-induction and resistance. Initially the circuit is open. It is suddenly 
completed; find how the charge on the plates varies with the time. 

Let y be the charge on the condenser, t the time, C the capacity of the condenser, 
L the self-induction, B the resistance of the circuit and E the electromotive force of the 
cell. The current is and the charging of the condenser produces a potential difference 
yjC tending to oppose the original e.m.f. Then y satisfies the differential equation 

E-^^Ly+By. ( 1 ) 

Initially y and y, the current, are zero. Hence the subsidiary equation is simply 

{^^+Rp+^y^E, ( 2 ) 

and the operational solution is 

E E 

I^+Bp+llC~ L{p+a.)(p+fiy 

say. The interpretation is, by the partial fraction rule, 

E , Ee~'^ , Ee~fi* 

Since a+fi and xji are both positive, a and must be either both real and positive, or 
else conjugate complexes with positive real parts. In either case y tends to a limit GE, 
as we should expect. 

We notice that if the circuit contained no capacity or self-induction the differential 

equation would be simply ... 

B-g^E. ( 6 ) 

Hence if the solution has been found for simple resistances, self-induction and oapadiy 

can be allowed for by writing Lp+B+l/Op for B. Por this reason this expression is 
sometimeB called a resistance operator, and the operational method generally the method 
of resistance operators. The exponential terms in the solution become negligible after a 
short time, though they are important in experiments where we need to know how long 
it win take to approach a steady state. They are often called the tra/ndeM. 

. 8*02. , Alternating applied to a coil with self-induction. Let a; be the 

current produced. The e.m.f. is v cos at, which we can take as the real part of ve^. Then 
\^^b^"to' solve , . 

no atm 
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and if » is initially zero the initial conditions contribute nothing to the subsidiaiy equation. 
Thus the operational solution is 


and the real part of this is 


z = 


vp 


{Lp + R) {p —it 

gita 


l\v. 


e-BUL 


in'^RjL JRIL 


— inj 


v{B — Lin) 




X = 


nt + Z(» sin — Re-^^). 


The first two terms give a harmonic variation, out of phase with the e.m.f. The last term 
gives the transient, which becomes negli^ble after a time of order L/R. 

The harmonic part has amplitude + R‘)\ and can be written as the real part of 

ve*”* 

R+Lvn' 


This is the basis of the so-called ‘vector diagram’, which has nothing to do with 
vectors, but is a special case of the geometrical representation of complex quantities 
usually associated with the name of Argand, though he was anticipated by Wallis and 
Wessel. 


8*03. Discharge of a condenser in one of two mutually influencing circuits. 
Suppose that we have two similar circuits, each with self-induction L and containing a 
condenser of capacity C7, but negligible resistance, and that the condenser in one has a 
charge Xq initially and the other none. The coefficient of mutual induction is JIf . The first 
drouit is closed; fibad the ensuing variations of the charges. 

Put CL =5 1/a®, M = iy?; if «, y denote the charges on the condensers in the two 
circuits 

X((aj+;?y+a®a!) = 0, (1) 

L(/Jaj4-y-h a*j/) = 0. (2) 

Initially « =* «o> ® *= 0» y *= 0. y =■ 0, (3) 

and the subsidiary equations are 


(p* + a*) « +yffpV = 

yfifp*® -1- (p* +ofi)y=‘ §pht^. 

On solving by algebra 

« ^ y - ■ 

(p®+a*)®— 

a? y ^ 


(4) 

( 6 ) 

(«) 


(7) 
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Determination of self -induction 

8*04 

Then 

p2(l-y?*) + a2 g 

f (i+y?)jp® , 1, 

+ (1— y5)p® + a®/ ^ ® 




(8) 


s 

y ~ {(i+^)p2 + a2}{(l_;g)p2+a2}^ 

{ (H-A)y® 1, 

• 


- Hv(i+«‘ 

(9) 

If we write 

Va+;S)“^ ■ 

(10) 


the solutions take the forms 


X = sjocosy/ cos^i, y = ajosmyj sin^. (H) 

If Jf is small, S is small, and the disturbance consists of a rapid oscillation in period 2nly, 
mth the amplitude vaiyLog so that the oscillation is transferred from one circuit to the 
other in time 7r/2d. This is the case of beats due to treak coupling. A similar phenomenon 
is weU known for two pendulums hanging on the same support, the support being not 
quite rigid, so that one pendulum influences the other by displacing the support. The 
same phenomenon of the transfer of the vibration from one pendulum to the other occurs 
at regular intervals. 

If the coupling is stroi^, so that yff is nearly 1, the two periods 27r.^(l ± /?)/« are very 
different, and the variation of the charge consists of a rapid oscillation superposed one 
slow one of equal amplitude. The slow component has the same phase in the two oironitg, 
the rapid one opposite phases. 

> 

8*04. Rimlngton’s method of determining self-induction.* In this method the 
unknown inductance is placed in the first arm of a Wheatstone bridge; the fourth arm is 
shunted, a known capacity being placed in the shimt. 

First consider the ordinary Wheatstone bridge, the resistances 
of the arms bemg G that of the galvanometer, h that 

of the battery and leads; x is the current in y that in JB 21 9 that 
through the galvanometer. Then 

RiX-B^y+Og ^ a, ( 1 ) 

•®8® Bf,y (J23 + + (?) g = 0, (2) 

h{x+y)+R^y + B^{3f-\rg) = E, (3) 

and onusolving (1) and (2) we find 

9 ®+y 

Mag. (6) 24, 1887, 54-60; Bromwioh, PhU. Mag. (0) 37, 1919, 407-1*. 
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8*04 Deterrmnaiion of self-inchiction 

If jr is small compared ■with x and y we have nearly 


x+y 


= i?/{6 + 


{Ri + -Rg) (-^ + -^a) ] 

Sj + 52 + ^8i'-®4 I * 


(5) 


{x + y)(R^Rs-BiBi) 

0{Bi + B^ + B ^ + jB^) 


The important feature of the arrangement is that g — 0i£ B^B^ = RiB^, irrespective of 
the accuracy of the approximation (5). 

According to our first result we can allow for the self-induction L in the # 

first arm by replacing jBj by Let the arrangement in the fourth / 

arm be as shown. The resistance of 'the main wire is B^, that of the shunted /\ 

portion of it r. The shunt has resistance 8. Then the effective resistance of / vf 
the whole arm is 

Aj— r-^ — — g = M.-- 

* r+8 * " 


r+8‘ 




If the shunt contains a capacity C we allow for it by replacing 8 by 8 +llCp. Hence in 
the formula (6) for g we must replace by Xp + and B^ by 

ff . p r^Cp 

* r+S+lICp~ * (r+8)0p + V ' ^ 

The result expresses the current through the galvanometer when the battery circuit is 
suddenly closed. 

It can be shown that in actual conditions g cannot vanish for aU values of the ■time. 
A su£S.cient condition for this would be that the modified operator B^B^—B^^B^ should 
be identically zero; then g would vanish whatever the remaining factor might represent. 
A little consideration ■will show that this condition is also necessary. This factor is 
modified to 

Multiplying up and equating coefficients of powers of p to zero, we find 

B^{T+8)^r\ (9) 


-LB^+{BtBi-B^B^){r+8)C+B^r^0^(i, ( 10 ) 

B^B^-B^B^==^0. (11) 

From the construction of the apparatus r < > 0. Hence (9) can hold only if r = £4 

and s 0; the shunt -wire must be attached to the ends of and have zero resistance. 
(11) is the usual condition for balance; and substitutiug in (10) ■we have 

L=>B^BiC. (12) 

These conditions cannot be completely satisfied. But ■the changes of current on closing 
the battery circuit are so rapid that an ordinary galvanometer will not follow them. H 
the current settles do'wn to nothing we have the usual condition for balance; bubif there 
is a resultant flow through the galvanometer in one direction or the other it will act oh the 
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8-05 


galvanometer as an impulse, and there will be a baUistio throw. The condition that ^ 
tends to 0 and that there shall be no ballistic throw axe 


gf-j-O, j^gdt = 0. 


(13) 


But these are satisfied, by 7-07, if the constant term and the term in p in the operational 
form for g vanish; and agaiu, irrespective of the approximation (6), we can use (8). Tha 
formal limit when p -»• 0 is 

= 0 (14) 

as before. The coefficient of jp h 

LR,-B^r^C, (15) 

and the vanishing of this is the condition for no ballistic throw. Condition (9), whidi 
came from the terms inp^, no longer arises. The method is therefore first to set up the 
bridge in balance m the usual way, thus satisfying (14); and then to coimeot the atnut 
containing the capacity to different points in the arm so as to vary r. When the adjust- 
ment is such that there is no baUistio throw r is determined, and then (15) gives L. 

8*05. The seismograph. In principle most seismographs are Euler pendulums- 
penduliuns with supports rigidly attached to the Earth, so that when the ground moves it 
displaces the point of support horizontally and disturbs the pendulum. The seismograpli 
differs from the Euler pendulum as considered in text-books of dynamics in two ways. 
Instead of being free to vibrate in a vertical plane, it is constrained to swing, like a gate, 
about an axis nearly, but not quite, vertical, so that the period is much lengthened; and 
fluid viscosity or electronoagnetic dampmg is introduced to give a Motional term pro- 
portional to the relative velocity. The displacement of the mass with regard to the Barth 
then satisfies an equation of the form 

x + 2Kx+n^ = ( 1 ) 

where | is the displacement of the ground and at, n, A are constants of the mstroment. 
Some instruments, such as those of Wieohert and Wood-Anderson, are not on the prin- 
ciple of the Euler pendulum, but nevtertheless give an equation of this form. Others are 
arranged to record vertical displacement of the ground; this requires a heavy maa 
elasticaUy supported, and is convenient for ground movements of short period, as in 
seismic prospecting. Eor longer periods it is more difficult to design an instrument such 
that X will satisfy a linear differential equation, but the difficulties have been overcome in 
several different ways, and the differential equation is again of the form (1). 

The first object of the instrument is to record as accurately as possible the time of ai^ 
sudden change of the vdodty of the groimd. The second is that when such a change has 
been recorded the instrument shall return as quickly as possible to its original posifion 
so as to be ready to record any later disturbances. 

Suppose first that the ground suddenly acquires a finite velocity, say unity. Thenf 
jumps M>m 0 to 1, and therefore x from 0 to A. The initial conditions are therefore 

, , , _ ® 0, 35 = A, , (*) 

and Our subsidiary equation is 

(j>*-H2Acp-t-»*)aj = Ap (<>0). 


p‘+2Kp+n* = {p+a)(p+fi). 
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Then 


X = 


Seismographs 

Xp 


(p+a) (p+y?) 

A 


(<> 0 ) 


ct—fi 




(5) 

( 6 ) 


The recorded displacement x therefore begins by increasing at a finite rate A, reaches a 

/rtAW«-/!) la 

maximum A j after a time "_^ log^, and then tends asymptotically to zero. 

If a and ^ are real, and ^<cl, the behaviour after a long time depends mainly on er^', 
to confine the effects of a disturbance to as short an interval of time as possible, we should 
therefore make yff as large as possible. But 

yff = iC — V(^ — «-*) = 57, (7) 

K+^{K^-n^) '■ ‘ 

and for given n,^h& greatest (given that it is real and therefore x > «) when x = n. This is 
the condition for what is called aperiodicity. The solution then reduces to 


X = 


— Ap _ 

(p+»)® ~ 


Ate-^ («>0). 


( 8 )' 


The maximum displacement is now at time 1 jn and is equal to Xien. 



If X < », we can put 
Then (6) becomes 


X = ^e~**sin7i, 


( 9 ) 

( 10 ) 


and the motion dies down more rapidly the larger x is, in the range considered. The 
aperiodic state x = a therefore gives the least motion after a long time for given ». 

In practice, however, xis usuaUymade rather lessthann. In the Milne-Shaw instrument, 
for instance, x is about 0*7f». The motion is then oscillatory, but the ratio of the figcsli 
swing to the second is about 20. But x vanishes after an interval irfy from the start, 

jar *5 
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or about iln, and ever afterwards is a smaU fraction of its first maximum. The reduced 
damping effect after a long time is considered less important than the quick recovery to 
zero after the first maximum. The time of the first maximum is l-l/« from the start, as 
gainst 1/n for the aperiodic instrument and l-67/« for the undamped one. 

The Galitzin seismograph is similarly arranged, hut the motion of the pendulum, 
instead ofbeing recorded directly.generates by electromagneticinductionacurrent, which 
passes through a galvanometer. If a: is the displacement of the pendulum, and y that of 
the galvanometer mirror, the differential equations are 

x+2K-yX-\rn\x — A^, (11) 

j) + 2/Ca2/+«|y =/«c. (12) 

where the reaction of the induced current on the pendulum is neglected. Again supposing 
the ground to start with unit velocity, we have 



Response of Qalitziu seismograph. 


Tn instruments of the original design k and n were made the same for both the inter- 
acting systems, and both were made aperiodic, so that 

/Cj Ifj = «! = = ». (14) 


(p+n)* 


(*> 0 ) 


= iA/i(f*-J«i»)e-«*. 


The indioatar therefore begios to move with a finite acceleration, instead of with a 
finite velocity as for the pendulum. The maximum displacement foUows after time 
(3— ^)/» so I*27/n, the mirror passes through the equilibrium position after time 3/n, 
and there is a maximum displacement in the opposite direction after time 4*73/u>. The 
mirror then returns ai^ymptotically to the position of equilibrium. The ratio of the two 
axtrosas displaoeiheaite is e*'^V(2+V3)* = 2*3, In comparison with a partiaJly damped 
8irah..as the Milne-I^aw, reoording directly, the Galitzin madhine gives Ihe 
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first maximum a little later, the first zero a little earlier, and the next extreme displacement 
is larger in comparison with the first. It will be seen firom the graph that in spite of the 
fact that y for small t is proportional to instead of it begins to increase rapidly so soon 
that the beginning of the movement can be very accurately read. 

Later modifications of the Galitzin instrument have been to abandon the relations (4) 
by reducing the damping and by making the galvanometer period shorter than the pen- 
dulum period. For harmonic motions of the ground this makes the magnification vary 
less with the forced period. It does not seem possible, however, to reduce the overswing 
on recovery after an impulsive change in the velocity of the ground. In some modem 
designs the reaction of the induced current on the pendulum can no longer be neglected.* 

8*06. Resonance. A simple pendulum, originally hanging in equilibrium, is disturbed 
for a finite time by a force varying harmonically in a period equal to the free period of the 
pendulum. Find the motion after the force is removed. 

The differential equation is 

ij+naa; = /sin (0<t<T), 

with » = 0, » = 0 at i = 0. Then 

The motion can therefore be regarded as a harmonic motion of continually incieasmg 
amplitude. Suppose that the disturbance acts for a time T = min, where r is an integer. 
At the end of this time . 


The subsequent motion is therefore given by 

X = - (- l/^oos {ra-m) = -^oosTrf, 

and is therefore a harmonic motion with amplitude proportional to the duration of the 
disturbance. 

Linear differential equations in dynamics are usually the result of neglecting the square 
and higher powers of the displacement. Wliat the result shows is that the amplitude, if 
the forced and free periods agree, will grow until tho neglected terms need to be taAen 
into account. 


8*07. Thre& particUs of maaees m, cmd m, in order, are oMacTud to a light atrekdied 
eking of length U, dividing it into egual intervale. One ofthepartielee ofmaee m ie etruck by 
a traneveree vmpvdee 1. Find'the eubeeguent motion of the middie partide. (JttteredUegiate 
Mxamination, 1923.) 

If Xi, tBg, % are the displacements of the three particles and P the tension, we find in 
the usual way the equations of motion 


*1 - -A(2a:i-a:a), 

U«a = -A(-*i+2a!,-a!9), • 
5, = -A(-a;a+2af,), 


(1) 


* The tiieory is lAore fuUy devdoped by J. Bybner, Oerkmde Seitr. 81, 1931, 239-81; 31, 1937, 
873-401; 35. 1939, 308-18. 
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where A = P-ml. Initially, all the displacements are zero, *2 = *3 = 0, scj = Ijm. Then 

the subsidiary equations are 

(p2 4-2A)a;i-A«2 

— AjBj + + 2A) Aa;3 = 0, ■ (2) 

— Azg + (i>® + 2A) 0:3 = 0. 

As we are asked only for the variation of *2 eliminate and *3. We have 



A P ^ ^ 

*i-pa-t-2A®®+p*+2Am’ 

(3) 

and then 

(|Jp®+2A ^2+2A)'"*"p2+2Am’ 

(^) 

and on simplifying 

(7p2-f-4A) (Sp^+IOA)®* = 20Ap//w. 

(5) 

Then 

20 1 ( 7p 3p \ 

®®"68m\7p®-l-4A 3pa-t-10A/ 

(6) 


10 I /smoci siny^A 
~ 29 m \ a P )’ 

(7) 

where 

«® = |A, /?* = ^A. 

(8) 


If we want also the motions of the other particles they can be found by using (3) and 
applying the partial-fraction rule. They will contain tens^ with the same periods as those 
in (7), but also terms with period 27r/^(2A). These correspond to a third normal mode, in 
which the middle particle does not move. This illustrates one great advantage of the 
operational method. We are asked only for x^, and the method gives it directly. In the 
usual method we should have to determine the amplitudes of all three normal modes 
separately, even though one of them is irrelevant to the question asked. 

8*08. Small oscillations in dynamics. Consider a dynamical system with a 
Lagrangian function given by 

2Zr = a„Z^Xg-C„XrX„ (1) 

so that the equations of motion are 

(2) 

8f beiag any generalized force component applied to x^ and not taken into account in the 
potential energy. If the system starts from rest and only one of the 8^ differs from zero 
we can write 

+ (3) 

axkd the subsidiaty equations are 

««.*» = 0 (»»4=r), (m = r). (4) 

Wz^ing A for the determinant of the and for the cofactor of in this determinant, 

we Wve the operational solution 

(S) 

f is a jMtfficsidof snffix and is not snnuned! over. Now the deterniinant A is 
so that Thiis a given force applied to the coordinate a?,, will 
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produce exactly the same variation in as the same force would produce in if it was 
applied to Xg. Thus we have a reciprocity theorem applicable to all non-gyroscopic andi 
jMctionless systems- 

It is easy to see that friction does not affect the result if it is expressible by a dissipation 
function F = particular, the result is true for electrical networks. 

Now suppose that the force reduces to an impulse JJ. at ^ = 0 and suppose that A has no 


repeated factor; we can write 


A = An(i>*+a®), 

(6) 

and replace by j)e^. Then 


- _ ^rsP r PJr 

* ^ ~ i* n'(-a®)2>a + aa’ 

(7) 


where and !!'( — a®) denote the results of putting — ofi for in and dA/dp^; 

and then 


The separate terms have different periods, and the terms of the same period in different 
coordinates constitute a normal mode of the system. 

An immediate consequence is that if for some s and a, say Oj, = 0 for all r, 

X, contains no term in sinoi* whatever impulses axe applied; in other words,' if x, is the 
displacement of a particle of the system, that particle is at a node of the mode in question. 
But then if we consider an impulse applied to we shall have 

and again, since E„ = the term in sin Oji will have zero coefi&cient in every coordinate. 

Hence we have another general reciprocity theorem; no mode can be excited by striking 
the system at any node of that mode. It can be shown similarly that if the initial conditions 
specify initial values of the coordinates but the velocities are zero, the subsequent values 
contain terms with factors — a^) cos at, and the initial displacement at a node of any 
mode will not contribute to the terms in that mode in the subsequent motion. 

This principle, in a continuous system, provided one of the crucial tests of the existence 
of deep-focus earthquakes. Most earthquakes occur at depths not over about 60 km., and 
produce, besides the waves that travel right through the earth, two types of surface waves 
explained theoretically by Rayleigh and Love. These resemble waves on deep water in 
that the displacements die down rapidly with increasing depth and are inappreciable at 
depths over about a wave-length, in this case something of jthe order of 60-100 km. By 
the above principle they should not be excited appreciably by disturbances at greater 
depths. The late Professor H. H. Turner had inferred from the times of travel of the 
bodily waves that a few earthquakes originated at depths up to some 400 km., but the 
evidence appeared capable of other interpretations. Examination of the seismograms of 
these earthquakes by Stoneley, however, showed that the surface waves were absent, and 
this fact was not explicable by any of the other suggestions, but was just what would be 
expected from the reciprocity princi]^le if the earthquakes in question originated at great 
deuths. 
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8*09, Case of equal roots. In the discussion of the oscillations of dynamical systems 
about equilibrium the ordinary method of seeking for solutions of the form 
meets -with a difficulty when the determinantal equation for y® has equal roots. In the 
ordinary way, if we have a set of simultaneous linear diffierential equations for n variables, 
and we eliminate them in succession in favour of one, we get a differential equation for 
that one. If we substitute for it we shall get an equation for y, and if there is a repeated 

root there will be a second solution tef*. If this happened in the theory of small oscillations 
it would appear that a repeated value of y would lead to terms of the form t cos Kt, t sin Ki 
(k = iy), and e.vcept for special initial conditions a small oscillation would growindefinitely. 
This was never foimd to happen, and in fact if it could happen it would contradict the 
fundamental principle that if the potential energy is a minimum in the position of equili- 
brium, and the initial displacements and velocities are sufficiently small but not zero, 
there is a limit that no displacement can ever exceed. Laplace was puzzled, and the 
explanation was finally given by Routh* and Heaviside.f If the system is not dissipative 
and the roots are unequal, we know from 4-082 and 4-09 that the zeros of the minor of any 
element in the leading diagonal separate those of the original determinant, and if the 
determinant A has a factor (p^ + a®)*, every first minor contains the factor (p®-l-a®)*'-^ 
Hence when we evaluate the contribution ffom the initial conditions to the operational 
solution, namely, from 7-061 (7), ^ 

a factor will cancel and we are left with only a single factor in the 

denominator. The same will happen for every repeated root, and the interpretation will 
contain only terms of the foims cos oU and sina^. Varying Ug and Vg will alter the ratios of 
the coefficients of these trigonometric factors for diSerent coordinates; it will not intro- 
duce terms like if coso^ or ^ sinoif. 

8*10. Dissipative and gyroscopic systems. Here the root separation theorem may 
not hold. Then the operational solution may have a repeated factor in the denominator 
and terms like t cos of, t sin cct may occur in the interpretation. We have had a simple 

instance of this for a dissipative sj^tem in the aperiodic seismograph. This will not affect 
stability if the undamped system is stable and non-gyroscopic, since the solutions are 
exponentially decreasing and will still tend to 0 with increasing t. But if a system is kept 
stable only by gyroscopic action, coincidence of the roots may ruin the stabiKty . Suppose 


that the equations satisfied by two coordinates are 

« 0 , ==: 0 . ( 1 ) 
Amwcsie ( 2 ) 

We fittd that y must satisify^tlie determinantal equation 

+ -67 0, (3) 

fry y*+Cj| 

y*4-(Ci + c,-|-6*)y»-|-Ci<?j| « 0. (4) 


UMfiMvy ooaditton for stabilily^ is that both values of y* shall be real and < 0. Hence 
we havfe two cases according as are both positive or both negative. 

♦ IMA% ef * fieoSs JhfoSfroti, 187T. f BUckricol Papers, 1, 529. 
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Take first the case where they are both positive. Then the S 3 r 8 tem would be stable even 
if 6 was 0. The condition for equal roots is 

(Ci+Cj+ft®)® = (6) 

that is, (Cj — Ca)® + 26*(Ci + Cj) + 6* = 0. (0) 


With Ci,es>0 this can be satisfied only if 6 = 0, and then = Ca. Hence if (3) has equad 
roots and is equal to one of them, all elements of the determinant vanish. This is what 
we should expect, since + 020 ^ is a positive form in this case, and the root separation 

theorem still holds in a gyroscopic system when the terms c„XyXg are a positive form. 

If, however, and Ca are both negative (6) can be satisfied, provided that 

6® = — (Ci + 62) ± V{(®i + )* ~ (®i ~ ^a)*} 

= -(<a+<5a)±2V{CiCa) = W(-Ci)± V(-Ca)}*. (7)’ 


Thus the determinantal equation can have equal roots in this case without b being zero. 
It reduces now to . , . 

7*±27(CiCa)7®+CiC2 = 0 


and 


+A/(<aC2)- 


( 8 ) 


In this case the separate elements of the determinant (3) do not vanish, though is still 
real and n^ative. With the lower sign in (7) and (8), y^ would be positive and the 
Intern obviously unstable. We therefore tahe the negative sign in (8) and the positive 
sign in (7). To see what will happen to a system satisfying these conditions, with 
2 ^ s =s 0, ^a « 0, i^a ^ ^ write 



Cj oc®, Ca = b — 05+/?, 

(9) 


(p* - a®) Xi- (a + pXi = p®tti, I 

{a+^)pxi+{p^-fi^)xt * 

(10) 

The operational solution is 



_ p‘+(a®+2ayff)p®__ _ (a+^)a®P 

(p^+ajS)‘ 

(11) 

and 


(12) 



(13) 


Hence if a system is kept stable only by the gyroscopic terms, and the coefficients of 
these are such as to make the periods equal, the stability may be ruined in the sense that 
the amplitude of a disturbance will increase linearly with the time. 


8*101. Gyroscopic system with slight friction. Here we need not consider a 
general initial disturbance, but confine ourselves to the period equation. If the equations 
^notion are ^ , 1 .. a . 

Xi+fi^+CiXi—bx^^iO, Xg+ficz+CiXf+bx^ — O, ( 1 ) 

where Ci < 0, c* < 0,/> 0, and b is large enough to ensure stability when/ is put equal to 0, 
we assume solutions proportional to and find that y must satisfy 

r*+2/y*+y*(Ci+0a+6*+/*)+yV(6i+c,)+«iCa « 0. (2) 



232 

JRadioactivity 

8*11 

Hence 


(3) 


[jet the roots for /= 0 be + iux, ± irt^, with > Wg; and for / small and > 0 let them be 
± in-i -ai, ± to order/. Then we have to this order 

«l + «2 =/>0, 

1 , I , 1 1 0 . 

inj^ — aci —itii — oci in^ — oc^ ' n\ n\ 

E'hese inequalities are consistent only if and ocg have opposite signs, and in fact, since 
> nj, «! > 0, Oj < 0. Hence if a system is kept stable by gyroscopic action only, the effect 
if aman friction is always to produce instability. The quicker free vibration will be 
lamped, but the slower will increase in amplitude with time. 

This feature of gyroscopic motion has considerable theoretical and practical importance. 
\i we use the usual method to treat small oscillations about steady motion, neglecting 
riction, we often find that all the roots y are purely imaginary, and infer that the system 
s stable. If the expression c^x^Xg is essentially >0, and there is a little friction, 
will decrease, and the oscillations will be gradually damped down. Such 
lystems are called secuUwly stabU. But if the quadratic form in question is not essentially 
^ 0 and the S 3 ?stem is kept stable only by the gyroscopic terms, the slower oscillation about 
teady motion will gradually increase in amplitude until it can no longer be treated as 
;mall, and may lead to a complete change in the character of the motion. Such systems 
ire called ordinarUy stable but secularly unstable. The engineer tries to avoid them. 
Chey have possibly had considerable importance in the development of ste]la<r systems, 
md of the solar system in particular. 


8*11. Radioactive disintegration. The uranium fanoily of elements are such that 
in atom of any of them, except the last, is capable of breaking up into an atom of the next 
md either an atom of helium (a-particle) or a free electron (y?-particle). The emitted 
Hurticle leaves the atom and has no effect on the later stages. The number of atoms of 
my element that break up in a short interval of time is proportion to the time interval 
md to the number of atoms of that element present.* Ti£u,X'j^,x^, ..., 2 ;,^ are the expectations 
)f the numbers of atoms of the various elements pr^ent at tune i, they will satisfy the 
lifferoutial equations 

du 1 


dx» 


( 1 ) 


dt 




* U tOiMngii aiiso^ rniioAotivity is a raix<lom pvooessy this rule is true of the esLpectatioa 

^ tlw itafNohir ttOQQS hvealdtkg up. The actual number will deviate somewhat from eneotatioUr 
^ tihe dUhraooe If the oxpeotatiim is large. 
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Suppose that at t = 0 only uranium is present; then u = u^, and all the other dependent 
variables are zero. The subsidiary equations are 


{p + K)U 

= PUo, 

{p + K^)x^ 

== KU, 

{p + K^)Xz 

= 'fl*!. 

(3» + «7i-l)®n- 

-1 “ 

PXn 

Ijj 


and the operational solutions are 'written do-wn immediately: 


,, P^O „ f^P^O „ KKiPUp 

. P + K’ ^ {P + K)(p + Kiy ^ (f' + 'f)(P + ^fl)(i> + 'f2) 

KKi...K^_^Uo 

”• (P + K)(p + K^)...{p + K^j)‘ 

These are directly adapted for interpretation by the partial-fraction rule; in fact 


w ^0 

.. At A — ^ 


% = «oe“", a?! = 




®e =* KK. 


**)’] 


(3) 


(4) 




e~**— .... 


( 6 ) 


Of aU the decay constants k is much the smallest. If the time elapsed is long enough for 
all the exponential factors except e~'^ to have become insignificant, the results reduce 
approximately to 

% = tt()6 **, ajj = — -2 (q 6 a!2 — ~^o® (3) 

/Cl Xj 




(7) 


With the exception of the last, the quantities of the various elements decrease, retaining 
constant ratios to one another in the inverse ratios of thehr decay constants. 

On the other hand, if the time elapsed is so short that unity is still a first approximation 
to all the exponential functions, we can proceed by expanding the operators in descending 
powers of p and interpreting term by 'term. Hence at first 'will increase in proportion 
to a;, to t\ and to t”. 

In experimental work an intermediate condition often occurs. Some of the exponen'tials 
may become insignificant in the time 'taken by the experiment, while others are still 
nearly unity. We have 

X — ^ ~^rP~^r-l +*••)» (3). 

P + Kf 

and if K^t is small we can neglect the second and later terms in comparison 'with the first. 
Hence in this case ' 


( 9 ) 
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If a;,_i is of the form «», we have from (8) 








{P + Kr)P^ P + 


P 


,s+l 
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(10) 


If /Cr* is we can replace the exponential by 1 and confirm (8). But if it is great 

H \ 

p-Xer-Kfi — J e-*r<<Zi » — + 0{er'^), (Hj 


and on continuing the integrations 


, j _ 1 1 ** 


( 12 ) 


Hence ■" i* (13) 

Kf Kf 

Classifying elements into long-lived and short-lived according as /r,< is small or large for 
them, t being the duration of the experiment in question, we find that the quantity of the 
first long-lived disintegration product increases in proportion to f, the second to i*, and 
so on. Short-lived products vary nearly in proportion to the previous long-lived one. All 
fi-T&y products are short-lived when 1 ordinary values. 

Radium is the third o-ray disintegration product of uranium. In rock specnuens 
the time elapsed since formation is usually such that the relations (6) have become 
established. As a matter of observation the numbers of atoms of radium and uranium are 
found to be in the constant ratio 3*68 x 10~’. This determines k/k^. Also the rate of break- 
up of radiiun is known directly; in frict 

1//Cj = 2280 37ears. . 

Hence l/zc = 6*37 x 10® years. 

This gives the rate of disintegration of uranium its^.* 

A number of specimens of uranium compounds were carefully freed from radium by 
Soddy, and then kept for ten years. It was found that new radium was formed, increasiag 
like the square of the time. This would suggest tiiat of the two elements between uranium 
and radium in the series one was, long-lived (in comparison with ten years) and the other 
short-lived. Actually, however, it is known indepmidently that both are long-lived. Tbie 
first, however, is chemically inseparable from ordinary uranium, and therefore was 
preamit in the original qMxsimens; initially, instead of = 0, we have 


For the next element, ionium, we have 



and for radium 


= 'f^p-*** = 


revised in later esperimmtal determinations, but » 
™®*~^^** tl)# senee btaoeih and reunite to some extent, so that to take the more 
knauna into wooUl ccmplioata tfae aaafysui without introducing any new principle. 
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Soddy* found that 3 kg. of uranium in 10*16 years gave 202 x 20““ g. of radium. Hence, 
allowmg for the difference of atomic weights, 

*8/“o = 7*1 X 10-« 

and, K being known, 

/Cj = 8*64 X 10“®/year, I/aTj = 1*16 x 10® years. 

This gives the rate of degeneration of ionium. Soddy gets a slightly lower value of 1 Jk^ 
from more numerous data. 

In another case that sometimes occurs in experiment the specimen has been found in 
nature with the various products in approximately the ratios indicated by (6), but the 
uranium and possibly some later products are then removed chemically, and the behaviour 
of the remainder is studied. A solution for this case has been given by W. F. Sedgwick,t 
The operational treatment, the possibility of which was suggested by A. F. Crossley, is 

as follows. Let rCj at ^ = 0 be 0 for a<r, and u^for s'^r^ where except forr = n. 


The subsidiary equations are now 



(P + Kr)Xr-=pU„ 

(14) 


{p + /:,) Xg = pu ^+ (r < « < »), 

(16) 


px^ = pu^+K^iX^i. 

(16) 

We have for 

r<s<n 

« 

(p + K^)Xg == (p + K,)U„-KgU, + K^iXg_3_ 



= (p+fCg)Ug-K^i(u,_i-X^i), 

(17) 

that is, if 


(18) 



(19) 

with 

(p + K,) Vr = K^U^. pyn = - + /^n-lPn-l’ 

(20) 


The operational solutions are therefore 


yr ip+IC,)(p+K^^) 


„ 


Therefore 


y, = «^(1 - e-*^), 


and since KfU, ^ each y, except tends to u, when t tends to infinity, by the partial 
fraction rule. Hence each x, except tends to 0, as would be expected; 


and so on. 


=s — / ilSctl er^— e“^+iA 




* pm. Mag. (6) 38. 1919, 483-88. 


t Proa. Oamb. Phil. Soc. 38, 1943, 383. 
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The interesting case occurs when the duration of the experiment is such that some of 
he earlier exponentials have time to become small. The short-lived earlier products then 
isappear during the experiment. If the first not to become small is we have 
pproximately 


) f^r-rl "" ) • • • (^ot— 1 ^m) 




) that this element decays nearly as if the others were not present; and the decay of later 
iements in the series with shorter lives will follow the same law. For those with longer 
ves, however, will contain a term in which may be larger. 


EXAMPLES* 

1. A light string of length 3Z is stretched under tension P between two fixed points. Masses 5m 
ad Sot are attached at the points of trisection. A small transverse velocity u is given to the particle 
r mass 5m, Prove that the displacement of the other particle is 


here a* = Piml, 



y/2sm 



2. A Galitzin seismograph is so adjusted that 

=s AT, =s /r, n| = ng = 2kK 

Prove that the response to a unit impulsive change of velocity is 

Xu 

— (/rfsin^Z— sinA:<+/rt cosA:<)e'***. 


(M.T. 1929.) 


3. Provo that if x is the displacement on the record given by a Galitzin seismograph, due to 
n impulsive change of velocity of the ground, 

/ CO 

zdt = 0 

«rhatever the constants of the instrument may be. 


* Nuzn^^us examples are given by G. W. Carter, The Simple Ccdculaiion of SlectHccd Tremsients^ 

tIiAA 



Chapter 9 

NUMERICAL METHODS 


I have no satisfaction in fonnulas unless I feel their numerical magnitude. 

LORD KELVIN, Life by Sylvanua Thompson^ p. 827 

9*01. Approximation by polynomials. The characteristic feature of most numerical 
methods is that values of a function f{x) are given for a set of distinct values of x, 
but not for intermediate values; for purposes of computation these are filled in on 
the hypothesis that f{x) can be replaced by a pol 3 momial agreeing with /(a?) at the places 
where its values axe given. The simplest case is that of linear interpolation, in which only 
two adjacent values oif{x) are taken from a table and intermediate values axe calculated 
on the supposition that /'(a;) is constant in the interval. This procedure is accurate provided 
that f'(x) changes little in the interval, but cases often arise that require allowance for 
higher derivatives. The use of a polynomial for fitting can never be mathematically exact 
unless /(a;) is itself a polynomial, but it can, in suitable circumstances, be as accurate as 
the tabulated values themselves. 


9*011. Lagrange’s interpolation formula.* Let /(a;) be given for x = x^, a;,, ..., x^. 
Then the function 


g{x) =/(a;i) 


{x-xi)(x-xa)...{x-x„) . ■ {x~xi)(x-x^)...(x-xj 


+ •-. 




(g-a;i)...(a;~a;a-i) 


( 1 ) 


tends to f^x^) for x=: x^, to f(xg) for x = x^, and so on. Also it is a polynomial of degree 
n - 1. It is symmetrical in the sense that it is unaltered by any interchange of the sufilxes; 
the tabulated values can therefore be taken in any order. 

Most interpolation formulae can be derived from this. It is not usually convenient on 
account of the fact that in practice g{x) will usually be determined mainly by the adjacent 
tabulated values, so that linear interpolation will need only a small correction; but all 
the arguments appear symmetrically in (1) and the contributions from all terms will 
need to be taken into account. Computations axe made easier by using a form that 
makes the special dependence on neighbouring values e3q>]icit and therefore by aban- 
doning the symmetry. 


9*012. Divided differences. The values of Xf and /(zy) are first arranged in a table 

Xi...x^. For any two consecutive arguments av and the ratio 

= [»r®f+l3 • (2) 

®rfl *r 

* Really due to E. Waring, PM. Tram, 69 (1779), 69-67; Euler redisoovored it in 1788. 
Lagrange's pubMcarion was in 1795. It must however have been obvious to ITewton. For hietorioal 
xeferenoee see Earl Pearson, Traettfor Cam^putera, 2 (1920). 
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Che notations /i and. are both in frequent use. This ratio is called the first divided 


Ufference. We then form 

/a(*r^r-rl*r+a) ““ [^r®r+l*r+a] ~ 


®r+2 


(3) 


'his is the second divided difference', so we proceed, the divisor at each stage being the 
ilFerence of the two values of x each used in only one of the differences subtracted. Now 
insider a general x not equal to any of * 1 , x^, x„. The divided differences involving x 
sist; and by dednition 

[^i3=“r— whence f(x) =f(Xi) + [xxj}(x-Xi), (4) 

{xx^x^ = ~ ^ -s^hence [xx^ => [xj^x^ + [xxix^(x—xi), (5) 


aenoe 


[jarj « t^i^a — ^ J - . . . an_i] ^ 

[aWi*, . . . = [«!... x„] + [asciata . . . a; J (x - a„). 


(6) 

(7) 


ibstitute for [xT)] in the first identity its value given by the second; we get a three-term 
lation involving [asr^Xg]. Substitute for [xx^x^ its value given by the third identity 
id proceed. We have finally 

=) “ /(*i) + (« ~ * 1 ) + {{» - «*) +{... + (»- x„_j) [atiorj, . . . a: „]}. . .)} + B{x), (8) 

lere S(x) = [xx^Xg ... aj (x-Xj) (a?-*,) ... {x-xj. (9) 

cpanding the series we have 


f{x) = /(a:x) + (a: - a:i) [ajjarj] -f- (x-Xj) (x-Xg) [x^XgX^ + ... 

+ (x-Xi) ... (x~x„_i) [XiX^ ... a!j -I- Six) (10) 

= P(a:) + JS(a:), (11) 

r. This is a pure identity arising out of the definition of divided differences. Its utility 
pends on the value of JS,{x), which is not known from the definitions unless /(a;) is; but 
re can fix limits to jB(a;) otherwise, we thereby get limits to the error involved in 03 tnitti 3 ag 
Then P(a;)willbeapolynomialofd^preen— 1 representing/(a;) with assignable accuracy. 
5Iow consider the divided differences of af , where r is an integer. We have 

“ a!5-‘+*5-»a;+ ... +af-i, (12) 

ieh is a polynomial of d^ree r~ 1. This can be extended at once to any polynomial 

legist r. Therefore the rth divided difference of a polynomial of degree v is a constant 
1 all highcv ones are zero. 

iow/(*) is equal to Lagrange’s interpolation function p(q!) whenever x » Xj, x,, x*. 
) theiefoiE* Itas the same divided differences bssed on those n x>oiui6 as /(x). Oon- 
fueotty fcf u» spfly (10) to g[x) we shall obtain 

gf/t) <• P(*)+[xxx...x*](x~Xj)...(x-x„..i)(x-a^), 


(18) 
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the divided difference in the last term being the »th divided difference of g{x). But g{x) 
is a polynomial of degree n — 1 and ^erefore its nth divided difference is 0. Hence 

g{x) = P{x) (14) 

for all values of a. Therefore B(a:) = Owhen® = Xi,x^, (This is not obvious from the 

occurrence of a vanishing factor in it, for the divided difference might tend to infinity 
Trhen two entries approach each other.) 

Now suppose that /(a;) has derivatives up to the nth in a range {a, b). Then the same 
applies to R{x), since g{x) is a polynomial. Suppose x^, x^, ..., arranged in ascending 
order. Since g(x) is symmetrical this does not affect Jt(x). Then by Bolle’s theorem, since 
jB(x) = 0 for a; = a!i and x = X 2 , R'{x) = 0 for some intermediate x\ similarly B'ipe) = 0 for 
some X in each of the ranges x^ to x^, ..., as^-i to a;„. Again applying Bolle’s theorem we 
see that iZ'(a;) 0 for n—2 values of x between Xy and a;„, and proceeding we have 

5(»-n(a;) = 0 for one intermediate value, say a; = g. But by differentiating (8) we have 

y(m-i)(a.) = (n — 1) ! [a^arjj . . . a:„] + JBf-'^-^(x), (15) 

and therefore = (n— 1) ! [xyX^ ... x^}. (16) 

Hence there is at least one value of x between Xy and a;„ such that the (n — l)th divided 
difference is 1/(m.— 1) I times the (» — l)th derivative off(x). This result is true for all n; 
hence we can replace n — 1 by n and infer that 

r™. 1 /iiT\ 

\XXy...Xf^] — , ( 1 ") 

where tf is within the range whose end-points are the least and greatest of ar, Xy and x^. 
Then returning to (9) we have 

R{x) s= ^/^"'^(7) (*"~®i) ~®s) ••• (1®) 

1^ we can fix linuts to the nth derivative in any range of n values of the argument, we can 
therefore fix a limit to the error introduced by using P(a;) instead of/(x). The result of 
ne^eotmg R{x) in (10) is Nevjton^s irU&rpohtionform'ula. 

Zt is obvious from successive applications of (12) that the nth divided difference of 
af* is 1. It also follows frbm (17)- For lf/(®) light of (17) is 1 for all *; and the 

numerators of all bigber differences are 0. This fact is convenient in the fitting of power 
series to given values of a function. For if the nth divided differences are sdl found to be 
o„ is the coefficient of a?^. We subtract from all tabulated values, and again form 
divided differences. If the arithmetio has been done correctly the differences of order n — 1 
will be constant, and this value will be the coefficient of and so on. The process 
is self-checking, any arithmetical mistake being detected in the next stage of the 
oslcolation. 

From the form (18) it is dear that if /<">(*) does not vary greatly R{x) will be least if 
the tabular values used, Xy to are as nearly as possible symmetrically placed about x. 
The formula is valid for any set of tabular values, but the error inevitable if/«"Ha) is not 
aero is much less for interpolation than for extrapolation. Similarly, we shall ordinarily 
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t greater accuracy in interpolating in the middle of a table than near the ends. The 
ble of differences will be set out as foUow's: 


*x 


/(■Tl) 

/f*3) 

/(*») 


A 

f-Ta-rJ 

L*4-C6] 


A 


[*i*»aa] 

[af*^3*4l 

[^s'4*sl 


[»1*»*3®4] 

[a!,arjX'4»s] 


we wish to interpolate between and the contributions from/3 will be least if we use 
e differences [xjXj], [*32:3^4], and [x^x^x^x^'], or any other sequence that ends in the 
me third difference. It is necessary that the second difference used shall be one of the 
I'o used in forming the third difference, and that the first difference used shall be one of 
Lose used in forming the second difference used. Otherwise it is irrelevant what route 
e choose so long as we end with the same third difference; the results will always be values 
' the cubic polj'nomial that agrees with/(a:) at a; = x^, *3, a;^, x,^. But the arithmetic is 
ujier if we keep as nearly as possible to a horizontal line of the table. 

The form (10) is usually less convenient than (8); the higher divided differences 
re usually small and it is troublesome to keep track of the decimal point when they 
re multiplied by two or more factors. Using (8) we begin at the end and calculate 
c— ar„_x) [aria:, ... xj. We add this to ... multiply the result by {x — x^_i), add 
> [*12:3 . .. a;„_a] and so work back to the beginning. A better way still is to compute the 
rst two terms directly; these represent the result of linear interpolation, and can be 
uilt up directly on a multiplying machine. First /{*i) is set up and transferred to the 
roduct register by one turn of the handle. Then [ajiajj] is set up and multiplied into 
11 values of x—Xi required up to and including x^—Xi. The last should give /(a;*) 
nd check the calculation of [2712:3]. The multiplier register should be cleared before 
lultiplication begins so that the successive values of 2;— 2:1 can be read directly on it. 
Ve then write (8) in the form 


fipn) * {/(*i) + {«-*i)[-»i»23} + (*-«i)(«-‘»a){[»i»ai«33 + (*-»s){[«i»8»3«4] + •••}}• 

.'he last batch of terms will be a small correction in most cases, and those in the first 
rackets have already been built up on the machine. It is desirable to work to one more 
Igure than is given in the data in order to prevent accumulation of rounding-off errors. 

The standard numerical methods all depend on replacing f{x) by the interpolation 
tolynomial P{x). which is of degree one less than the number of data. In general/(2;) =¥ P(x) 
zoept at the datum values, but the difference lies within assignable limits. P{x) is the 
moo&est function that agrees with f{x) at the required points, since d'^P{x)fdaf^ » 0 
or all X’, this would not be true of any other function. 


9*013. As a specimen of the method let us take some irregularly spaced values of sin 2 ;'’ 
kod interpolate to multiples of 6°. The data and the divided difibrences are as follows: 


» Sha«* 

0 o>o6oo 

IS 0<8SfiO 

M 0-4067 

S7 0-0016 

M 0-8060 

m. CHttOO 

7f. OOlli 

«0 14000 


0-2650/16 » 0-01781 
0-1817/11 •0-01652 
0-1051/16 - 0-01601 
0-2072/17 - 0-01210 
0-1118/18-0.00868 
04811/12 -0-00608 
04184/11-0-00187 


/t 


-0-00079/24 « -0-000033 
-0-00151/24 « -0*000063 
-0*00282/30 - -0-000094 
- 0-00861/30 w -0-000120 
0-00349/25 n *-*0-000140 
-0*00342/23 -*0*000149 


/s 


-0*000030/37 « -0*0000008 
-0*000031/41 =* -0-0000008 
-0*000026/43 « -0-0000006 
-0-000020/42 « -0*0000006 
-0-000009/36 « -0-0000002 
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The interpolation runs as follows. The second column gives the part built up by linear 
interpolation between the two adjacent datum values, the third the correction for /j 


and /a- 



Linear 







Correot 

X 

formula 


Correction 





value 

5 

0-08655 

— 5x 

8( - 0-000033 -f 19 X 0-0000008) 

ss 

40x0*000018 

= 0-00072 

'0-08727 

0-0872 

10 

0-17310 

-lOx 

3( - 0-000033 + 14 X 0*0000008) 

=r 

30 x 0*000022 

= 0-00066 

0-17376 

0-1736 

15 

0-25804 

- 2x 

9( - 0-000033 - 16 X 0*0000008) 

=s 

18x0-000046 

= 0-00081 

0-26885 ' 

0-2688 

20 

0-34064 

- 7x 

4( - 0-000033 - 20 X 0*0000008) 

= 

28x0-000052 

= 0-00137 

0-34201 

0-3420 

25 

0*42171 

- 1 X 12( - 0-000063 - 12 X 0-0000008) 

= 

12 x 0-000073 

= 0-00088 

0-42259 

0*4226 

30 

0-49676 

- 6x 

7( - 0-000063 - 17 X 0-0000008) 

s; 

42 x 0-000077 

= 0-00323 

0-49999 

0-5000 

35 

0-57181 

-llx 

2( - 0-000063 - 22 X 0-0000008) 

= 

22 x 0*000081 

« 0-00178 

0-67369 

0-6736 

40 

0-63837 

- 3 xW( -0-000094 -16 xO-OOOOOOe) 

SB 

42 x 0*000104 

= 0-00437 

0-64274 

0-642B 

45 

0-69932 

- 8x 

9( - 0-000094-21 X 0-0000006) 

s; 

72x0-000107 

= 0*00770 

0-70702 

0-7071 

60 

0*76027 

-13x 

4( - 0-000094-26 x 0-0000006) 

= 

62x0-000110 

= 0-00572 

0-76599 

0-7660 

55 

0-81758 

- Ixl2(-0-000120-18 x 0-0000005) 

ss 

12 x 0-000129 

= 0-00166 

0*81913 

0-8192 

60 

0-86048 

- 6x 

7{-0-000120- 23 X 0-0000006) 

=s 

42x0-000132 

= 0*00664 

0-86602 

0-8660 

65 

0-90338 

-llx 

2(-0-000120- 28 X 0-0000005) 

a: 

22x0*000134 

= 0-00295 

0-90633 

0-9063 

70 

0*93577 

- 3x 

9( - 0-000140 - 16 X 0-0000002) 

= 

27x0-000143 

as 0*00386 

0-93963 

0-9397 

76 

0-96122 

- 8x 

4(- 0-000140 - 21 X 0-0000002) 

as 

32x0-000144 

= 0-00461 

0-96583 

0-9659 

80 

0-98327 

- 1 X 10( -0*000149- 13 X 0-0000002) 

= 

10 x 0-000162 

= 0-00152 

0-98479 

0-9848 

85 

0-99162 

- 6x 

6(- 0-000149- 18 X 0-0000002) 


30x0-000153 

» 0-00469 

0-99621 

0-9962 


The results of the interpolation are given in the last column but one, and the values taken 
directly from the tables in the last. It will be seen that the difference only once exceeds 
a unit in the fourth place, and is fully accounted for by the fact that errors from neglect 
of the fifth decimal wordd run up to half a unit in the fourth place both in the datum 
values and in those used for comparison at the end. At 45“ the contribution from 
amounts to 10 units in the fourth place, and an error of half a unit in the last figure of /g 
would contribute 0*7 in the fourth place of the interpolate. It is only for rather wide 
intervals such as these that the third difference matters in interpolation to four figures. 

Since the first difference used in each case is based on the two adjacent values, the 
coefficient of /g is always negative. From 15“ onwards the second difference used is that 
given on the same horizontal line as the beginning of the interval, and the extra datum 
vsdue used in forming it is the one before the beghming of the interval. Consequently 
z— Zg, the new factor multiplying is positive. This is not possible in the first interval; 
the second difference used is opposite the end of the interval and involves the datum 
at 24°. Hence the factor multiplying /g is negative in this range. 

An increase of accuracy is sometimes possible if the derivative of the function is known 
for some value in the range. Here, for instance, we know that at 90° the derivative of 
sinz is 0. This can be treated by extending the table one line as follows: 


67 

79 

90 

90 


suia$ 

0°9205 

0°98ie 

1-0000 

1-0000 


Jx 

0-00509 

0-00167 

0-00000 


ft 


ft 


-0-000149 

-0-000162 


-0-000003/2$ «* -0-0000001 


Between 79° and 90° we can now use the formtila 

sixkx ^ l-0000 - 0-000152(a?-90)*-0-0000001(i:-90)*(a;-79). 


9*02a Interpolatloii with equal intervals. The formation of divided diJSerenoee is 
rather laborions, but cannot be avoided when the intervals of the argument and the 
funoiaon are both irr^uli^ Ifthe intervals ofthe argument are aJl equal it can be replaced 
by simple Enibtraction, Two classes of formulae are available: the Oregort/ formula and 
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vhat is called the Gregory-backwards formula, on the one hand, and the various central 
difference formulae on the other. The Gregory formula corresponds to the method that we 
used near the beginning of the range in the above illustration, whereas the central differ- 
ence formulae use as far as possible differences near the same horizontal line of the table. 
For the same reason as with divided differences the latter will be the better when they 
can be used, since the higher differences will be multiplied by smaller factors. 

With equal intervals we form the differences as follows: 


= //r+l - “ Ay, = . e*®- 

each difference being formed by subtracting the two nearest entries to its left. This 
notation is the most convenient when the Gregory formula is being used. With central 
lifferences and backward differences other notations are more convenient, but the actual 
mtry in each position in the table is the same: 




Forward differences 

A 

Central differences 

A 

Backward differences 



Cp— 2A 

h 

y-i 

y-i 

Vi 

y% 

^y-i 

A*y-i 

A*y-x 

AV» 


a*y_i 

s*yi 


Vy-i 

vy. 

^0 v»y, 

V? 


’.t is evident from the mode of formation that the first divided differences in oorre- 
ponding positions would be Ay/A, the second A*y/2A*, and the »th A"y/m!A’*. Then if we 
ise differences based on Xq, x^+ 2A, ... we have at once from Newton’s formula 


y<Xo+<?A) = y„+0A^+l9A(dA-A)l^-t-. 


y© "f" ^AyQ + 2 1 A*y0 -t- . . . H A y© + 


( 1 ) 


rhere found from the remainder in 9-012 (18) to be 

(«-|.l)! 

?his is Gregory’s fmmula, discovered by James Gregory in 1670; Newton’s more general 
^rmula was published in 1687, We see that it has the form of a binomial series, y^ being 
iteoeded by the operator ( 1 + A)*. It has in fact an operational interpretation. If we define 
> as meaning djdx, Taylor’s theorem may be written 

f{x+ac) = ~ (2) 

f we also write ffx -f A) » Ef{x) « (H- A)/(») » eW>/(x), (3) 

/(» + dh) - - (1 + AYf(x). (4) 

These opsnton oooumng in interpolation theory are fundamentally different from 
Soso of Heatisids’s methods; here the fundamental operator is D, whereas in Heaviside’s 
Msthods it isp~*, whkh is not simply the inverse of JD because the two do not commute. 
SvslMttfiiMtioM tt their use is therefore <iuite different. ESxpansion in powers of is 
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9*03 Qregory's extrapolation formula 

justifiable in a much wider class of oases than that in powers of D. The infinite Taylor 
series becomes meaningless if the function operated on has no derivative above a certain 
finite order at some point of the range, but the series requires nothing more of the 
function than that it should be integrable. The justification here rests on the fact that in 
interpolation the function is replaced by a polynomial P{x), with an accuracy fixed by 
the lowest difference neglected. The terms of the Taylor series of P{») containing D” and 
higher powers are all zero if only dUBferences to order » — 1 are used. The operational process 
in powers of 2> is therefore valid in problems of interpolation because it is carried out only 
on the interpolation polynomial, not on the original function, of which the polynomial is 
only an approximate representation of known accuracy. 

The binomial theorem can be derived firom Gregory’s formula. Take intervals 1 of 
the exponent in (1 +»)“ for given x\ the difference table reads: 

» /(») 

0 1 

1 l+x 

2 (!+«)* 

8 (l+»)* 

and the Gregory formula based on/(0) and its differences reads 

f(n) - \+nx-<r + ^ iaf(l+i7), 

T\ 

which is the binomial theorem for a real fractional index.* 


9*03. In the Gregory bachwards formula the differences ascending diagonally from 
are used. We have 



f{Xo+eh) 

(6). 

This also can be easily derived opecationally. If we write 



/(«r)-/(®r-l) = yf(»r). 

(7) 

we have 

jBV = A = JS-l, 

(8) 

whence 

II 

1 

< 

(9) 


nx+dh) = SOfix) = (l-V)-y(a;) 

(10) 



(11) 


* It appears to be established that James Gregory knew and used Taylor’s theorem, as early as 
1670» and therefore had another approach to the binomial theorem at that time. He apparently 
did not publish it on account of a mistaken belief that Newton must have found it too. Brook 
Taylor’s publication of the theorem was in 1712, that of the so-called Maclaurin’s theorem in 17d2. 
It is incoredible that between the latter two dates nobody thought of putting a s: 0 in Taylor’s theorem. 
Haclaurin has three better titles to fame, uamely;hiB independent discovery of the Huler-Maolaurin 
expansion and of the ’Haclaurin ellipsoids’ in hy^odynamics, and the intr^uction into mec h a nics 
of tfie aystematio use of rectangular coordinates. Of. H. W. Turnbull, James Gregory TeroerUenary 
Folime (1939) and MafAeinattcaZ Discoveries of Newkm, (1946); Bell, Development of MaihomSiiGS* 


Af(n) 


A»/(n) 


A»/(n) 


xll+x) 

«(!+«)* 


a*{l+®) 



4 Central difference formvlae 9*04 

is formula is really an extrapolation formula, since it can be used to infer values of the 
iction beyond the range tabulated; of course with the usual increase of inaccuracy due 
t he extra range. The same applies to the Gregory formula for 0 < 0. 

^•04. Using the central difference notation and a zigzag set of diflFerences following a 
rizontal line as closely as possible we hav-e from Xewton’s formula 


mh-h)S^f,eh{Oh-h)(0h+h)s^f^,, 

^+0h) « /(*„) + Oh -p- + 3^ ^ 

eh{0h - h) (dh + h) 0% 


4! 


A* 


+ ... 




(?(0- 1) (<?+. 1) ... (d-n+l){0 + n-l) 

+ d Jxk 

O{0^l){ff+l)...{O-n+l){0 + n-l){6-n)^^, . 
+ <y f,+ . 


(12) 


lis is the Newton-Qams formula. An equivalent formula can of course be obtained by 
ing the differences but would be less convenient for interpolating 

tween t? =» 0 and 0=1. The zigzag arrangement of the differences used makes the 
rmula somewhat awkward to use, but this can be circumvented in three ways. We 
Produce a further symbol ji to indicate the mean of two adjacent elements in the same 
rtical column; thus 


id so on. Then we can rewrite the Newton-Gauss formula as follows: 


f{ro+0h)=fo + 0m^-mo)+^,ffo+-^^(^fyi-mo^ 

^g(g!:ii!Hg! A ... 

-/o + «+|^^/o+^^^^Wo+- 

0(0‘- 1 «) (g*-2«)...{(5>«-(n- !)«} »._,. 

(2n-l)! ^ •'0 

.... (14) 

has is the Newton-Stirling formula. We see that it involves rewritiz^ the difference table 
^ that ail the entries lie on horizontal lines through the datum values. The even differ- 
ie4B remain where they were, but the odd ones are replaced by means in accordance with 
w definition of /*. 

AltSKSiativei^, if we are interpolating between 0 m 0 and 1, we may keep the odd differ* 
loss whom they are but use mean even differences oentied on d We have 

(16) 

( 16 ) 
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9*04 Gentrai difference formulae 

and the terms in 5®"+^ of the Newton-Gauss formula can be written 




The last factor is 
Hence 


«(«- » 1) ... 


/(jTq + ^A) =/o+^^fiysH 3J 


+ 


This is the Newtm-Beaad formula.* 

A farther modification of the Newton-Gauss formula is obtained by using (15) to 
eliminate the odd differences. We find 


8^U 


d+n 
271 -f- 1 




d+n 
27H- 1 

6+n 

271-1-1 




where 


5i = l-(9; 


also 0(<9-l)...(0-l-7i-l)(0-7i) = ^5{^-l)...(^H-7i-l)(^-7i). 


Hence 


f{x) = l^/o- 




3! 


«%+ 


■eh 


0(0»-l*)J 

3! 


■"(^-y-2V/,+...}. 


(18) 


This is Everett's formula. 

These three formulae all have special advantages. The Newton-Stirling formula, 
proceeding in terms of differences centred on has the terms in the even differences even 
fdnotions of 6, those in the odd differences odd fimctions of 6. Hence to get values for 
equal and opposite values of 0 we can build up the terms in the odd and even differences 
separately, and then the values of/(xo ± 0h) are found by simple addition and subtraction, 
that is, by three turns on a midtipl 3 ring machine. It is also convenient for deriving 
expressions for the derivatives of the function at the datum values. The outstanding 
advants^ of the Newton-Bessel formula is that the odd differences are all multiplied by 
funotiotts that vanish at d = J. In comparison with the Newton-Stirling formula we 
notice that the maximum of |d(d*— 1)| for 0<d^ J is f, but that of 6{d—l){d—\) is 
0*048. If then we neglect the thi^ difference the Newton-Bessel formula is seven times 
as accurate. In other words, if we want the error to be less than half a imit we can neglect 
third differences under 60 units. In practice we often need to retain second differences. 


* ^n>6ee three fomxnlae are actually eOl due to Newton. The seoond name in ecKih case is only 
a talxd. See Karl Pearson’s bibliography mentioned on p. 237. Pearson oondemns the Newton- 
Oauss fonnula, and it is true that this formula is never used for computation. But its direct re- 
lation to Newtm’s formula wwlmn it the easiest to prove, and the others follow &om it without 
tRxdtds, 



-6 Modified differences 9*04 

■d third differences are sometimes needed. But the need for them is very greatly reduced 
we partly absorb them into the second differences by using a mean second difference 
d the Xewton-Bessel formula. If we do this it is convenient to arrange the difference 
ble slightly differently. We notice that 

(19) 

d therefore is half the difference of the two first differences just after and just before 
e interv*8d that we are to interpolate in. Consequently we need not write out the column 
second differences explicitly’. We rewrite Bessel’s formula, accurate to second differences, 

X t n 

d the last factor, obtained by subtracting alternate first differences, is written instead 
the second difference. Tlie function of is as follows, for multiples of 0*1: 


0 


-je(i-o) 

o-o, 

1-0 

0-0000 

0 - 1 , 

0-9 

- 0-0226 

0 - 2 , 

0’8 

- 0-0400 


0-7 

- 0-0525 

0 * 4 , 

0*6 

- 0-0600 

05 


- 0-0625 


more extended table is given bj' Milne-Thomson and Comrie.* 

Everett’s formula, if second differences are kept, also takes complete account of the 
ird differences, and in this respect is even better than the Newton-Bessel formula. The 
affioients of the second and fourth differences are as follows: 


0-0 

-0 

0 

O-I 

- 0-0166 

0*00329 

0-2 

- 0-0320 

0-00634 

0-3 

- 0-0455 

0*00890 

0-4 

- 0-0660 

0-01076 

0-5 

- 0-0625 

0-01172 

0-6 

- 0*0640 

0*01166 

0-7 

- 0*0696 

0*01044 

0-8 

- 0-0480 

0*00806 

0-9 

- 0*0286 

0*00465 

1-0 

0 

0 


lowing for the fact that adjacent values of d*/ will in general be nearly equal we see that 
' can reach 20 units in a given decimal place without introducing a correction of half a 
it in that place into the interpolate. Second differences exceeding 4 miits require 
bention. If Bessel’s formula is used third differences over 60 rmits should be retained; 
it it then becomes just as easy to use Everett’s formula. 

Another method, toown as the thrw>-baek, is usefully combined with Everett’s formula, 
le coefficients of each difference in this formula keep the same sign across an interval, 
t particular, that of the fourth difference is (4 — $*)f20 times that of the second, and this 
vaxiM only in a ratio of 3 to 4. Clonsequently the fourth differences can be largely 
ken into aeoount by a suitable modi&cation of the second differences. It is shown by 
>miist that if, instead of using 3* as it stands, we use 3*— 0*1843*, the resulting error in 

* Stmiard four-Fiffure MatStmatieal TaUu. 
f A H M AMOciaHoi* jWathematiaU Tadb*. voL 1, Xatrodaetion. 
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the interpolate will not exceed half a unit if d* itself does not exceed 1000 units. A s imilar 
device is extensively used in the British Association tables for modifying d* to take partial 
account of d* and so on.® 

jVIany mathematical tables are now published with differences ready printed. 
First differences are given when the function will stand linear interpolation, but 
the usual arrangement of a difference table with the odd differences on intermediate 
lines gives rise to some trouble in printing if second and higher differences are given. 
Everett’s formula has the great advantage at this point that it uses only even 
differences, so that only these need be printed, and they lie on the same line as 
the datum value. 


9*041. Discussion of efficiency. The most convenient formulae to use with equal 
intervals in various circumstances are as follows, if the lowest difference neglected is to 
contribute less than half a unit m the last place. 


(1) Near the beginning or end of the table, where a centred second difference is not 
available at one end of the interval, there is no alternative to the Gregory formula. (2) If 
the third differences do not exceed 60 units in the last place and the second differences 
exceed 4 units, Bessel’s formula with mean second differences is far the most convenient. 
(3) If the third diEferences exceed 60 units but the fourth differences do not exceed 1000 
units-Everett’s formula with the throw-back is adequate. (4) Larger fourth differences 
need explicit allowance for S* and possibly higher differences; a full account is given in 
the introduction to the British Association Mathematical Tables, vol. 1. 

The conditions contemplated in the third case, and still more so in the fourth, arise 
for functions tabulated to a large number of figures. A prohibitive number of entries 
would then be needed to permit even Bessel interpolation, with second differences, 
and there is no alternative to using intervals so long that higher differences become 
necessary. In such cases it is quite possible for interpolation with fourth differences to 
give an answer correct to ten figures when linear interpolation will not give one correct 
to three. 


Mention should be made at this point of the use of Taylor’s theorem. As it depends only 
on the function and its derivatives at one datum value it can hardly be called inter- 
polation; but when the derivatives are known it wiU achieve a higher accuracy for a given 
interval with the same number of terms. In the divided difference formula knowledge of 
derivatives up to the nth at one datum value is equivalent to having n+1 data with their 
divided differences at that value, and the correspondiog terms in ike inteipolatiou formula 
are those of Taylor’s series. There is no way of taking such information into account with 
equal intervals. 

In general ^ about a*id for 0 small its coefficient in the 


Newton-Stirling series is about 0- 


(nf)» 


/o . -.v** The whole term is therefore about 
(2n •+■!)! 

fn'l* ito+lflsn+l 

The corresponding term in Taylor’s series is ^ - p - /<*’*+®(a:o). 


and is much smaller for | ^ | < 1 even for quite small values of ». Consequently if the 
derivatives are known there is no point in using any of the interpolation formulae; 
these are required when our only mfoxmation about the function is derived from the 
tabular values themselves. 



>48 Use of BesseVs and EveretVs formulae 9*042-9*043 

9*042. The following example illustrates the vse of BesseVs forrrmla. Given for 
r 2, 3, 4, 5, 6, infer values between a: = 3 and x = 4. The difference table is as follows: 


X 


A/ 

Ay 

2^(5* 

2-0 

3- 0 

4- 0 
6-0 
6-0 

1-414 

1- 732 

2- 000 
2-236 
2-449 

+ 0-318 
+ 0*268 
+ 0-236 
+ 0-213 

-0-050 

-0032 

-0023 

-0082 

-0-055 


nspection of the second differences shows that the third differences are under 20 in the 
ist place; hence we can use Bessers formula with second differences. We first interpolate 
nearly at intervals of 0*1. We then multiply the double mean second difference — 0-082 
= —0-060—0-032 0-236 — 0-318) by the coefficients —^5(1 — 0) from the table above, 

id add to the linear interpolate (note that in all formulae the coefficient of the second 


[fiference is negative): Correct value 

3*1 1-76884- 0-0018 « 1-7006 1-761 

3-2 1-7856+ 0-0033 « 1-7889 1-789 

3-3 1-8124+0-0043 = 1-8167 1-817 

3-4 1-8392+ 0 0049 « 1-8441 1-844 

3-5 1-8660+0-0061* 3-8711 1-871 

3-6 1-8928+ 0-0049 « 1-8977 1-897 

3-7 1-9196+ 0-0043 « 1-9239 1-924 

3-8 1-9464+0-0033 = 1-9497 1-949 

3-9 1-9732+0-0018 « 1-9760 1-975 


he error never exceeds 1 in the third figure. It is surprising at first sight that such good 
pneement should be possible when a constant second difference is used for interpolation, 
eing that the second differences at the beginning and end of the range are nearly as 
to 2* But the mean second difference must give agreement at the beginning, middle, and 
id of each interval, and the errors never have a chance to accumulate. 


9*043. The following harder example illustrates the of EveretVs formida: 


X 

30 

35 

40 

45 

50 

55 

60 


ay 6*/ (modified) 


cot a?* 
1-7321 
1-4281 
1-1918 
1-0000 
0*8391 
0-7002 
0-5774 


A/ 

-0-3040 

-0*2363 

-0-1918 

-0-1609 

-0-1389 

-0-1228 


Ay 

+ 0-0677 
+ 0-0446 
+ 0-0309 
+ 0*0220 
+0-0161 


Ay 


-0-0232 

-0-0136 

-0-0089 

-0-0069 


+0-0096 
+ 0-0047 
+0-0030 


+ 0-0427 
+0-0300 
+0-0214 


The third differences forbid the use of Bessers formula to second differences only, but 
e fourth differences can be thrown back on the second for the use of Everett’s formula, 
wsh is multiplied by 0*184 and subtracted from the second difference in the same line 
give the modified second difference. This is then multiplied by the coefficients in 
rerett's formula and combined with the linear interpolate: 


X 

cot 3^ 

Coneot vflJu 0 

41 

I*W»44-OK»«W-0-000«e « 1-1804 

1-1504 

43 

l-11808->0-00t73-0‘00168n 1-1107 

M106 

43 

l-0767S-<K»0»0-0-0019S « 1-07*4 

1-0734 

44 

l-0t88«-0-00ia7-0-00l44 - 1-0888 

1-0355 

45 

1-00000 .. 1-0000 

1-0000 

46 

0-9078S-> 0-00144-> 0-00068 a 0-M87 

0-9657 

47 

0-9S864->- 0-00!8*-~ 0-00190 -• 0-8898 

0-9326 

46 

o-9<»4«>oeoie8-ooom « 0-9004 

0-9004 

41 

O-87198- 0«>09e->0-00I0S « 0-8098 

0-8693 


inn (iBBneaoM ctf 1 in the last ptaoe in s|iite <rf tibe xather laxge higher 
•pmeia. ilNot in wt& over a unit in plaoea. bnt ia adequately taken into 
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account by the throw-back with hardly any additional work. It will be noticed that one 
set of corrections is symmetrical about 45°. In loxig interpolations this halves the work 
with Everett’s formula; there is a corresponding simplification with the Newton-Stirling 
formula and also with the Newton-Bessel one. 


9*044. When a function is originally given at a number of irregularly and widely 
spaced values, as often happens when the determinations are from experiment, and a 
detailed table is wanted, the usual procedure would be: first interpolate by divided differ- 
ences to equal intervals such that on an average about two values lie between con- 
secutive datum values; then inteirpolate by Bessel’s or Everett’s foirmula to inteiwals 
such that linear interpolation is possible. It is a matter of convenience whether we proceed 
by stages in this way or do the whole interpolation by divided differences at once. Detailed 
tables of the Bessel and Everett coefficients at intervals 0*001 of 6 have been published by 
A. J. Thompson,* E. Chappell,t Comrie % and L. J. Briggs and A. N. Lowan.|| The above 
specimen values would usually suff ce for an interpolation, but if only a few values are 
wanted the use of these tables will give them with only one rounding-off error instead of two. 
On the other hand, this diff oulty can be greatly reduced by carrying out the preliminary 
interpolations to an extra figure. It is a customary requirement of mathematical tables 
that the last figure given should be correct to half a unit, and in rising them it is often well 
worth while to keep an extra figure to reduce the accumulation of rounding-off errors if 
the work has to be done in several stages. A lot could be said for tolerating errors up to 3 
in the last place of published tables; a five-figure table with such errors is more accurate 
than a four-figure one with errors up to 0*6 in the last figure, and involves no more trouble 
in interpolation. Such a device is virtually used in the tables of Milne-Thomson and 
Comrie, which are printed to four decimals, but an upper dot is added at the end if the 
correction needed is between -f and -f ^ in the last figure, and a lower dot if it is between 
-^and — i. Thus if 0*0008' is read as 0*00083, and 0*0008. as 0*00077 the tables can be 
used as five-figure ones, and interpolation does not need the retention of more figures than 
are needed to prevent rounding-off errors in the last place with the usual four-figure ones. 

It is customary to round off to the nearest integer in the last place, not to the next 
integer below. This prevents all the rounding-off errors from having the same sign and 
accumulating in a sum. When the first figure neglected is 5, one usually takes the nearest 
even integer in the place kept. 

9*045. Interpolation when a derivatiye becomes infinite. It shotild be remem- 
. beied that the limitation of accuracy in interpolation formulae imposed by the higher 
derivatives of the frmction is not trivial. This is obvious if the function is infinite at a 
point of the range, since differences that involve the value at that point are infinite and 
the whole method breaks down. But it is also serious if a derivative is infinite, as for, say, 
at a; = 0. We have the following difference table: 


X A 


A» A* 


0 

1 

2 

3 

4 


O'OOO 

1-000 

1-414 

1 - 732 

2 - 000 


+ 1-000 
+ 0-414 
+ 0*318 
+ 0*268 


-* 0-686 

- 0-086 

- 0-060 


+ 0-490 
+ 0-046 


- 0 - 44 ^ 


* TraeUjor Ocm^piUera^ 6, 1021; second edition 1944. t Published privately, 1929. 

t ‘Interpolation and Allied Tables’, from NauHcal Aimotec, 1937. 

11 Tsbles of Lagmngian interpolatiaa ooeffioients, W.P-A., New York, 1944. 
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> Inverse interpolation 

try to interpolate a value for x = 0-5 by Gregory’s formula. We get 


= 0-5fJ<M>-;. 0-0732 -r0*0306^<»-0172-f... = 0-6210+.... 


» correct value is 0-7071. but we have not achieved a tolerable approach to it even with 
rt h differences. It is nece.s.sary to the succe&s of the interpolation process that deri- 
ives up to the order of the la.st difference retained shall exist throughout the range used 
'orming that difference. 

This difficulty can often be circumvented by a change of /(x). Thus though cotx“ is 
nite at x *= 0, x cot x' has a definite limit there equal to 57-30, and its derivatives 
finite. If cotx” is given for a set of values of x we can therefore interpolate xcotx“ 
i then tlivide by x. Again, co8h~^(l +x) behaves like (2x)‘*‘ near x = 0; but we can 
erpolate its square and take the root afterwards. 

)*05. Inverse interpolation: solution of equations. This process is useful when 
have values of a function for equal intervals of the argument and want to know for 
at value the function takes a given value.* Consider the equation 

/(x) = ar®-3x-7 = 0. 

■ inspection there is a root between + 2 and + 3. We can begin by calculating values for 
» 2, 2-1, ..., 3-0 or by calculating for 2, 2-2, 3-0 and then interpolating to the mid- 
ints, where the third difference is irrelevant. We find 


X 



AVW 

AV(a?) 

2*2 

-2-052 

4-1*219 
+ 1-367 
+ 1-601 
+ 1*651 
+ 1*807 



2*3 

2*4 

2*6 

2*6 

2*7 

-1*733 
-0-378 
4-1*125 
4-2*776 
4- 4*583 

+ 0*138 
+ 0*144 
+ 0*150 
+ 0*156 

+ 0-000 
+ 0*006 
+ 0*006 


e constancy of A*/(a:) checks the arithmetic. The root is clearly about 2-426. We inter- 
late by Everett’s formula for the highest accuracy and get 


s-40 

2-41 

2-42 

2-43 

2-44 

2-40 


A*) A/(*) 

-0-37000 

-0-2259-0-00410-0 00248 «> -0-23248 
-0-0708- 0-00091-0-00480 a -.0-08751 
+0-0743-0-00867-0-00682 -+0-05891 
+0-2244-0-00922-0-00840- +0-20678 
4-0*3745— 0*00900— 0*00938 4*0*35812 


Ay(«) 

4-0-00145 

4-0-00146 

4-0-00145 

4-0-00147 


le third diffbrenoes are now irrelevant, and the root is near 2-426. We interpolate oy 
Msel’s fonnula as follows: 


* .«*) 

*•420 -0-01480— 0-00018- -0-01448 

2-426 +0-00084—0-00017 — +0-00017 


* Comrid, Iwotru Inttfpdbaion. 
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9*06 Alg^aic equaiions 

The contributions from the second difference are nearly constant and we have 

0*01448 

X = 2-426 + 0*001 X—— = 2-4269884, 

0*0l400 

with a possible' error in the last figure. 

Altemativdiy, we could interpolate between 2-4 and 2-6 by using a mean second 
difference. The neglect of third differences might then make an error of 0-0001 in f{pc) 
and an error of 0*000007 in x might be expected. For most purposes such accuracy would 
be ample. 

These methods are not restricted to algebraic equations. They would, for instance, 
enable us to construct a table of sin-^x given a table of sina;. 

The followingmethod is also useful for algebraic equations. lathe above equation we put 

x = 2+Xi; 

then — /(*) = 7+3(2+a;i) — (8 + 12a:i+6a;|+a:|) = 5—9xi—6x^—a^ = 0. 

Now put ajj = 0-4 + arj, and the equation becomes 

+ 0-376- 14-28a:a-7-2a:i-a| = 0.' 

Write this as 14*28a;8 = + 0-S76 - 7-2a:i - a| 

and put aij = + 0-026 on the right, which is now + 0-3711152, giving a further approxima- 
tion Xg = +0*02698846. Try next x^ = +0-0269; the right side becomes +0-3711628, 
xi = +0-02699109. Lihear interpolation gives for 

Xa = 0-02699, x^ = 0-02698872, 

and direct calculation Xg « 0-02698872. This justifies linear interpolation; and finally 
interpolating to a:8 = 0-026989 we have Xg = 0-02698876. Then 

X s 2-42698876. 

In principle this method^ is the same as that usually known as Homer’s, but it is closer 
to one given by Newton. Homer’s contribution seems to have been the introduction of 
^jnathetic division, a useful device in its proper place, but experience of the method does 
not encourage the belief that tiie easiest way to add 3 x 4 is to add 4 in three separate 
operations. One great advantage of not multiplying the roots by 10 at each stage is that 
the coefficient of the first power of the unknown then varies littie in the later stages, and 
it is easier to see what higher powers can be neglected consistently with the accuracy 
required.* 

9*06. Checking by differences. When a function is given at close intervals the higher 
differences decrease rapidly. When the values have been found independently the forma- 
tion of differences ther^ore gives an easy check on the arithmetic. They will not in general 
be zero, since the tabulated values will usually have errors up to 0-6 in the last place, with 
either sign. Consequently the error of A/ may reach a whole unit; while 

^yvi-A-S/x + S/o-A, SVo’-ft-¥i + 6fo-4!f-i+U 

* Of. also JefiBc^, Mafft. Qcu. 27, 1948, 20; L. J. MordeU, Nature, 119, 1927, 42; 

Naum, 116, 1927, 666. 
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9*06 


ind may reach 2, 4, and 8 units respectively. Thus we take a set of values from Bot- 
;omley*s table of natural logarithms: 


X 

7-00 

701 

7-02 

7-03 

7-04 

7-05 

7*t>6 

7-07 

7-08 

7-00 

710 


logo: 

1-9439 

1-9473 

1-9488 

1-9302 

1*9510 

l-053<» 

1-9544 

1-9530 

1*9573 

1-9587 

1-9601 


A/ A*/ Ay Ay 


+ 14 
+ 15 
+ 14 
+ 14 
+ 14 
+ 14 
+ 15 
+ 14 
+ 14 
+ 14 


+ 1 
-1 
0 
0 
0 

+ 1 
-1 
0 
0 


-2 
+ 1 
0 
0 

+1 
-2 
+ 1 
0 


+3 

-1 

0 

+ 1 
-3 
+3 
-I 


md the differences call for no comment. In interpolating such a table there is not only 
ro gain but an appreciable loss of accuracy if any attempt is made to keep differences 
vbove the first. The rounding-off error may have the same aign at two consecutive entries, 
ind nothing can reduce it; but if it haa opposite signs at two consecutive entries the errors 
>f the linear interpolates will be intermediate and on the whole smaller than those of the 
labulated values. To see the effect of this let us round off the values at intervals of 0-02 


x> the third figure and see what happens if we then trj” to keep 


lalve the interval. 


X 

log a: 

A/ 

Ay 

7-00 

1-946 

+3 

+3 

+2 

+3 

+3 

+3 

+3 

+2 

+3 

+3 


7*02 

1-949 

0 

7*04 

1-952 

-1 

7-06 

1-954 

+1 

7-08 

1-967 

0 

7-10 

1-960 

0 

7-12 

1-963 

0 

7-14 

1-966 

-1 

7-16 

1*968 

+1 

7-18 

1-971 

0 

7-20 

1-974 



a second difference and 


?he linear interpolates to four figures, the Bessel corrections, and the correct values are 
a follows: 


X 

logo; 


Correct 

Error 

X 

logs 


Correot 

Error 

7-01 

1-9475 

0 

1*9473 

+ 2 

7-U 

1*9615 

0 

1-9618 

0 

7-03 

1-9505 

+ 1 

1-9502 

+ 3 

7-13 

1-9645 

+ 1 

1-9643 

+ 2 

7-05 

1*9530 

0 

1-9530 

0 

7-15 

1-9670 

0 

1-9671 

-1 

7*07 

1-9555 

-1 

1-9559 

-4 

7-17 

1-9695 

-1 

1-9699 

-4 

7-09 

1-9585 

0 

1*9587 

-2 

7*19 

1-9725 

0 

1-9727 

-2 


?he errors given are those of the laat figure in the linear interpolate and never reach 5. 
]be Bessel corrections are at most 0*6 in this place and trivial in any case; but in sdl four 
aaes where they are not zero they increase the magnitude of the error. This is a general 
esnilt and applies also to higher differences; the errors of interpolated valnes are on the 
rhole a little leas than those of the tabular values, but the gain in accuracy on inter- 
lolatioa is reduced by taking account of nth differences less than 2*-^ in the last place.* 
This statemuiit applies to interpolation between two neighbouring values. Many 
Mxriks of tableB print mean differences over a whole line of the table. If these are used the 
eood^iioy^ff adiaeent errors to cancel disappears, and instead each interpolated value.has 
hree. nsed^ iadapsodent <arors: rounding of the datum values; rounding of the printed 


* E, nihsr aod J. Withiuri, JProe. Oamh. PkU. Ste. 2S, 1927, 912-21. 
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difference; and variation of the difference within a line of the table. Mean differences 
save some trouble if last figure errors do not matter, but should not be used if they do. 

Differencing will often show up a mistake in arithmetic immediately; thus suppose that 
we had miscopied an entry in the table of logo? as follows: 


/ 

1-9459 

1-9473 

1-9488 

1-9502 

1-9515 

1-9530 

1-9544 


A/ 

A*/ 

Ay 

+ 14 
+ 16 

+ 1 

T 

-2 

+ 14 

— J. 
1 

0 

+ 13 
+ 15 

+ 2 
-1 

+ 3 
-3 

+ 14 





+ 2 
+ 8 
-6 


The large fourth difference, though just possible with only rounding-off errors present, 
picks out the incorrect value of f{z). 


9*07. Differentiation. Newton’s and Gregory’s interpolation formulae can be differ- 
entiated at once; we have 




d 


20-1 


h~f(x) = Ayo+-^A^yo+ 


Z0»-66 + 2 
3! 


AVo + -— 


( 1 ) • 
( 2 ) 


The former is not often used because it yields derivatives only at the tabular values of 
the argument. If they are wanted for intermediate values it is easier to interpolate the 
function to equal intervals by divided diETerences and apply one of the rules for eqmd 
intervals to the interpolate. The most useful form for equal intervals is got by differ- 
entiating the Newton-Stirling formula, for in this all even differences are multiplied by 6* 
and give terms in the denvatives that vanish for the tabular values of the argument. 

+ (3) 

This is, of course, subj ect to the same limitation as applies to the central difference formulae 
for interpolation, that it catmot be used near the beginning and end of the table. 

Since the tabular errors in the function will usually be of the same order of magnitude 
for all values of x, the accuracy of the right side of this formula is independent of the 
interval, but the left contains a factor h. Consequently accuracy can be increased by using 
a large interval, even though it may make higher difEsrences important. Thus consider 
sina; at a; » 1*0, with x in radhans. The table of Milne-Thomson and Comxie is at intervals 
of 0*001, and the fust differences above and below 1*000 are -f 0*0006 and + 0*0005. All 
that we could say from this is that the derivative is likely to be between 0*6 and 0*6. If 
we use intervals of 0*01 instead we have 


m 

Adlx 

A/ 

A*/ 

Ay 

ftd 


0-980 

0-8305 

+ 55 
+ 55 
+53 
+53 





0-990 

0-8360 

0 

-2 

+2 



1-000 

1-010 

0-8415 

0-8468 

-2 

0 

0-0054 

0*0000 

1-020 

0-8521 






Then 0*01/' « 0*0054, /' =* 0*64. But fiS may be wrong by half a unit in the last place 
and we can wy only that 0*536 </' < 0*546. 
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Now try intervals of 0*1; 

X 

0-8 

0*9 

l-O 

M 

1-2 


sin X 
0-7174 
0-7833 
0-6416 
0-8912 
0-9320 


A/ 


+ 659 
+ 582 
+ 497 
+ 408 


-77 

-85 

-89 


Ay 


-8 

-4 


/ jl 8 


+ 539-5 -6 


0-1/' = 0'053954-0-00010,/' = U'5405 with a possible error of 0-0005. The correct value 
is 0-5403. 

Second derivatives can be found by differentiating the Newton-Stirling formula twice 
and then putting 6^0. We have 




The remarks above on the need for a wide interval of course apply even more forcibly to 
this formula. 


9*08. Integration. The simplest integration formula and one of the most useful is 
the Eider-Maclaurin formula. If f{z) is differentiable we have by integration by parts 

{z-i)f'ix)dx. (1) 

The first two terms give the ‘trapezoidal’ rule for integration; the integral expresses a 
correction to it. Now for 0 < a; < I and r > 2 define 

i*,(0) = 0. 

Piix) = 63 + -P3{«). 


P'rix) - 6,-i-f 

and choose the b, so that i=^<l) also equals 0 for all r > 2. 

br’«-j^Pr{x)dx. (4) 

Then by suocessiye integrations by parts 

■?«(»)/'(*)<*» " 

« - - 6i}/'(«) dz 

+ (~ r (- yf (6) 

Amn> all vanish at both ^ 
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S'OS 

Now consider the series 


. 1 ®o 


(«) 


(7) 


We shall show that the b, and i^(^) dejSued in this way are identical with those given by 
the above definitions (2). l>ifferentiate (7) with regard to t; then 


2pat oa 




and also 




( 8 ) 


r«l r«l 

Equating coeflBLcients of aF we have for r > 2 
For r — 0, 1, 2 we expand and get 

+ = PS)+aP^{t)+a^m)^-. 

whence Po(0 == 0, Pi(i) = <, ^*(0 =*= (9) 

and • Pi(«) = <-i. (10) 

^o if ^ = 0, the function on the left of (7) vanishes; hence all i^(0) == 0. If £ = 1 the flxnc- 
tion reduces to a; hence i^(l) = 0 except for ii(l), which is 1. This proves that for r ^ 2 
the functions defined by (2) and (6) and (7) are identical. 

In (6) change o to — o; we have 

a 


6-^-1 


, oe“ , a , a , 

-^ = = ®+:5:rT +i»* 


e“-l 


e“— 1 


Hence (6) is an even function of a, and all 6^ with r odd are zero. Then (5) simplifies to 

= _6,{;'(l)_/'(0)}-6.{/*(l)-r(0)}- ... 

-6fr{/»^«(l)-/»-«(0)}+ £pi^i(*)/f*>‘)(®)da:. (11) 

Iht^rating the xemamder term by parts we have 

in which the integrated peat vanishes. 

If we now apply this result to the intervals 0 to 1, 1 to 2, 1 to » and add, we havo, 
from (1) and (11) the Et^-Maelaurin formula, 

jV(x)<fe = i/(0)+/(l)+/(2) + ...+/(ft-l)+i/(n) 

~6,{/'(n)-/'(0)}-64{/*(»)-r(0)}-...-6,,(/«*--»(x)-/»-«(0)} 

-"i? r”‘’^^P»+i(«-m)/<»^»(x)da!. 


( 12 ) 
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256 Bernoulli 8 numbers and polynomials 

In its usual form this formula is stated in terms of the Bernoulli numbers* and 
polynomials, defined by 

h,= B,;r\, P,{x} = <f,^x)irl (13) 

The easiest way of calculating them is by successive applications of the rela|k)ns ( 2 ). 
The introduction of the factorials reduces the accumulation of large denominators in 
the successive integrations, but slightly complicates the proof of the above theorem. 

^2 = ^, ^4 = -^. = -810 = +^, (14) 

= X® - a:, 5i3(x) * x® - fx® + Jx, ^i(x) = ** — 2x® + »®, 

^t(x) » x® - f X* + f X® - ix, « a* - 3x« + |x® - |x®, 

= x''-|x*+|x®-|x®+Jx, ^g{x) = x«-4x’+^x«-|x* + |x®, 

5 i,{x) = x»— |x* + 6x’-^x®+2x®-^x, 9Sjo(«) = x“-6x»+^-7x*+5x*-|x®. 
Changing x to Xq + we have 

rx*+)iA 

J /(x) dx = J/(xo) +/(Xo + A) + . . . +/{xo + (n - 1 ) A} + ^/(Xo + nh)] 

- +«*) -/'w> --- ^ +«*) -/*■-"(««)} 

ft— 1 rtn+1 

B^iie-m)f^^+^(Xo+9h)d0. (16) 

w**fl Jm 
Now in (7) put f =* J. We have 

Change a to —a and subtract; we have 

oddr 

and therefore Pj(J) = i, Pj^+iCi) = 0 , ( 2 r + 1 > 1 ). 

We shall prove that Pit+iit) has no other zmos than 0 , and 1 for 0 < 1 ; and i^(t) 
has none but 0 and 1 . 

Suppose that Pt,^i{t) has simple zeros at t ^ 0 , ^ and 1, and at no other value. Take it 
positive for 0 < { < i . Then by (8) 

PirW « P*r-i(«) >0 (0<f<i), 

<0 (|<f<l), 

and Pf^O) « P».(l) = 0. 

Hence Pi^ has one maximum at £ » ^ and no other stationary value, and in 0<f < I it 
has the sign of I^i(e), where by e we mean some number between 0 and 

Next, P*r+j(0 "* + b^. 

* At IbmS tlnw difiteent dsfiaitioos of an ouzraat; ttus one is that used by MOne-Thoizison 
eocMpt for and is fiw the most ocMavenient. His i^{x) is the present ^(®)+B,> 

Xlts ftoMla was fiist given by Euler sod wdisoovsr^ indegpendently by Maolaurin a few years 
Mar. Co otfa wc ri nl maUbm usually nftr to it as the Eater ftynmnj*, but them an many Euler 
IMaBdae aad enljran* Buter-Mselaaritt finxmla. 
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But as J%. has only one zero in 0 < i < 1, + 6^^ can vanish for at most two values of t, 
and iVn(*) have at most three zeros in 0 < < ^ 1. Hence i = 0, 1 are the only zeros 

of Pgr+i(*)- -Par(i) Bnust bo numerically greater than — 6jj^, and therefore the zero 
of at i = J is simple. 

Also since P^t) does not change sign between 0 and 1, Pt,{t) has the opposite sign 
to fej,, by (4). Since 2^(0) = 0, Pi^i(e) and therefore P 2 m-i(®) have the same sign as 
which is the opposite sign to P^ and therefore the opposite sign to Hence 

Psr+iC®) oUernate in sign with r. It follows that the cdtemate in sign. 

The sign of a typical remainder term in (12) is that of 
rm+i 

^ar+i(» - m) + i)} dx. 


-f 


and if is monotonio in the interval, we have, since has opposite signs for 

0<x<i and *1 < a; < 1 , that the sign is that of — Pj^iCe) + J)}. In an im- 

portant daaa of cases all the odd derivatives have the same sign. Hence, since the 
alternate in sign, the errors due to stopping at a given value of r alternate in sign. Hence 
the true value of the integral always lies heJbween the sums of r and r + 1 terms of the series. 
The condition will be seen to be satisfied in the examples that follow. 

The expansion can be derived operationally as follows. From (1) 

rxt+im+Dh /•! 

f{x)dx = h[if{x^ + mh) + 4 . (m + 1 ) A}] - A* (0 - i)f'{xQ + wiA + &A) dd. ( 17) 

Jxfrnih JO 

^ " (18) 


/Xfi-mh 

Put 


dx, 


= 2 ). 


(19) 


Then the last term is 

in which the operator Z) is independent of 0 and therefore commutes with aU functions 
of 0. Hence we can integrate with regard to 9 as if i) was a constant. Then we get on 
int^iation by parts 

[-iMe^+l)+;5(««^-l)]/(a:o) = «^[-A+(5-i^)(eW>~l)]/(a:o). (20) 

( 21 ) 


«mU> 


Also 


n— 1 
«— 0 


1 


eWJ-i ’ 

and therefore the sum with regard to m of the last terms in (17) is 

(e«w>_l)/ 


^—l\f hD 1 ® R 

“ -A*^f{/'(*o+«A)-m)}-A*§{r(s^+n&)-r(Zo» (22) 


We thus obtain the Euler-Maclaurm expansion again but without a form for the remainder 
after a given number of terms. 

The expansion should not be interpreted as an infinite series. The theorem of 9’012 
fixes an upper bound to the remainder term in interpolation formulae, and the integral 
of/(x) is the sum of the integrals of the interpolation polynomial and this remainder term. 
H the remainder is small throughout the range the integral of the interpolation poly- 
nomial is within specifiable limits an approximation^ to that of the function. But the 

jMi* xr 
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flerivativprt of the pol^momial vanish exactly above a certain finite order, and the expan- 
sions) are properly interpreted as the sum of a finite number of terms. The justification 
of the oi)eraf ional method in this problem therefore has nothing to do with convergence 
of series. It rests on the facts that (1) the operators are expansible in positive integral 
powers of D and therefore the terms after a certain order vanish when the operand is a 
polj-noraial, (2) since negative powers of D do not arise, the non-commutative proi>erty 
of ditferentiation and definite integration does not matter, (3) the error is the integral of 
the error of the interpolation polynomial, and is fixed for any finite order irrespective of 
questions of convergence. 

As a matter of fact what usually happens is that the terms of the expansion decrease 
rapidly at first but afterwards increase, on account of the tendency of higher derivatives 
to increase if the function is not a polynomial. The most accurate value of the integral is 
then got by taking the sum up to the smallest term. We shall return to this matter when 
we come to asymptotic expansions, of which this is an example. 


9*081. Consider the integral 



We arrange the calculation as follows: 


00500000000 

0-0909090909 

0-0833333333 

0-0769230769 

0-0714286714 

0-0666666667 

0-0625000000 

0-0688235294 

0-0565666656 

0-0626316789 

0-0260000000 

0-6937714031 


-•^0-01-0-0025) = -0-000625 
+ xislO’OOOl ~ 0-00000625). = + 0-0000008333 - 0-0000000521 
-tHCO-OOOOOIXI-iA:) = -0-0000000039 
+ siir(0-00000001)(l-TiTf) sa +0-0000000000 
Total =s -0-0006242227 
Hence log 2 = + 0-6931471804 

The ooneot result is 0-6931471806.... 


9*082. Consider next Euler’s constant y defined by 
We have 

logn— log 10 ail r ~ 

Jio » 

*.JL+JL+Jl+ 1 1/1 i\ 11 

^ »“! 12\10*'“nV^120\10* n*/ 262‘10*^"‘’ 




20 "^ 1200 "" 12 - 10 ^ 262 . 10 * 0 049167496 . 
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Gregory's ird^ation fornmla 
H-H.,. + 3^-logl0 = 0-626383161 
by direct summation. Hence by addition 

y = 0-577216665. 

This is correct to nine figures. It will be noticed that the extension from three- to nine- 
figure accuracy requires the computation of only two extra terms.* 

9-083. Gregory’s integration formula. The Huler-Maclaxu-in formula is the 
simplest and most accurate formula of numerical integration, but requires that direct 
calculation of the derivatives shall be possible. Higher derivatives may be mathematicaJly 
complicated and it may be easier to replace them by differences. This can be done either 
by a formula due to Gregory or by a central difference formula. 

We have seen that the correcting terms in the Huler-Maclaurin expansion can be 
expressed as in 9-08 (22). We also have at the beginning and end of the range respectively 

AI> = log(H-A), = -log(l-V), (1) 

Two procedures are possible. We can express D in powers of A and V and substitute in 
the Euler-Maclaurin formula; or we can expand the operators in (2) directly without 
appealing to previpus knowledge of the Bernoulli numbers. Both involve rather heavy 
algebra. A direct attack (Gregory again!) seems easier than either method. Developing 
the Gregory interpolation function in powers of 6 we have 

d(d-i) = e^-e, e{e-i){e~2) = e^-w^+w, 

0(d- 1) (d- 2) (0-3) = 04- 6d»-h lid*- 60, 

0(d _ 1 ) (0 _ 2) (d _ 3) (0 - 4) = 08 - 100* -1- 3608 _ 6002 + 240, 

0(0-1)... (0-6) = 08-1608+8604-22603-H 27408-1200, 

0(0- 1) ... (0- 6) » 0’ -2108+ 17608- 73604 -f- 162408- 176408 -h 7200, 

0(0-1)... (0-7) = 08-280’ -1-32208-196O08 + 676904-1313208+13O6808-6O4O0, 

and the respective integrals from 0 to 1 are 

— i +4 — li 4.4 — 4-11X4 _4M44 

Hence 

1 rxt+A 1 1 ift 

A /(»)<& =/(a?o) + iAf(«o)^6727A*/(a!o) + j^A8/(»o)-g^A‘/(aro) 

. 9 AKi^, 1 863 . 1376.,,, , 33963.,,, . 

84.61^'^^®*^ "^24. 71^’^^*®^"' 90.8!^”^'^*’^^'*" 

^ 'theiw and other fundaxaental numerioal oonstanta were computed by J. Cw Adanoa to tt% 
figoree (CMtat^d Scientific JPapere 1, 45&-470). 
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The first two tcrm-s are i [/{.*■«) adding for intervals up to XQ + nh we 
have therefore 


JA 

“ {-^"fiXo +nh)- A~f{Xa)} + . ... (4) 


But we could equally well work in powers of V, and the expansion will be the same as in 
tsrms of A except that the signs of all even powers will be reversed. The point again is 
that 9*08 (22) is exact as applied to the interpolation polynomial. The relation between V 
and A given in (2) is also exact as applied to this polynomial. Hence we can replace the 
terms in A’’(*0+«/i) by the equivalent expression in V’‘(x 0 + 'nJi). The argument does not 
assume that f{x) is determinate beyond Xq + nh, merely that the interpolation polynomial 
is, and this is true. Hence 

J rjTt+nh 

^ J f(x)dx = ^f(xj +f(Xa+A) + ...+f(Xo + (n-l)A} + if(Xo+nA) 
-lVW(:r„-^«A)-A/(*o)}-^[V=*/(*o+«A) + A2/(a^^ 

- +»A)- A®/{»o)} - +nA)+ A^fix^)} 

- +nh)- A®/(jr„)} - + »A) + A«/(®o)} 

-Tlllrfftri^7(»o+»A)-Ay(ar6)}.... (6) 

This is the Gregory formula. 


9*084. Central difference formula. Similarly we can integrate the Newton-Bessel 
formula. Here all the terms involving odd differences give 0 on integration ; the others give 


i/. 




f(x) dx = i/(xo) +■ i/(aJo + A) 


I MM 11 1^1 MM 2497 . . 


But = (^‘■/x+^/o) “ 

= (7) 

Hence 

1 

/{«)«*» - i/(*o) +/(»c+*) + -+/{*o + («-!) A} + i/(»o+nA) 

- A^(Mf(Xo + nh) -Mf(«o)} + + »*) -/^fM 

~ + »*A) (8) 

Power temui have to be calculated with this formula than with the Gregory one, and the 
coefficients of the higher ones are smaller. On the other hand, the formation of the central 
diChrenoes requites knowledge of the function outside the range of integraiuon, whereas 
tlM Gxegcny formula does not. 



X 


0 

oo.> 

0-10 

0*lo 

0-20 

0-25 

0-30 

0‘35 

0*40 

0*45 

0*50 

0*55 

0*60 

0 * G 5 

0*70 
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9*085, As an illustration take the integral 



dx 

V(raj‘ 


The square roots to 8 figures were taken from Barlow’s tables. 


1-00000000 

1-00126235 

1-00503781 

1-01144347 

1-02062072 

1 - 0327955 G 

1 - 04 S 284 S 4 

1-06752103 

1-09108045 

1-11978502 

1-16470054 

1*19736869 

1-26000000 

1-31590339 

1*40028006 


A 

0*00126235 

0*00378546 

0-00640666 

0-00917726 

0*01217484 

0*01548928 

0-01923619 

0-02356842 

0*02869657 

0-03491552 

0-04266815 

0*05263131 

0*06590339 

0*08437670 


A* 

0-00250470 

0*00253311 

0*00262020 

0-00277159 

0-00299759 

0-00331444 

0-00374691 

0-00433223 

0*00512715 

0*00621995 

0-00775263 

0-00996316 

0-01327208 

0*01847331 


A» 

0*00002841 

0*00008709 

0*00016139 

0*00022600 

0-00031685 

0-00043247 

0-00068532 

0-00079492 

0-00109280 

0-00153268 

0-00221053 

0*00330892 

0-00520123 


A* 

0 - 000056 S 2 

0*00005868 

0*00006430 

0-00007461 

0*00009085 

0*00011502 

0*00015285 

0*00020960 

0*00029788 

0*00043988 

0*00067785 

0*00109839 

0*00189231 


A» 

0-00000186 

0*00000562 

0-00001031 

0*00001624 

0*00002477 

0*00003723 

0*00005675 

0-00008828 

0-00014200 

0-00023707 

0-00042054 

0*00079392 


A« 

0-00000372 

0-00000376 

0*00000469 

0*00000593 

0*00000853 

0*00001246 

0-00001952 

0-00003153 

0-00005372 

0-00009597 

0-00018257 

0-00037338 


A ^ 

0-00000260 

0*00001201 

0*00008660 

0*00019081 


We have 

i/(0)+/(0-05) + ,..*f/(0-45)-f |f/(0*50) = 10*47618062. 


Using the central difference formula we see that all odd differences vanish at a? « 0; and 
the odd differences give at 0*50 


2/iS = 0*07758367, 2/^53 =:= 0*00374321, 2/i^» » 0*00066861, 2/4(5’ « 0-00027741. 


Then the correction terms are 


- ^(2/4^) -f xii^(2/45®) - 

= - 0*00323266 + 0*00002869 - 0-00000104 + 0-00000010 
= -*0-00320600. 

Then \n = 0-06(10-47618062 - 0-00320600) = 0-6236987760, 

7T = 3-1416926660. 

The correct value is 

n = 3-141692664. 


Using the Gregory formula we find the following correction terms: 

A *-0*00280526 
A* - 36471 

A» - 2654 

A* - 679 

A* - 111 

A» - 43 

A’ - 9 


- 0*00320493 


and ?r = 3*141692677. This is inferior in accuracy to the last; the difference of 7 units in 
the last figure of the sum might just be due to rounding-off errors but is not likely to be. 
We see that the last pair of terms in the central difference formula differ by a factor of 
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about ]0; so do the last pair from odd differences in the Gregorj* formula. We might then 
exfioft that A" would contribute about — 1 in the last place. But then we should also 
e.xpect A" to contribute about - 4 in this place. It is probable therefore that the difference 
arises because the terms in the Gregory formula decrease more slowly than those of the 
central difference formula. 

This example is rather favourable to the Gregory formula because of the infinity of 
the function at j: = 1 . In finding centred differences we have to use values of the function 
up to 0*70, and the higher centred differences are eoirrespondingly larger than those 
within the range of integration. If we had used instead the expression 



dx 

T+x^’ 


the oontarast would have been more striking.* 


9*09. Special rules of integration. Let/(a;) be given for a; = — A, 0, and A; then by 
Lagrange's formula the interpolation quadratic is 

and J ^g(x) dx »= - A) + 4/(0) +/(A)}. 


This leads to Simpson’s ruJIe.t Divide the range into an even number of equed intervals; 
take fAe sum of the end ordinates, add four times the sum of the ordinates at the midges of the 
intervals a/nd twice the sum of the ordinates at the functions of the intervals, and multiply by a 
sixth of the interval. It amounts to taking the intervals in pairs and fitting a quadratic to 
the three values of f{x), at the beginning, middle, and end of each pair. No attempt is 
made to maintain smoothness at the junctions between the quadratics. 

The possible presence of a cubic term does not affect the rule. For the cubic could differ 
from the quadratic only by a function that vanishes at —A, 0 and A, and such a function 
must be of the form Ax(h^ — s®). But the integral of this from — A to A is 0. 

Next, suppose f(x) is given for —2h, —A, A, 3A, that is, for four equally spaced 
values. These determine an interpolation cubic 




{x+h){x-h){x-Zh) , {a? + 3A)(ar-A)(a:-3A) 

(-2A)(-4A)(-6A) ' 2A(-2A)(-4A) 


+/(A) 


{x + 3A) (a: + A) (® — 3A) 
4A.2A.(-2A) 


+/(3A) 


(x + 3A) (x + A) (x — A) 
6A.4A.2A 


/(-3A)/x»_3x* 
48 ~\h» A« 

9x 

16 \A«'^A*'' "A ■ 




• Th^ iatagx«l k worked out by 'Whittelnr and Bobinson, OcUeuhts of Oheervatians, pp. 147-9, 
third difEwenew being ueod in the oentrel dtfforenoe fonmda; there k an error of 2 in the aeventh 
< lwfan e l of w. Ibn iotervak were ueed aa here end aeven deoimak in the integrand. 

. t Sbnpwnk puhlkatioa wm in 1743. It had been gken earikr by Oavalkri (1689) and Jatnea 
OMMnrv (ICSM. 
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TJvree-eighths rule 
k h 

and j _j{x)dx = --f{-Bh){-2.3» + 5.6) + ^f{-h)(-i.3^ + 9.6) 

-^/(A)(|.3®-9,6) + A/(3A)(2.3*-3.6) 

= f A{/( - Bh) + 3/( -h) + Zf{h) +f(Zh)}. 

Comparing with Simpson’s rule, if we call the length of the range H in both cases, this 
rule is 

g(x)dx = + + 

J -VaB 

and is called the three-eigWie rule. Simpson’s rule for the same range is 

p(a;)eto = i^{/(-ifl) + 4/(0)+/(ifr)}. 

Note that if /(x) is constant both rules give as they should; this is a help towards 
remembering the numerical coefS.oients. The three-eighths rule is due to Cotes. Both are 
correct up to cubic terms. liet us see how they work for a fourth power. Take JBf = 2, 
/(x) = X*. The correct value is then 

I * 0-4. 

Simpson’s rule gives 

^(l + 0-f-l) = 0-667. 

The three-eighths rule gives 

= 0-619. 

Thus both give results in excess of the true value, the three-eighths rule being the better.* 
But both will be inferior to the rules baaed on interpolation formulae, which take the 
fourth and higher powers into account explicitly. 

As an example, we apply Simpson’s rule to the data of 9*085. They give 

iw = 0*523599266, 

which is in error by 0*00000049. The 6® term in the central difference formula contributed 
0*06 X 0*00002869 = 0*00000143, the 5* term 0*00000006. Hence the error given by 
Simpson’s rule is about a third of the d® term in the central difference formula and about 
ten times the ^ term. A quartic term would be integrated exactly by the central difference 
formula including d®, but less accuratdy by Simpson’s rule. 

The merits of Simpson’s and the three-eighths rules are that they are simple and 
easily remembered; but they are less accurate than either difference formula up to d® if 
the number of intervals used is the same. They do not need the formation of differences, 
but differences should be formed in any case as a check on the calculation of/(x), whether 
they are used for calculation or not. If saving of labour is a consideration it is better to 
save it by computing just enough values of/(x) to give a good check by differmices. The 
use of the elementary rules should be restricted to oases where there really are only three 
or four determined values of the function and we have to do our best with them. 

A number of more complicated rules, the best-known of which is Weddle’s, take partial 
acooimt of higher differences; but it is not often convenient to divide the range up into 
an integral multiple of the number of intervels that they require. Por the same reason 
they fail if we require the integral up to every tabular value of the argument. Some other 
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rules, one of them due to Gauss, attempt to economize labour by choosing the datum 
points so that the integral based on them will be independent of powers higher thaji the 
number of datum points. But the trouble of interpolating the function to the suggested 
datum points is far greater than that of using a foimula based on equal intervals, even if 
they have to l>e more numerous. These rules are best regarded as museum pieces. 

9*091. L. F. Richardson’s method. One device for taking approximate account 
of .second difterences is due to L. F. Richardson, and sometimes gives an answer of the 
same order of accuracy as Simpson’s rule with very little trouble. It is based on the 
principle that if a result is of the form A 4- B;n^ + . . . , we can get an approximate value of 
A by using two finite values of n and extrapolating to » = oo. For instance. 


and nsin- is of the form + + . 

n n® n* 


n->*oo 


Take n = 4 and 6; then neglecting C, 




7r+ 


36 


3-000. 


Solving for it we have tt = 3*138, 

which is a good return for this amount of work. Or take 



With one interval this gives by the trapezoidal rule 

.d + R»i(l + i)*0-76. 

With another ordinate at z = 1*5, and therefore two intervals, 


i(l + f+i) = 0*7083; 

whence log2 = .4 = 0-6944. 

This method is useful for estimating hmite of many different types, and is not confined 
to integration. An extension to take account of terms in nr* is also possible, and would 
give integrals equivalent to those containing third differences at the termini without the 
need to remember the coefficients in the formulae. The method is called by Richardson 
‘the deferred approach to the limit.’ 


9*992. Functioiia that behave like at a termixuis. All the tumiwI formulae 
for numerioal integration fell when the integrand behaves like x~^ at a terminus; yet the 
int^pal oonvergee. They are also unsatisfactory when it behaves lilra a^. Thus 

f »= w 


1*8856, 
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while Simpson’s rule applied to a; = 0, 1, 2 gives 1*8047. Similarly, 


j: 


a:‘Ada: = 2^3 = 3-4641, 


and the three-eighths rule applied to 0, 1, 2, 3 gives 3*3656. These rules will therefore 
underestimate the contributions from the intervals near the ends by 3 or 4 per cent. It 
is easy, however, to obtain more accurate formulae where the integrand is known to behave 
like ar^ or aj^* at the end of the range, using values at a: = A and 2A or Zh as the data. The 
Gregory formula can then be used for the remainder of the range. Writing sufSxes to 
indicate the arguments used, we find 


/•a* 

== Ji(3*7712yi- 1*3333^2), 

r3A 

J ^ (aar‘^ + doc = 2h^Zyi + 0y^=^ 3*464lAyi + O-OOOOy^, 

r3h 

J ^ (aa-y^ -I- 4 - ya^) da; = h{i^^Z l/i - 1 ^6 + ¥2/3) 

= A(4*8497yi- 3*9192^2+ 2*4000y8), 

J {oLxy^+Pa^)dx = h(^^2yj^+^^) = A(l*6086yi+0*2667ya), 

rsh 

J ^ (aa^ + yffar%) dx = A(|^3 -1- fy^) = A(2*07852^i + 0*8000yj), 

/ 3ft 

^ {aa^ + + ya^) = A(f ^'3 + if V® + M^a) 

= A(l*4846yi-»- 0*83982^2+ 0-4671^8). 

As an example let us evaluate 

1 da; 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 

( 6 ) 


using only two and three intervals. (1) gives with A = J 


X 


(l-a;*)-% 

f 


1*16470 - l*3333ys = - 1-53966 

i 


1*61186 3*7712yi =» 6*70163 

4*16197 

(3) gives with h = k 

Hence tt = 3 x i x 4*16197 = 3*1216. 

X 

(l_a;«)-% 


i 

1*1647 X 2*4000 « -f 2*7713 


I 

1*3416 X -3*9192 » -6*2680 


f 

1*8091 X 4*8497 = + 8*7736 

6*2869 


Hence »• «= 3 x x 6*2869 = 3*1434. 


Thus we have an error of only 0*06 per cent firom the use of only three intervals. A much 
oloser estimate could be obtained by using the Gregory formula at intervals of 0*05 up 
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to ar = 0*S5 and adding the integral from 0*85 to I'OO obtained by means of (3). Thi 
method has been extensively used in calculations in seismology, where the integrand i 

J '*a 

cosh"^ (1 +^)da; and i ~ ctx+0{x^) for x small, or i~^dx, where g ha 
the same property. 

9*093. Graphical methods are best avoided entirely. A rough sketch is useful to exhibi 
the general appearance of a function, but in any attempt at accurate work a numerica 
method will always give a more accurate result than a graphical one and with less trouble 
From observations of the disastrous results of graphical methods in seismology it hat 
appeared that graphical methods are liable to be less accurate than numerical ones thal 
use only jlirsf differences. This seems nearly incredible at first sight, but may be due to a 
defect in most commercial squared paper. The spaces between the edges of the lines are 
uniform, not those between the centres. Consequently there is a systematic difference 
between the small squares adjacent to the thick lines that separate large squares and 
those near the middle of large squares. 


9*10. Numerical solution of differential equations. The simplest method, in 
principle, and one that has come increasingly into prominence recently, is the direct use 
of Taylor’s series. For a second order equation, 

given that g = y^ and y' s= yj when a; = 0, we can calculate y* for a; = 0 directly from the 
differential equation. Differentiating the equation, we have 






in which we can substitute the value of y* just found, and so determine y*”. Differentiating 
again we determine ^ and so on to any order desired. The results are substituted in 
Taylor’s series for both y and y', as follows: 


y' * yi+y'(0)a!+^^^^a;a+^^®*«+.... 


These are 'used to calculate y and y' op to such a 'v^alue of z that ■the 'terms neglected do 
not affeet the last figure retained. Let this he A. Then for x we have y and y'\ again 
using the relations found by differentiation we determine y\h), ... and 

form new Taylor series in « - A . These are used to find values up to a: = 2A . An important 
check is obtained by s urnTn i ug the odd and even powers in the series separately. If we 
. have them for a:— A =* their sum gives y for a? *= A+f ; but their difference gives y for 
X » A— which is among the values already calculated^ and the two calculations for. 
A— S should agree. If they do they check the whole of the formation of the derivatives 
and the Taylor cccpansion about A. By repetition we can proceed to any desired value of x. 

This process was giTcn by 3 . R,. Air^ for the solution of Bmden’s equation 


X * 



9*10 Solution hy Taylor's series 2&J 

where y = 1, = 0 at a = 0, and the calcnlations were done by J. 0. P. Miller and 

D. H. Sadler.* It is quite straightforward, and on account of the fact that the numerical 
coefficients in Taylor’s series are much smaller than in any of the finitfi difference fonnula>e 
it enables a given range of argument to be covered in a smaller number of stages. It can 
be applied to a differential equation of any order; for a first-order equation, of course, 
only a series for y is wanted; for a third-order one, series for y, y' and y". 

As a simple example, take the equation 



with y = 1 at ® = 0, the solution of which is exp { — By successive differentiation 

and substitution for y' at each stage we get 

y” = {Zx-3?)y, 
yW = (3-6a:S+a:*)y, 
y(5>= (-15a:+10a:®— *®)y, 
y<«) = ( — 15-f 45®*— 15**+®*)y. 

The series expansion for x small is 

y « l-i®*-|-^3®*-^16®®-|-.... 

When X = 0*6 the last term is 0*0003, and four terms will give four-figure accuracy in 
this range. We find 


X 

y 

0-1 

0-9950 

0*2 

0-9802 

0-3 

0-9660 

04 

0-9231 

0*5 

0-8826 


We now use our general expressions to work out the derivatives at » = 0*6. With their 
factorial divisors they are: 

y' = -0*4412, y72! = -0*3309, y*/3! » 0*2022, 
y<«/4! = -h 0*0675, y<«)/5! = -0*0462, y<*V6 ! = - 0*0057. 

Now we use £ = ® — 0*5 and work out sums of even and odd powers, as follows: 


g 

Even powers 

Odd powers 

X 

Difference 

X 

Sum 

0-1 

0-8792 ' 

-0*0439 

0-4 

0-9231 

0-6 

0-8353 

0-2 

0-8694 

-0-0866 

0-3 

0-9560 

0-7 

0-7828 

0-3 

0-8532 

-0-1270 

0-2 

0-9802 

0-8 

0-7262 

0-4 

0-8311 

-0-1640 

0-1 

0-9961 

0-9 

0-6671 

0-5 

0-8033 

-0-1968 

0-0 

1-0001 

1-0 

0-6065 


The greatest difference from the values previously calculated is 0*0001 at ® » 0*1, and 
this entry is the sum of six, all with rounding-off errors in the last place. An error of 
0*0003 is therefore posable. 

* Briiuk Aeaooiation Ma&maiieal Tal>U$, vd. 2, 1832. 
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We next take i = x~ 1*0 and work out derivatives at a; = 1-0. 

= - 0-6065, 2^72 ! = 0, 2^73 ! = + 0-2022, 

: - _ 0-0506, 2^75 ! = - 0-0303, 2/^7® ! = + 0-0136. 

In the next stage we get 


s 

Even powers 

Odd powers 

X 

Difference 

X 

Sum 

0-1 

0-6065 

-0-0604 

0-9 

0-6669 

1-1 

• 0-6461 

0*2 

0-6064 

-0-1197 

0-8 

0-7261 

1-2 

0-4867 

0-3 

0-6061 

-0-1766 

0-7 

0-7827 

1-3 

0-4296 

0-4 

0-6053 

-0-2299 

0-6 

0-8352 

1-4 

0-3764 

D-S 

0-6035 

-0-2788 

0-5 

0-8823 

1-6 

0-3247 


The greatest discrepancy is 0-0002, at a: = 0-6 and 0-9. So we may proceed. There is an 
inevitable tendency for rounding-off errors to accumulate. Generally speaking if an entry 
is the sum of m rounded-off values an error of \m in the last figure is possible, but can 
occur only if all have such signs as will produce errors in the same direction and all 
approach the extreme possible. Ordinarily their distribution is nearly random and each 


canbetakenas ± (standard error); the resultant ofm will then be + in accord- 

ance with the usual principles of the composition of random errors. Errors up to this 
will then be usual, and if m is large errors of or a little more may occur in about 
1 entry in 20. If we proceed by series up to sixth powers the basic values for a: = 0-6, 1-0, . . . 
are sums of seven terms, and if Integration is carried out to 10 stages an error of 6 units 
may easUy accumulate. This is avoided in practice by carrying out computations to one 
or even two places more than are needed in the final answer. Some computers go so far 
as to insist that computations should be carried to such a stage that it can be decided 
with certainty whether the rounded-off figures are 0-499 or 0-501, and round off three 
figures at the end in every entry to avoid the 3fiak that 1 entry in 600 may be rounded off 
in the wrong direction. This is hardly worth the extra labour, but the policy of keeping 
one extra figure is a good one. 


9*11. The Adams-Bashforth method. This starts with the Gregory backwards 
extrapolation formula * 

/(o-f(?A) * /((*)-(. dV/(o)+^^^^V>/(a)+ .... 

Expanding the terms and integrating we find 

Sja + . ..)/(«). 

Hence if y' 

and we know y and/ up to x s a, we can obtain a value for y at x «= a -f A from fata and its 
ba<^ward differences. For a given interval the terms decrease much more slowly than 
with Taylor series. Thus, in our example above, the sixth derivative of y at the origin is 
- 16. For an interval 0-6 the sevraath backward difference of xy will be of order 16 x 0*5* 
OT about 0-24, and^its coefficient is about J. Hence if this method is used with the same 
interval there will be serious errors in the second decimal. Shorter intervals therefore 
bsemoae neeesnsiy. We try the same example with interval 0*1. 
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With a finite difference method we always need a few values for a start. Here we know 
that at a: = 0, 2 / = I, y" = 0, y" = — 1. We use the first three terms of the Taylor series 
to compute values at ± O-l, and form xy and its first two diflcerences. Then for the next 
stage we have 

lOAy = - 0-0996 - ^(0-0995) - 0 = - 0-1493, C^y = - 0-0149. 


This gives y for x = 0-2. We form xy, and now have differences up to V*. In the next stage 

lOAy = - 0- 1960 - ^(0-0966) + ^(0-0030) + 1{0-0030) = - 0-2420, Ay = - 0-0242. 

Hence y is found for x = 0-3, and we proceed. It saves trouble both in writing and 
reading to keep oidy significant figures in the differences. 


X 

y 

— aj2^ 

V 

V» 

V3 


0*1 

0*9950 

+ 0*0996 

-996 

-996 

-966 

-908 

-824 

-720 

-699 

-467 

-330 

-193 




0 

0-1 

1*0000 

0*9950 

0-0000 

- 0-0996 

0 

+ 30 

+ 30 
+ 27 
+ 27 
+ 20 
+ 17 
+ 11 , 
+ 05 
+ 00 

-3 

0*2 

0*9801 

- 0-1960 

+ 67 

-0 

0-3 

0*9559 

- 0*2888 

+ 84 

-7 

0*4 

0*9230 

- 0*3692 

+ 104 

-3 

0*6 

0-8824 

- 0*4412 

+ 121 

-6 

0*6 

0*8352 

- 0-6011 

+ 132 

-6 

0*7 

0-7826 

- 0-6478 

+ 137 

-6 

0*8 

0*7260 

- 0-5808 

+ 137 


0*9 

0-6668 

- 0*6001 




1-0 

0*6064 

- 0-6064 






The contributions from the second and higher differences are at most in the third 
decimal and can be safely worked out on the slide rule. As the total contribution cal- 
culated from xy and its differences is divided by 10 there is virtually only one rounding-off 
error at each stage. But such an error, once made, is carried on through the rest of the 
calculation.* 

9*12. Central -difference method. One difficulty of the Adams-Bashforth method 
is to know how to start. In the above example values of y were computed for « = ± 0-1 
from the first three terms of Taylor’s series, and a second difference centred on a; = 0 was 
thus obtained. But no higher differences could be found for early values without usmg 
more terms of Taylor’s series. In this example this would be practicable; but it often 
happens that higher derivatives become excessively complicated in form, and their 
calculation is a serious undertakmg. This may make the whole method of Taylor’s series 
impracticable; for instance, though it is extensively used in the calculation of mathe- 
matical tables, astronomers prefer a quite different method for the computation of 
cometaty perturbations. Usually, however, a few terms of Taylor’s series are found and 
used to compute four or five vidues of the solution, and the rest of the work is done by 
finite differences. 

The other difficulty is in the large coefficients of the higher differences. In the above 
calculation the fourth differences gave effects at each step well within the rounding-off 
error, but as they keep the same sign over several intervals they cannot be safely neglected. 
It was absolutely necessary to keep third differences. Still higher differences would be 
needed if greater accuracy was beu^ attempted. But we know that the coefficients of 
higher differences are much less with central differences formulae than with the Gregory 
formulae, and it is possible to modify the calculation so as to mshke use of this fact. We 
have simply calculated, for mstanee,y for a; a 0-3 by using y at a; » 0-2andthedififerenoeB 
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of —xtf running backwards from 0-2; —xy for a: == 0-3 is then calculated from the corre- 
sponding value of y. We have made no direct use of the fact that the increment of y from 
X = 0-2 to X = 0*3 must be the integral of —xy over the range right up to 0*3. If some 
higher difference that we have neglected actually made an error in the estimated y, we 
should be able to check it by computing an integral from our estimates of —xy, the two 
should agree, but they will not if some high-order differences have been illegitimately 
neglected. When the table is complete such an integral can be found by a central-difference 
formula; but it can also be found as we proceed. We have 

1 ra+h 

^ J f(x)dx = (a) -i- if {a +h)— -i^yS^fa+yth + +-••• 

In this the terms in and yS* will be a small correction. But we cannot use it directly 
to compute the integml because we do not know /iS^fa+yah ^ known, and we do 

not know/tiSYa+i^ until /o+aj is known. We can, however, proceed by successive approxi- 
mation. These terms are small in any case, much smaller than those of the same orders 
in the Adams-Bashforth method. We can therefore extrapolate the last difference retained 
one stage, add the result to the previous difference, thus extrapolating that one, and so 
work up to an extrapolated value off(a+h). Also by extrapolating two stages we get 
an extrapolated value of The fourth difference is small and has a very small coeffi- 
cient, so that it can usually be neglected; if it cannot we may have to extrapolate three 
stages to determine it. In this way we get trial values of all the quantities needed to* 
compute the integral, and in forming it we introduce the further small factor h. Hence 
the value found for y a,tx^ o-fA will be very nearly right. We now use it to calculate 
f{a+h) and form corrected differences. With these we recalculate the integral and get a 
much closer approximation. If we have chosen the interval suitably the change will not 
be more than a few units in the last place. 

Betuming to the same example, we write our first few values as follows; 


ss 

y 

-xy 

A 

A* 

-0-1 

0-9950 

+ 0-0995 

1 1 

ii 


0 

1-0000 

0-0000 

0 

+ 0'1 

0-9950 

-0-0995 



At this stage we have no means of predicting the variation of and so our first step is 
to take as zero. We then have ^0.15 = — 0-0995, = — 0-0996— 0-0996 = — 0-1990. 

Then 

lOAy « i(-0-0996- 0-1990) = -0-1492, Ay = -0-0149. 

We therefore enter y^.* as 0-9801; this makes —my = —0-1960 instead of —0-1990, and 
^f«MS * “ 0-0966, + 0-0030, 6 */(h» “ + 0-0030. Th^ suggest a revised value 

^/m =* + 0-0060, and/t6*/o.^ -f- 0-0046. The table, with the necessary corrections, is now 


X 

V 

-xy 

A 

A* 

-0-1 

0*0 

0- 9950 

1- 0000 

+0*0995 

0 

-995 

-995 

-965 

0 

+0-1 

0-9950 

-0-0995 

+ 50 

+0-2 


-0-1960 

(+60) 


whwe extrapolated values are shown in brackets. Wiik the corrected values 

lOAy - K- 0-0996- 0-1960) -A<0-0045) »= -0-1481, Ay -= -0-0148, 


M^kansayM *■ O'OSOS. We thus make only a last-figure change in y at the second approxi- 
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mation, even though we had no information at all for our first extrapolation of A*, 
There is no further change in — to this accuracy. We now have 


Then 


x 

y 

-xy 

A 

A ® 

0 

1-0000 

0 

-996 

-965 

(- 905 ) 

0 

0-1 

0-9950 

- 0-0995 

+ 30 

0'2 

0-3 

0-9802 

- 0-1960 
(« 0 - 2865 ) 

( + 60 ) 
( + 90 ) 


A® 

+30 


lOAy = ^{ — 0-1960 — 0-2866)-^(0*0076) = -0-2418, Ay = -0-0242, y^^ = 0-9660. 
This gives -xy = - 0-2868 and we correct the differences accordingly. lOAj^ is changed to 

\{ - 0-1960 - 0-2868) - 0-0006 = - 0-2420, 

and we need no finder change in y. So we proceed; the final table, after the readjustments 


have been made, is 


X 

y 

-xy 

A 

A » 

- 0-1 

0 

0 - 9950 

1 - 0000 

+ 0-0995 

0 

-996 
-995 
-965 
-908 
-834 
-720 
-600 
-467 
-330 
-193 
- 63 

0 

0-1 

0-9950 

- 0-0995 

+ 30 

0-2 

0-9802 

- 0*1960 

+ 67 

0-3 

0-9560 

- 0*2868 

+ 84 

0-4 

0*9231 

- 0*3692 

+ 104 

0-6 

0-8825 

- 0-4412 

+ 120 

0-6 

0-8353 

- 0*6012 

+ 133 

0-7 

0-7827 

- 0-5479 

+ 137 

0-8 

0-7261 

- 0*5809 

+ 137 

0-9 

0-6669 

- 0-6002 

+ 130 

1-0 

0-6065 

- 0-6066 



A » 

+30 
+27 
+27 
+ 20 
+ 16 
+ 13 
+ 4 
0 

- 7 


This method has several advantages over the Adams-Bashforth one. The third dijfferences 
do not appear at all except in so far as they are taken into account m the extrapolated A®. 
The coefficient of the second difference is only one-fifth as large. Consequently we can have 
greater confidence that inaccuracy has not crept in through neglect of higher differences. 
There is also a difference at the start. There is a difficulty in all methods about starting the 
int^ation if derivatives are troublesome to calculate. In both methods we started 
assuming only the first two derivatives at a: * 0. In the Adams-Bashforth method this 
gave us a second difference at 0 but at no earlier value; but a third backward difference 
firom this was needed to infer ya,tx = 0-2. This was not available and we had to proceed 
to 0-2, effectively, with the same quadratic formula as was used up to 0-1. If then there 
are terms in a? and that are appreciable at a: = 0-2 but not at » = 0*1, the To«>t h o d will 
give an error there. This could be corrected by working backwards to a? » — 0-2 as well 
but this sacrifices the direct progress, which is the outstanding good point of the method. 
In the central-difference method, on the other hand, we get a first approximation at 
X Bs 0-2, which is the same as the Adams-Bashforth value, but also have the of 

correcting it, and actually introduce a last-figure change in y. 

Actually with the central-difference method we do not even need a second /jf ffer pT ic e 
at the start. Suppose that we simply start with the information tha t at « => o, y » i, 
y' •=> 0. Then since y' = 0 we can take as our trial values at ± 0-1 the same value of y as 
at a? = 0. Then the table at this stage reads 


X 

y 

-xy 

A 

A * 

- 0-1 

1-0000 

+ 0-1000 

- 0-1000 

- 0-1000 


0-0 

1-0000 

0-0000 

0 

0-1 

1-0000 

- 0-1000 



Then using the formula up to a; = 0*1 we have 

i0(yM -yo+) - i( 0 -oooo - o-iooo), y„. 




-0*0060, 
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giving a corrected value ~ — 0-9950. Similaxly, we get a value at a; = — 0*1, with- 
out ever differentiating the differential equation we have the datum values naoded for 
a start. 

The correct values, taken from the British Association Tables, are as follows. The last- 
figure errors of the solutions by the varioiis methods are given for comparison: 




Taylor 

Adams- 

Central 

z 

y 

series 

Bashforth 

differences 

0-0 

1-0000 

0 

0 

0 

0*1 

0-9950 

0 

Q 

0 

0‘2 

0-9802 

0 

-1 

0 

0*3 

0-9660 

0 

-1 

0 

0-4 

0-9231 

0 

-1 

0 

0*5 

0*8825 

0 

-1 

0 

0-6 

0-8353 

0 

-1 

0 

0-7 

0-7827 

+1 

-1 

0 

0-S 

0-7261 

-f 1 

-1 

0 

0-9 

0-6670 

+1 

-2 

-1 

1-0 

0-6066 

0 

-1 

0 


As far as this example goes there is little to choose between the Taylor series* and the 
central differences method. The error at a; - 0-2 in the Adams-Bashforth method 
which could not be corrected in that method without either working backwards a 
stage or fi nding another term of the series, is carried on throughout the work. An india- 
rubber is indispensable for the central-difference method. 


9*121« Equations of higher order. All these methods can be directly adapted to 
equations of higher orders. If our equation is 


with at « = 0 


y" = Py' + Qy-irR{x), 

y' = yi. 


we need only take s s y' as a new variable and write two fibcst-order equations 


= ^ Pz+QyJrR, 

which we can then proceed to solve as before, the initial values of y and z being given. We 
naturally advance by alteimte stages in the solution of the two equations, and y and z 
win be found with comparable acooracy. Take, for instance, the equation satisfied by 
the Airy integral 


We treat this as two, di “ ^ 

and investigate the solution that makes y = 1, « « 0 when * « 0. Without Taylor's 
seriee we start with the values not bracketed in the foUowing: 


9 

z 

*y 

A 

A* 

0-1 

0-0 

il 

-0-1000 

0-0000 

-f 1000 

0 

0-1 

(+0*0060) 

0-1000 

+ 1000 



For tim first step we have /fd*(aiy) «« 0,and 


y 

1-0000 




(4- 0-0060) 
0 

(+0-0050) 


A A* 


(>60) 

(+60) 


(+ 100 ) 


“ - J(0*1000+0) - -0*0600, » -+0*0060, 

10(a^i-**^) • i(0+0*1000) - +0*0600, » +0*0060. 

► WMshpewwaded five ■!«(« ■**«!*» in one. 
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Proceeding to the right part of the table we have 


10(yo.o-y-o.i) = i(0-0050+0)- 0-0008 = 0-0017, = 0-9998, 

10(yo-i-2/o.o) == i(0-0050 + 0)- 0-0008 = 0-0017, = 1-0002. 


Filling in 

these values we have 






X 

2 

xy A 

A * 

y 

Z 

A 

A * 

- 0-1 

0-0060 

"" a^a + 0-1000 

+ 0-1000 
( + 0 - 2000 ) t + 


0-9998 

0-0060 

- 60 
+ 60 
( + 150) 


0-0 

0-0000 

0 

1-0000 

0-0000 

+ 100 

J -1 

0*0060 

( 0 ) 

1-0002 

0-0060 

( + 100 ) 

^-2 

( 0 - 0200 ) 


(1-0014) 

( 0 - 0200 ) 

L{xy) can 

be extrapolated and gives xy 

= + 0-2000 at X 

= 0'2. Then 




10(«o.2-%i) = i(0-3000), 20.2 = 0-0060 + 0-0150 = 0-0200. 
We enter this on the right and form dififerences. Extrapolating we have 


10(yo.2-2/o*i) == i(0-0250)- 0-0008 = 0*0117, ^y ^ 0-0012, y^^ = 1-0014. 


Multiplying this by 0-2 and returning to the left we have zy = 0*2003 instead of 0-2000, 
so we revise the differences. The change is too small to make any appreciable change in a. 
So we proceed, advancing a stage in each table alternately. The solution up to a? — 2-0 
is as follows: 


- 0-1 

0-0 

0-1 

0-2 

0*3 

0*4 

0*6 

0*0 

0*7 

0*8 

0 - 9 

1 - 0 
1-1 
1-2 
1-3 
1-4 
1-6 
1*6 

1 - 7 
1-8 
1*9 

2 - 0 


% 

xy 

0-0050 

-0*1000 

0-0000 

0-0000 

0-0060 

0*1000 

0-0200 

0*2003 

0-0461 

0-3014 

0-0804 

0*4043 

0-1261 

0-6106 

0-1827 

0-6218 

0-2608 

0-7406 

0-3312 

0-8696 

0*4262 

1*0122 

0*6346 

1-1726 

0-6607 

1*3663 

0-8065 

1*6664 

0*9761 

1-8126 

1*1704 

2-1017 

1-3972 

2-4440 

1*6614 

2*8610 

1*9701 

3-3373 

2-3321 

3-9199 

2*7680 

4*6200 

3-2609 

6-4636 


A A* A8 


1000 

1000 

1003 

1011 

1029 

1062 

1113 

1188 

1290 

1426 

1603 

182$ 

2111 

2461 

2892 

3423 

4070 

4863 

6826 

7001 

8436 


0 

3 

8 

18 

33 

61 

76 

102 

136 

177 

226 

283 

360 

431 

531 

647 

793 

963 

1176 

1436 

(1746) 


10 

16 

18 

24 

27 

34 

41 

48 

68 

67 

81 

100 

116 

146 

170 

212 

260 

(310) 


y 

z 

0-9998 

0*0060 

1-0000 

0-0000 

1-0002 

0*0060 

1-0014 

0*0200 

1-0046 

0-0461 

1-0108 

0*0804 

1*0210 

0-1261 

1*0364 

0-1827 

1-0580 

0-2508 

1*0870 

0*3312 

1-1247 

0-4262 

1-1725 

0*5346 

1-2321 

0-6607 

1-3053 

0*8066 

1-3942 

0-9761 

1*6012 

1-1704 

1-6293 

1*3972 

1-7819 

1*6614 

1-9631 

1-9701 

2-1777 

2-3321 

2-4316 

2-7580 

2-7318 

3-2600 


A A* A» 


-60 

60 

160 

251 

363 

467 

666 

681 

804 

940 

1093 

1262 

1468 

1686 

1963 

2268 

2642 

3087 

3620 

4269 

6029 


100 
100 

101 
102 
104 
109 
116 
123 
136 
153 
169 
196 
228 
267 
315 
374 
445 
533 
639 
770 

(930) 


17 

16 

27 

32 

*39 

48 

69 

71 

88 

106 

131 

(160) 


9*13. For a second-order equation with no term in y' other methods are available. If 


we have 


(ei>»_2+e-^*)y = A2Z)*y+{(2smhiAZ))*-A*D»}y 


( 1 ) 

( 2 ) 


Also sinoe 
tbisis 

lu * 


(28inhiW?)* “ 


(3) 

(4) 
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Extrapolation of 


To expand the operator we have 

sinh'^f 






9-13 


( 6 ) 


f— 

\sinh 




= 1 + ( 6 ) 

whence — .... (7) 

The coefficient of the fourth difference in this formula is very small. Consequently it 
practically permits a definitive calculation of 8^ given / and S^f. Then having, say, 
y{a—h) and y{a), we have Vy{a), and adding S^y we have Ay(a) = y(a + h) — y{a). Then 
y{a+h) is found by addition. The complication here is that /(a + A.) will have to be 
calculated from y{a+h), and until we know it we do not know S^f(a). But this is easily 
circumvented. If, for instance, A = 0*1, is about xissf't affect the 

fourth place of decimals if /* is less than 0'0600. Further, if we can infer /' within 0’0600 
from entries further up the table, we can use this approximate value in (7) and stUl get 
right within the rounding-off error. We then proceed by addition to infer y{a -1- A); from 
this we calculate /(o 4- A), and form the differences of the latter accurately. If necessary 
we can correct the approximate value taken for/' and repeat the calculation. In most 
cases, if the interval is suitably chosen, it rarely be found that further revision 
changes by more than a unit in the last place. 

It is slightly more convenient to extrapolate -jj^yd^/than S^f, since it is going to be multi- 
plied by the small quantity A® in any case. But if we proceed directly to y in this way we 
must pay special attention to the initial conditions. If in the above example we worked 
to the fourth decimal, the values of y ab x ss 0 and 0*1 would only determine y' there 
within 0*0005, and to this extent the solution would be uncertain by 0*0005 times the 
solution that makes y = 0,y' = 1 at x ==> 0. In this case the solution in question reaches 
3*6 at y a 2*0, so that for this reason alone an error of 18 in the fourth place might accu- 
mulate, This is avoided by the method already used, since this attends to y' explicitly 
and takes its value at a; » 0 as a starting point. But if we use the present n^ethod we can 
save the situation only by keeping an extra figure in the calculation. 

To treat the example of 9’121 in this way we notice that the fikst two terms of the 
Taylor series a» y_ 

We write down a few values of y from this formula: 


X 

V 

A 

■ A* 

ary 

A 

A» 

A6* 

-0-2 

-0-1 

0*99860 

0-99988 

+ 117 
+ 17 
+ 17 
( + 1X7) 
(317) 

-100 

-0*19978 

-0-09998 

+ 9976 
+ 9998 
+ 10002 
(10025) 
(10108) 

4*23 

2 

00 

0*1 

1*00000 

1*00017 

0 

( + 100) 

0*00000 

+0*10002 

(4-23^ 

0 

2 

0*2 

0*8 

(1-00184) 

(1-00461) 

(+200) 

{0*20027> 

(0-30135) 

(83) 

7 


We can ignore t^(^) proceeding to the next stage. We have 

1003*y*.i « 0*10002 + 0, - 0*00100. 

We enter this in its place in the differences of y, add to ^ + 0*001 17, and add 

this in turn to y,.], to give •> 1*00134. We then work out xy with this value, 0*20027, 
sod form its diffevenoM. We now aee that ^A|d*(«y) should be 2 in the fifth decimal, but this 
eiU affect nothing fo fihe calculation yet made, which can therefore be taken as oonfiimed. 
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At the next stage we provisionally try = 0*00004; then 

10052yo-a = 0*20027 + 0*00004, = 0*00200, 

and we enter this and work up to ^0.3. Calculate xy as before and form its differences. We 
now find ■A^(a^)o.2 — 0*00007. Again the change does not affect the last figure 6f y. 

We proceed with the calculation; -i^^ipcy) increases until it does begin to affect the 
extrapolation of y, and then to a stage when a supplementary table of its differences 
becomes worth while to assist its extrapolation. Thus at a later stage we have 


X 

y 

A 

A* 

xy 

A 

A^ 


1-4 

1-50089 

12805 

15254 

18111 

(21456) 

2106 

210125 

34216 

40696 

48603 

(58245) 

5298 

442 

1-5 

1*62894 

2449 

2-44341 

6480 

640 

1-6 

1-78143 

2857 

2-85037 

7907 

659 

1-7 

1*8 

1-96269 

(2-17714) 

(3344) 

3-33640 

(3-91885) 

(9642) 

(804) 


08 

119 


A* 

16 

21 


From the differences of -^^xy) we infer that its next second difference is likely to be 
about 26, the next first difference therefore 145, so in the next stage we try 

^^xy) = 669+145 == 804. 

Then 1008%.^ = 3-33640 + 804 = 3-34444; 

and we enter 3344 as the second difference of y. The next steps, in order, are 
Ayi.7 = 0*21466, == 2-17714, {ay)i.g = 3*91885, 

A(ay)i.7 = 0*68246, 8^{xy\.y = 9642, -^8^ = 804. 

This agrees with the trial value and no change is needed. The complete table is as 
follows: 

A* 


X 

y 

A A* 

xy 

A 

A* 


-0-2 

0*99866 

0 

17 ^ 

+100 

317 

819 

1S24 

TMK 

2167 52 

-0-19973 

9975 

9998 

10002 

10025 

10108 

10293 

10619 

11130 

11873 

12897 

14261 

16028 

18276 

21096 

(kA KOA 



-0-1 

0-99983 

-0-09998 

23 

2 

0*0 

1-00000 

0-00000 

4 

0 

0*1 

1*00017 

0-10002 

23 

2 

0*2 

1*00134 

0-20027 

83 

7 

0-3 

1-00451 

0-30135 

185 

15 

0-4 

1-01070 

0-40428 

326 

27 

0*5 

1-02094 

0-61047 

511 

43 

0*6 

1-03629 

0-62177 

743 

62 

0*7 

1-05786 

0-74050 

1024 

85 

0-8 

1*08684 

imi 

«83 

8967 “^5 

73W }£ 

8883 }*5J 

2106 

12806 125 

26884 

*»■' (“!) 

0-86947 

1364 

114 

0*9 

1*12453 

1-01208 

1767 

147 

1*0 

1*17236 

1*17236 

2248 

187 

M 

1*23193 

1-35512 

2820 

235 

1-2 

l-$0607 

1-56608 

3503 

292 

1*3 

1*39390 

1*81207 

28918 

34216 

40696 

48603 

58245 

70001 

84340 

4319 

360 

1*4 

1*50089 

2-10125 

5298 

442 

1*5 

1-62894 

2*44341 

6480 

640 

1*6 

1*78148 

2-85037 

7907 

659 

1*7 

1-96259 

3-33640 

9642 

804 

1*8 

2*17714 

3*91885 

11756 

980 

1-9 

2*43098 

4-61886 

14339 

1195 

2*0 

2-73113 

5-46226 


(1457) 


29 

33 

40 

48 

57 


98 

119 

145 

176 

215 


11 

14 

16 

21 

26 

31 

39 

47 


The solution differs at - 2*0 by 0*0007 from the previous one. This Is about the 
that might be expected from the accumulation of rounding-off errors. The 
found from power series is 1*17230 for x =» l-^O, 2-73088 for x « 2-0. 

With r^rd to the neglected term in 8^ixy), this also may aooumulai 
(7) we see that the total contribution of d^(ay) will be about A*/240 ti 
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S\xy\ and by inspection of the table this change is about 3000 in the fifth decimal. Hence 
the total effect of the S* term in the range is about 1 in the sixth decimal and is correctly 
neglected. 

9*14. The Gauss- Jackson method. The last method was used by Cowell and Crom- 
melin in their work on the motion of Halley’s comet between 1759 and 1910, and has been 
extensively used in the solution of Schrodinger’s equation, particularly by D. R. Hartree.* 
Cowell, however, recommended a slightly different method in an appendix.f This is 
discussed further by J. Jackson, J who remarks that the matter had been left in a prac- 
tically perfect state by Gauss. The procedure is to introduce a function whose second differ- 
ences are f. If we have such a function we can denote it by 5“®/; and then (7) can be written 

•••). ( 8 ) 

and the two functions 

h-% ( 9 ) 

have the same second differences. But a differential equation of the second order needs 
two adjustable constants to specify its solution; and any function of the form A + Bx 
will give zero second difference. Consequently we are at liberty to add A -t- Bx to S~*f and 
choose A and B so that the expressions (9) will be equal for two values of x. Then since the 
second differences are equal the functions are equal for all tabulated values of x, and 

A-fy = .... (10) 

The advantage of this procedure is that the summation to get J-*, once we have started, 
can be done exactly, and each rounding-off error in the correcting terms of (10) arises only 
once, and, with h = O-l, is divided by 100 before it is passed on to the next stage of the 
calculation. 

To make a starii with the solution of the same equation as before we fit the values 
already found at a: = 0 and 0-1. We have 

100.000 = S-%o+0> 100(1*000167) = ^(0-10002), 

whence “ lOO’OOSS. 

The calculation is now 8traightforward.§ We enter the table as follows: 


X 



/ 

lOQy 

X 



/ 

lOOy 

0-0 

0-1 

1000000 

1000083 

0*0083 

0*10832 

0*30869 

0*60994 

1*01422 

1*52408 

2*14646 

2*88693 

3*75637 

4*70840 

0*00000 

0*10002 

100-000 

100*017 

1*0 

1*1 

117*13221 

123*07291 

6- 94070 

7- 29676 

8- 80174 
10*67369 
12-77480 
15*21803 
18-00817 
21-40430 
25-32283 
29*94129 

1-17230 

1-35605 

117*230 

123-186 

02 

100*11082 

0*20027 

100*133 

1*2 

130*30860 

1*56699 

130*499 

0-3 

100*42521 

0*30135 

100*460 

1-3 

139*23040 

1*81196 

139*381 

0*4 

101*03515 

0*40428 

101-069 

1*4 

149-90409 

2-10111 

150*079 

0*4 

102*04937 

0*61040 

102-092 

1-6 

162*67889 

2-44323 

162*882 

0*4 

0*7 

103*57405 

105*72051 

0*02178 

0*74047 

103*626 

105*782 

1-0 

1-7 

177-89092 

195-96609 

2*86014 

3*33018 

178-134 

196-243 

0*8 

106*00744 

0*80944 

108-080 

1-8 

217-36939 

3-91863 

217-096 

0-9 

112*30381 

1*01203 

112*448 

1*9 

242-69222 

4-01846 

243-077 

I-O 

117*13221 

1*17230 

117*230 

20 

272-03861 

5*46178 

273-089 


• MimthMitr Lit. and PML Mm. <md Froc, 77, 1033, 01-107; D. B. Hartoee and W. Hartree, 
TW Bov. Sta, A, 180, 1030, 9-33; 164, 1930, 68S-0O7; 100, 1030, 40-02; 166, 1038, 400-04. 
t G‘r«em 0 jdt Oimvationt, 1009. f Mon. Na. Jt. Astr. Soe. 84, 1924, 602-6. 

I With no egttra tremble we cxmld Sad an extra figure in and this would improve the 

naw na qr. hae *ww <*««,» h w ..... ... .u 4^ i — .. . r.s — -. !4.j, other 
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9'14 Adva/niages of Gauss- Jackson method 

To start with, we difference the first two values of 5-®/ to get ^'Vo.os* /is known at 0-1, 
and we add it to gsi- ^Vo-is- This is then added to gi^® ^®/o- 2 - Then 

««.» is given by the equation 

1002^ = 100-1166+^/o.a. 

By extrapolation we try = 0'200, and the correcting term is +0*0167, making 
lOOy = 100*133. Multiplying this by 0*2 we have/ 0.2 = 0*20027, and the change makes 
no change in the third decimal of lOOy. If there was a change at any stage we should 
continue the approximation tiU there is none. It is convenient to extrapolate -j^/at each 
stage, and not to fill in / till the second approximation to save rewriting. 

The fourth decimal in t~^f and the third in ^®/ have little direct importance, but it is 
as easy to write them in as not, and they enable the rounding-off errors to be absorbed 
harmlessly in a place where they will be divided by 100 before y is calculated. The result 
for’ X = 2*0 is y = 2*73089, which is 1 unit of the fifth place from the correct value; and 
the amount of subsidiary calculation is less than with either of the other methods. It is 
not even necessary to write in the differences of / and y, since neither affect the calcula- 
tion. The approximation for y, however, is of a j^d such that a mistake is likely to be 
repeated at the next approximation, and differences should be used as a check. Occasional 
inspection of the second differences of/ is also desirable in case their contributions should 
become appreciable; but they must reach 120^-® in the last place retained for them to 
matter, and if they do it is less trouble to use a shorter interval. Special attention should 
be given to the calculation of the first two values of 8-^f, because an error in their differ- 
ence produces an error that may increase steadily throughout the calculation. As soon as 
four or five values of y have been found they should be differenced to check this stage of 
the calculation. 

The possibility of using this method depends on the absence of a term in dyjdx ftom the 
differential equation.® The convenience of the method is such that when such a term is 
present in a linear equation it is best to begin by transforming the equation so as to remove 
it. Astronomers, in computing perturbations, therefore largely prefer to use rectangular 
coordinates, even though this involves sacrificing the use of the elliptic orbit as a first 
approximation. The component accelerations due to the sun are included in the numerical 
computation at each stage and treated just like the planetary terms. This inconvenience 
is far more than compensated by having to deal with differential equations of the form 

** •»*»!)> 

instead of, for example, in polar coordinates, 

~ (sin*dA) = g{xt,xt, 

If /(x, y) varies cozusiderably within the range of integration it may be convenient to 
increase or reduce the interval. To change ftom interval 0*1 to 0*2 at z s> 2*0, we should 
use the values already found for and y^ to find corresponding values of and 
start aficeeh. To change from 0*1 to 0*05 woidd require first the interpolation of a value 
for and then tire calculation of d^*/x>w> ^Vm* The latter wall not be the same as for 
the original interval. 
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9 * 15 . Estimation of an eigenvalue. This method of solution is conveniently 
combined with Rayleigh’s principle to give a rapidly converging series of approximatioiu 
to, for instance, the period of a dynamical system. Consider for instance the oscillations 


of water in a narrow lake of elliptical plan. If ^ is the elevation of the water surfiaoe, u the 

velocity, h the depth, g gravity, and b the breadth, the equations for 

a small oscillation of 

period Znjy are 

cu cf d , „ 9 /jLi. X 

(1) 

Put 

hbv, = F ; 

(2) 

then on elimination in favour of V we have 




( 3 ) 

where 

^ = y^lgh. 

( 4 ) 

The boundary conditions are that F = 0 at the ends. We can remove the term in 3 F/ 3 * 

by the substitution 

V = 6 *^ 17 ; 

(6) 

then 


(6) 

With 

6 cx 

( 7 ) 

this is 

0a:* \ 

(8) 


It can be shown* that the two solutions near a; = ± 1 mahe U behave like (1 or 

(1 — The former would make V different from zero at a; = ± 1, and must therefore 
be excluded. The problem is to find the values of /e* that make it possible to avoid thia 
solution at both ends. By symmetry U must be either an even or an odd function of x. 
The mean kinetic energy over a period is given by 

* 

4T = jbJm^dx = J (9) 

and the mean potential energy by 

Using the principle that the^ mean kinetic and potential energies in a period are equal 
we get 

Raylei^ s principle is that any form of V satisfying the boundary conditions, but not 
the differential equation, will give a second-order error in s* when substituted in (11). 

It is ftiily clear that the lowest value of x will be such that dVJdx is, on the whole, as 
small as possible for given mean F*; and therefore that V keeps the same sign for all «. 
The next lowest value will make F change sign once, and so on. 

• Cf. Chapter 16 . 
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For each trial value of we first iua<ke a table of the coefficient of i7 in (8). We take 
U as 1-00000, dV/dx = 0 at * = 0, and have for small x 


U = + (12) 

which gives U for x = 0-1 and hence S~^f, where / is the right side of (8). 

The solution is then developed. An incorrect value of at® will be shown by the solution 
tending to ± oo at a; = 1. Specimen solutions are as follows: 


X 

=3 3 ) 

l 7 (/ c »=* 4 ) 

X 

= 3 ) 

it 

1 

0-0 

1-0000 

1-0000 

0-5 

0-7129 

0-6024 

0-1 

0-9876 

0-9826 

0-6 

0-6028 

0*4616 

0*2 

0-9506 

0-9310 

0-7 

0-4862 

0-2912 

0*3 

0-8908 

0-8478 

0-8 

0-3718 

0*1288 

0-4 

0-8104 

0-7366 

0-9 

0-2781 

- 0-0292 


With the information that the solutions near a; = 1 should be of the form 


we can find A and B roughly from the last two entries in each table. We find 

a:® = 3, A = + 15-6, 5 = + 10-7, 

/c* = 4, A = + 17-2, B = - 7-1. 

Hence the former solution will make U tend to -foo, the second to — oo, as By 

interpolation B should vanish with a;® about 3-6. A pair of trials for 3*4 and 3-6 suggested 
3-56; but at this point it seemed that intervals of 0-05 instead of 0-1 would be safer in 
testing the behaviour near x= 1. The solution with this interval is as follows: 


a? U 


« U 


u 


0 1-0000 

0-06 0-9962 
0-1 0-9850 

0-15 0-9662 
0-20 0-9401 
0-25 0-9069 
0-30 0-8671 


0*35 0-8210 
0-40 0-7693 
0-45 0-7127 
0*50 0-6510 
0-55 0-5857 
0-60 0-6176 
0-65 0-4471 


0-70 0-3764 
0-76 0-3036 
0-80 0-2327 
0-85 0-1643 
0-90 0-1000 
0-95 0-0428 


If the solution was correct the ratio of the last two entries diould be nearly 2^« = 2-378. 
It is actually 2-338, so that we are very close. To get a better approximation we use 
Rayleigh’s principle. We multiply U by (1 —x^)^* to get V, differentiate numerically, work 
out (1 — (3F/0a:)®, and integrate. As the integrand behaves like (1 — a®)** near a; = I 
it is best to use the formulae of 9-092 from 0*90 to 1-00, and the Gregory formula up to 
0-90. This gives 

® ri /8F\® 

daj» 1-6287. 


The integration of t/* is simple except again for values beyond 0*9. For these we 
assume that 


U‘ = 0-0100 


/l-a:\^ 

I 0-1/ ’ 


vhenoe 


J, 

J, 


U*dx 


0-9 

1 


mdx. 


» 0-0004 
0-4596. 


and 
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Then 


Jury problems 


a:* = 


1-6287 

0-4596 


3-644; a: = 1-882. 


9-16 


Previous solutions had given k = 1-886 by totally different methods.* 

The solutions for /c® = 3 and ic® = 4 were not really necessary to the method, but are 
given to show how we can detect with a wrong value that the solution is not tending to 
zero in the way it should. Rayleigh’s solution will usually give an accuracy within a few 
per cent with an assumed form that is even roughly near the truth, and it would have been 
possible to apply it at the start with U = {1 —x^)% This gives = 3-6 immediately. As 
the error is squared at each stage it should be possible to get four-figure accuracy with at 
most three solutions. 

Alternatively, we could assume a solution {l—x^)’^*{l+Ax^+Ba!*‘) and determine 
A, Bto maJre «*, as found from (11), stationary for small variations of A, B. A similar 
method in principle was used by Ritz to determine the normal modes of vibration of a 
square plate. 

To treat the second mode it is desirable to begin by subtracting from the trial solution 
such a midtiple of the solution for the lowest mode as will make the remainder ezactl; 
orthogonal with the latter solution. 


9*16. Jury problems: ordinary differential equations. For an ordinary differ- 
ential equation of the second order we may either have given values of y and dyjda at 
one terminus, or a value of one of them at each of two termini. In the former case we form 
the numerical solution by proceeding one step at a time; this has therefore been called a 
marcMng problem by L. F. Richardson. The latter iype of problems are oaSisA jury pro- 
blems. For jury problems, when the equation is linear, we can make the solution depend 
on those of two marching problems from one terminus, which are then combined linear^ 
so as to satisfy the condition at the other. This method fails for non-linear equations. It 
is possible to obtain a first approximation that satisfies the terminal conditions, and 
then the differential equation can be converted into a finite difference equation and used 
to obtam better approximation to the intermediate values. As a simple case, take the 


equation 



( 1 ) 


with y * 0 at * !« 0, and y s l at a; s 1. We know that the solution is 


sma; 

^ ~ sia(lTadian)* 


( 2 ) 


But suppose that we did not know this. Try to interpolate a value of y at a; = 0-6.Wehave, 
using second differences at interval 0-5, 


whidhoei 


dV# 

** =* ^(yi+yo“"^yo-«) ""yo-6> 

7yM“*yi+4ytt«4, 
y„ » 0-67. 


(5) 

(4) 

( 6 ) 


*3eac9S», r)m. Zmd. Math. Son. (2) St, 19S4, 462. Goldstein, Pne. Land. Ma&. See. 28, 

•SSg, SB. 
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JHow interpolate to intervals 0*2 by second differences. 

281 

This gives the first approxi- 

mation yj: 

iff 

Vi 


2^3 

3^4 

Correct y 


0 

0 

0 

0 

0 

0 


0-2 

0-245 

0-239 

0-238 

0-237 

0-236 


0*4 

0-467 

0-468 

0-466 

0-464 

0-463 


0-6 

0-667 

0-672 

0-674 

0-673 

0-671 


0-8 

0-845 

0-851 

0-853 

0-854 

0*853 


10 

1-000 

1-000 

1-000 

1-000 

1-000 


With intervals 0-2, (3) is replaced by 

26(y-A - 2yo + y*) = - 2^0. (®) 

that is, yo==0-5102(y_j+y*). (7) 

With the values of at « = 0*6 and 1*0 this gives a second approximation for y at O-S, 
namely, 0‘851. This, with at 0-4, gives at 0'6 equal to 0"672. We thus get the column 
y,; further similar approximations give and y^. The correct values are given in the last 
column. Fourth differences can be taken into account if required, but it is then necessary 
to continue the solution one place beyond the ends of the table. Partial differential 
equations with given boundary conditions can be treated by an extension of the method. 

9*161. The following problem in potential theory is almost impossible to solve formally, 
but yields easily to this method. A condenser consists of two concentric long square 
prisms of sides 2 and 4, similarly situated. The inner is at potential 1, the outer at 
potential 0. Find the distribution of potential between them. 

Evidently the region consists of eight similar pieces. We first try to find values of the 
potential ^ at points of a lattice at intervals 0*6 in each direction. Since 


the finite difference form is 


3aj® dy* * 


( 1 ) 


i^x+h,v fc) (®) 

is. <^x.v = Wx+n,v+^^-i^v+^x.v+h+^x.v-h)' (3) 

Another form is (4) 

Since the datum points used in (4) are at ^2 times the distance of those used in (3), the error 
due to neglect of fourth differences will be 4 times as great with (4) as with (3). Hence 
if both are available and we take (3) together with one-third of the difference (3)-(4) 
we shall also take good account of fourth differences. 

As a first approximation we take the datum values from the 
bouuodaryconditionsaB shown. Foraweuse(4),givingo = 0*25, 
andtakeh ss e = d = 0*5 by linear interpolation. Thisdoesnot 
affect the second approximation to a. Fou6 we have from (3) 

(1 — 26 + 0)-t-(c— 26+o) 0, 

whence, with c = 0-6, a = 0*26, b = 0*44. Then for e 
(1 - 2c -I- 0) -Kd - 2c -f- 6) = 0, 
whence, with b » 0*44, d = 0*60, c « 0-48; and for d 



whence d 0*49. 


.(l-«-2d+0)+(c-2d-fc)«0 
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282 Relaxation method 

Now halve the interv-al and interpolate linearly along lines parallel to the faces. This 
gives the distribution in the next ligjire. Begin the next approximation in the comer; 
the value u-06 is unchanged. For the next flown the diagonal we have 

i{0-m.!-0-33-0-35-r<»-I2) = 0*24, 

J(0-00 + 0-18--0-53-rO-l^) = 0-24, 
anti the entry 0-25 must be changed to U'24. For the next 

i{n-33 + 0-72 + 0-72 -f-0-3.j) = 0-53, 
i{0-44-fl-tKt-rO-44-rO-23) = (»-53, 

and no change is noedefl. We proceed on diagonal lines in turn and get the solutions as 
follows: 




To get the capacity, apply Gauss’s theorem to the square with the same centre and 
with sides 1-6. Using centred first differences we have the following values of — d^jdx: 



which is the capacity of the system per unit length. For comparison, the capacity per 
unit length of a condenser formed by two concentric circular cylinders of radii 1 and 2 is 
1/Slog 2 « 0-7S1. If we multiply these radii by 2/^ to make the area of the etoss-seotion 
the same we get 0-614. 
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The solution of a finite number of linear equations by successive adjustment was 
introduced by von Seidel in an application to the normal equations in the method of least 
squares, and is a very convenient method when the number of equations is large.* It 
must converge if the solution of the equations is equivalent to m a, king a function of the 
second degree in the unknowns a minimum. The adaptation to partial differential equa- 
tions by converting them into finite difference equations is due to L- F. Richardson, and 
is justified if the solution corresponds to making an integral a minimum. Both cases have 
been extensively treated recently by R. V. Southwell and his collaborators under the 
name of relaxation methods. 

9*17. Numerical solution of simultaneous linear equations. The methods 
usually given are unnecessarily laborious. We shall illustrate the solution by an example. 
Take the three equations 


6*3a:— 3*2y + l*0z = +7*8, 

(1) 

- 3 * 2 a:+ 8 * 4 y- 2*62 = -2*3, 

(2) 

+ 1*0*— 2*6y+ 6*72 = +8*6. 

(3) 


The coef&cients here form a symmetrical matrix: this is not necessary to the method, but 
in practice the condition is so often satisfied that we may as well take an instance of it. 
Divide the first equation by the coefficient of x, and then multiply the resulting equation 
by the coefficients of a: in the other two. By addition or subtraction we then eliminate x 
and proceed. The complete solution is arranged as follows: 

6-3a;-3*2y-|-l-0» = +7*8 a:-0-608y+0-lS9» - ■¥ 1*238 

-3-2a:-f-8*4y-2*6» = -2-3 3-2a;-l*63y -l-0*61z =+3*96 

-l-l-Oa;— 2*6y-H6*7z = -(-8*6 *— 0*61y -|-0-16z a=H-l*24 

6*77y— 2*09z = -|-1*66 y— 0'309s = +0*246 
- 2-09y + 6*64z = + 7*36 2*09y - 0-66z = + 0*61 

4*89z = +7*87 z = +1*609 

y » +0*246+ 0*497 = +0*742 
X = 1*238 + 0*377 - 0*266 * + 1*369 

Check by substitution 

8*66-2*37 + 1*61 = +7*80, 

-4*36 + 6*23 - 4*18 « -2*30, 

+ 1*36-1*93 + 9*17 = +8*60. 

The check shows that the solution is right to about 0*001. 

When there are more than three or four equations a mistake will usually be made, 
and it is desirable to be able to detect it before reeuihing the final check by substitution. 
This can be done in two ways. (1) If the unknowns aurex^ia;,, ...,«„ we can first eliminate 
and then x^ by the above method. Then transpose the first two equations and eliminate 
first Xi and then Xy The whole of the coefficients in the simplified equations for a;,, Xtt ... 
should be the same for both methods, and the place where any inconsistency occurs 

Cf. H. Jefftejm. Theory of Probamity, 1939, 160. 
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284 Simultaneous equations: SeideVs method 

iiidicate.s at once a small set of steps where a mistake can have occurred. (2) If all the 
coefficients are calculated to the same number of decimals, we can take their sum and 
I)erform tlie same operations on the sums. It does not matter whether we reverse the 
sign of the term on the right so long as we always do the same. Thus 

fi-3-3-2+l-0-f-7-S = +11-9, ll-9;6'3 = + 1-889, 

1-000 - 0-.508 + 0-159+ 1-238 = +I-S89, 

which checks the first division. Next, 

- 3-2 + 8-4- 2-6- 2-3 = + 0-3, 1-889 x 3-2 = 6-04, 

0-3 + 6-04 = 6-34, 6-77-2-09+1-66 « 6-34, 

which checks the elimination of y. In this method the check sum is written in an extra 
column to the right of its equation, and any mistake can be detected by adding coefficients. 

An alternative method due to von Seidel (cf. 9-16) can be used when the matrix of the 
coefficients on the left is that of a positive definite (Quadratic form. To illustrate it on the 
above set of equations we write them in the form 

x = + l-238 + 0-508y-0-169z, (4) 

y = - 0-274 + 0-381aj + 0-310z, (6) 

z = + 1-609 - 0-175a: + 0-456y, (6) 

and solve by successive approximation. The method requires for its rapid convergence 
that the coefficients of x, y, z on the right shall be fairly small; in these equations they are 
a little too large to show the method at its best. We first neglect y and z in (4) and take 
the first approximation + 1-238. Substitute this on the right of (5). This gives 
y = + 0-198. Substitute both these values in the right of (6); we get z = + 1-382. 

Now return to (4) and substitute y = +0-198, z = + 1-382; we have now a: = + 1-119. 
Proceeding, we get approximations in turn as follows: 


X 

+ 1-238 

1-119 

1-282 

1-340 

1*351 

y 

+ 0-198 

O-fiSO 

0-703 

0-735 

0-740 

z 

+ 1-382 

1-577 

1-606 

1-610 

1-608 


The change firom the third approximation to the fourth is small. Ai>art firom the formation 
of (4), (6), (6) the method is iterative and checks itself. It is seen at its best when the 
number of equations is large and the non-diagonal coefficients are aU small and many 
of them zero. 

EXAMPLES 

Ptastioe in numerical work is the only way of learning it. The student should begin by taldug 
■eieoted entries from standard tables of mathematical fbnctions and applying the methods desoribed 
in this chapter. 

1. If 9 (x) is a polynomial of d^ree n- 1 equal iof(x) at ..., show that 

g(x) I X ... *"-* as 0, 

/(*i) 1 *1 — 



/(»») I *» — 

4M AaS l^sgmnfs’s and Mawton’s interpolation formulae arise firom two dilfignnt ways of expanding 
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Examples 

2. Find the general solution of the difference equation 

A*yn = 

3. Show that when is a polynomial of degree N inn 

. I X V 


, 1— a; 1— a; i \1 -a;/ 


if the series is absolutely convergent. Hence evaluate S — — . 

1 3* 


4. Find the real roots of the equation 


to three signiBcant figures. 
6. Using 


(j!-3)(a:»-l) = l 


logisdj! ss nlogn-n+ 1, 


apply the Euler-Maclaurin formula and show that for integral n 

B B 

logn! s: C7+(n+l)logn-n-— A — 

1.2n 3.4n* 


6. Estimate 

7. Prove that 


«0 1 

SV-S- 


(I.C. 1940.) 


(LC. 1937.) 


(I.C. 1943.) 


r»+% 

f(x)dx =/o+A+...+/,+i?s(^/,+ii-(y/^)-7HiFW«+%-^/-»/.)+*" 
J-% 

and check the formula by integrating | x*dx. 

J-*k 


8. Taking logarithms of 


« , 8 « 2n+l 

^ 


and using Richardson’s method for n = 2 and 3, derive a value for Euler’s constant. (0>5780.) 


9. A solution of the equation 


•ss 3a!*+y* 


passes through (0,0). Tabulate its values, correct to three decimal places, at intervals 0*1, over the 
taDgeO<a;<l. (I.C. 1936.) 

10. Illustrate the method of von Seidel by finding the values of x^, Xf, x, that make the following 
function a minimum: 


7 s= 10af+18a§+20a^+a:i®,+2xia5,-«i~2>5fl!,-*,. 


(LC. 1939.) 



Chapter 10 

CALCULUS OF VARIATIONS 


When cliaiige itself can no more 
Tis easy to bf* true- 
st R cH-ViiJ-ES SEDLEY, Beonons f Or Constancy 


10*01. Condition for an integral to be stationary. Suppose that we have an 
integral of the form 


where /is a given function; x i« to be a function of t, but we have not yet specified what 
function. The problem of the calculus of variations is to decide what function x must be 
in order that S may be stationary for small variations of x. In its simplest form we can 
consider the determination of the shortest distance between two points. Using Cartesian 
coordinates and assuming that y is a diScrentiable function of x, with an integrable 
derivative, the distance along an arbitrary path is 


s 



+ lj dx. 


( 2 ) 


If the ends are specified, so that y{Xy) ^ Si, y{Xf^) » y^, two given quantiti^, we know 
that 8 is made a minimum by taking 


Pi-Po JPi-J'o* 


This makes the path the straight line coimecting {x^,yo) i<h>yi)- ^ make y any 
other function of x we are choo.sing a different path, and its length \till necessarily be 
greater than that of the straight line if the termini are kept the same. The characteristic 
feature of the calculus of variations, in contrast to ordinary problems of mayTma and 
minima, is the occurrence of the unknown function or its derivative under the integral 
sign. To evaluate the integral (1) we must have the value of x for every value of 2 in the 
range; to make it stationary we have therefore, effectively, to determine ,an infinite 
number of values of x. 

Let us consider two slightly different functions x and x', and write x'-x = ix, which 
we call the variation of z. The corresponding variation of dxjdt is 



^__dz 
~dt iM 



(4) 


Then 




(fi) 


We oan write db/dk 
tbo fliskofrikir 


p and regard / as a function of the three variables p, a?, P, then to 


S8 



dt. 


(6) 



10*01 CaUuhis of variations 287 

No term in ^ is needed; for 8x is defined as a yariation of x for given t, and the integral 
can be regarded as the limit of a sum over the same ranges of t whether we are considering 
X or a^. Thus we axe var 3 dng x and p without varying t. Now 


and therefore 



(7) 

( 8 ) 


Here 8p no longer appears, and we have to say what conditions are implied by the require- 
ment that d/S = 0 to the first order for all admissible forma of 8x. 

If 8x was completely arbitrary it would follow at once that dfjdp =* 0 at both limits 
and that 




dx dtdp 


= 0 


(») 


at aU intermediate values. For if df[dp 0 at £ = we could take dr 0 at < = and zero 
everywhere else, and then S8 would not vanish to the first order. If there is any inter- 
mediate range of values of t such that ^ is positive at all points within it we could take 
8x = 0 outside this range and positive within it, and again SS would not vanish to the 
first order. This argument is to be found in some text-books, but is not quite complete, 
for Sx is not completely arbitrary. The existence of Sp throughout the range implies that 
8x is differentiable, and consequently we cannot take it different from zero at and zero 
everywhere else. But if, for instance, df/Sp 4= 0 at < as we could take 


= 0 


( 10 ) 


where r may be as small as we like. Then 8x is differentiable, and by taking r sufficiently 
small, keeping a constant, we can ensure that 83 has the same sign as the integrated part. 
Again, if there is any range, say firom t = atot = b, where ^ is positive, we could take 


d»=:0 (<o<Ko),’ 

d* = a(t— o)*(6— *)■ 
d» = 0 


(ll) 


and Sx is differentiable; and with this form of dr, 83 wordd not vanish to the first order. 
Hence if diS is to vanish to the first order for all variations dr that are differentiable with 
respect to t, df[dp must vanish at both Hnodts and ^ » 0 at all intermediate values, dfjdp 
will in general involve p; hence ^ = 0 is ordinarily a difii^ntial equation of the second 
order for x. 

This argument is applicable to a wide range of problems, but is not quite general. In 
writing (6) we have assumed that/has partial derivatives with regard to x andp throughout 

dt 3f 

the range, and in deriving (7) we have assumed that ^ ^ exists. These conditions may not 
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be satisfied, and if they are not totally different and much more difEcult methods become 
necessary.* Fortunately in practice they usually are satisfied. The conditions of the 
problem may al&o include the condition that As = 0 at the termini. This happens in the 
simple problem of finding the shortest path between two given points. For if in (2) we 
are given .Vq and our data forbid us to vary y at the termini, and the admissible forms of 
8y are all such that Sy^ = Sy^ — 0; but then it does not follow that dfjdp vanishes at the 
ends, and the two terminal conditions to lie satisfied by the solution are no longer ofjcp = 0 
but that y has to take the assigned value.s. It will be noticed that in both cases we get 
two terminal conditions, the normal number that can be satisfied by the solution of an 
equation of the second order. 


10*011. A very important case is where f does not contain t explicitly. In that case 
we multiply the differential equation by p: 


cx (It ^ dt cp 


But 

since cf i^t *= 0. Therefore 


df ~ cx dt ^cp dt 


’ dt V cp} dpdi^^ dt \dp} 


d 


/ ?/ dcf cf dx 

^}~^(Udp cxdt~^* 

and a first integral of the differential equation is 


P^^—f= constant. 

10*012. This case is exemplified by (2); writing 

p « dyidx, / *= (p® + 1)’*, 


we have 


^dp 






-(p®+l)‘^ = 




Hence p is constant along the path, which is therefore a straight line. 


( 12 ) 

(13) 

(14) 

(16) 


10*013. A slightly more complicated problem is that of the brachistoi^rone, first 
propounded by John Bernoulli. Let A and B be two points connected by a smooth wire, 
A being higher than B. A bead free to slide on the wire is released from A ; what must be the 
form of the wire in order that the bead may take the shortest possible time to reach B? 

Take A as origin and the axis of y downwsurds. Then the velocity of the bead when at 
d(^th y is ‘J[2gy) and the time taken for x to reach a given value X is, with dyfdx as p. 


I 


f *_ 
j;?(2w)' 


•sy) 


Jo “V{2! 


dx. 


For tibia to be stationary for variations of the path, with the ends fixed, we have the 
jBxst integral 

p* (p*+l)’A 1 

• rnm x t m ihwt m at th« firitoe of the pnwwnt method, see Comwpt and Bobbins. What ia JUaAt- 
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Variation of the limits 


and therefore 



This is integrated by the substitution y = a sin®^> (so that 6 
and gives 

X = y^+a(d— -^sin20). 


0 when the bead is at ^ 


Since x is taken 0 at -4, = 0. The path is therefore a cycloidal are with ^ as a cusp. If 

the values of x and y at B are given we have only to choose a so that the path goes through 
B and we have the solution. 

This answers the question if is given. But suppose that we are given only that x has 
a given value at B, not the value of y there. Then we need the further condition at B 
denoted above by dfjdp — 0, which gives that p = 0 at B. Thus if we are told only that 
the lower terminus is in a given vertical line, the cycloid required is the one that outs 
that line horizontally. 


10*014. Sufficiency of conditions; maxima and minima. We have obtained 
necessary conditions for the int^ral to be stationary; in the cases just considered it is 
clear that they are also sufficient. To decide whether the choice makes the integral a 
minimum or a maximum, or merely stationary without being a maximum or a minimum 
for all possible variations, requires that account should be taken of the squares of the 
variations. In the problem of the shortest distance between two points this is simple. 
We can take the line joining the points as the axis of X', then 

and the length of the path chosen is a minimum. 


10*015. Variation of the limits. In obtaining (8) we have taken the limits as 
given. If they also are subject to variations A%, S will be increased by at 

the upper limit and decreased by at the lower. The eGFect of allowing variation 

of the limits is therefore to change the integrated part to 

(16) 

In this expression, however, Sx is the variation of x for given t, and therefore we must 
not replace by + A<i in calculating dzi. If the varied » at + Aij is + Aafj we have 

Aa?i = fei+jpAij, (17) 

and the integrated part can be written 

Hake, for example, the problem of finding the shortest distance from a given point 
(a, 6) to a given line a; cos a +y sin a b i. As before, the path must be a straight line. But 
at the mterseotion the possible variations of y entail corresponding variations of x, since 
Ajfi » — ootoAaij. Then (18) is 

j(|>*+ !)’*•- (^4 i-jss)^i + (p»+ iyh^Vi “ 

and vanishes if jP » tan a. 


{1— jjoota}. 
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Notice that since is the variation of with ajj kept constant we could conveniently 
write it as in accordance with a convention used in thermodynamics; and then 

Ayi could be written (5yi)*icoa«+jf,8in»- I* curious that in spite of the obvious need 
in partial differentiation for precise statement of what is being kept constant, such 
statement is not embodied in the customary notation of pure mathematios; though it is 
provided in tfaermod3mamic3, the theory of partial correlation in statistics, and in 
probability theory.* 

10*02. Several dependent variables. The extension to the case where there are 
several dependent vtuiables is quite straightforward. If the independent variables are 
?i> •••> ?n and we denote their derivatives with regard to < by g,. the variation of 

>Sf » f /{gi ... g,„ gi ... g„, t) dt ( 1 ) 

J t* 

for small variations of the functions of t chosen for the g's is 




where, if Aij + 0, Ag,. - (g, + ^r)b+jix - (3) 

and similarly if At^ <4> 0. It follows that if the variations Sq,. can be chosen independently 
of one another the conditions for S to be stationary are 


+ = ( 6 ) 


the latter condition holding at each limit. If/ does not involve t explicitly there will be a 
first integral as in 10*011 


If Afo- Ail* 0, 


3 / 

f—'Zir'M “ constant. 




( 6 ) 

( 7 ) 


at riie limits. 


10*03. Most physical applications of the calculus of variations fall under three types. 
(1) Deienninarion of conditions of equilibrium from the condition tibat the potential 
energy must be stationary. (2) Fermat’s principle in wave transmission, that the path is 
snekt^tthetimeoftransmissuKiisBtationaiyfbrsmsU variations of the path, (3) Hamil- 
ttm's principle in dynamics, 

Fermat’s principle. The examples that we have already considered can be 
oM to IDiastrate Fermat’s prindple. If the velocity of a wave is the same at all points 
of tlte neiiiam,the time of travel is proportional to ihedlstanoe along t^e ray, andthere- 
is stationary if the ray is straight. If the velooity is proportionsl to i**, where s is the 
eqpsamrocaVrf'^ dist anc e jErom some fixed plane, the rime of tnvri is proportional to 

* Cf. Yute. J. liey. SMiat. Sm. 99, IMS. 770^1. 
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jds'^Jz, aad Tnalring t.hia stationary involves precisely the same analysis as the brachisto- 
chrone problem ; the rays will therefore be cycloids with their cusps on * = 0. This example 
looks artificial, but actually seems to fit the propagation of explosion waves in clay. 

10*041. Another interesting case is that of wave propagation when the velocity is 
proportional to the distance fix>m a fixed plane. This arises in the seismic survey of the 
earth’s outer layers; an explosion is made near the surface, and the times of arrival of the 
waves are recorded over a range of distance. 

The velocity is c(«<, + z), were e and are constant; then the time of transmission fix>m 
<0,0)to(a;i,ai)is 

r^ (l+p-y>»dx 

Jo c{zo+z) ’ 

with p = dzjdx taken along the ray. x does not occur in the integrand; hence a first 
integral is 

^ = constant. 


that is. 


C{Zff + z) (l+p*)’^C(Zo+«) 

(1 + p*)^ (zq + z) = constant. 


Let the ray begin at an angle e to the surface, so that at z = 0, p = tan e, and 

% 


Then 


(l+p®)’^(Zo+z) * z^sece. 

«=* Zo tan 6 — sec® e - (zo + Zi)*}, 
and the ray is part of the circle 

(«— Zotane)*+(z+Zo)* = 

The deepest point of the ray is at a; =: Zgtane, z *= z^(eece—l). The time of travel to this 
point is 

(•*»*“« ZoSecc j 


^a,taxie z^seoe 


J. 


c(Zo-l-z)*‘** Jo 

s=irtanh~® 


c{zg sec® e —(«— Zo tan e)®} 
z— ZfttaneT'**®* 1 


CL 


Zosece Jo 


-tanh“isine. 

c 


The ray is rt^Gracted symmetrically up to the sur&oe again; if iC, T are the horikontal 
distance traversed and the rime taken when it again reaches the surface 


2 

ZB2zotane, T =■ -tanh-^sine. 

This gives in terms of the parameter e the relation between distance and rime of trans- 
nussion between points on the surface. 

10*05. Restricted variation: catenary. The admissible variations may be coaneoted 
by some oondirion that tnakes them not independent. Consider, for instance, a unxform 
dutm hanghog £n>m two fixed points; the position is one of minimum potential energy 
gravity, and therefore if y is the height at any point /yd« is stationaaiy. But the 
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Notice that since Sy^ is the variation of y-^ with kept constant we could oonvemently 
write it as in accordance with a convention used in thermodjmamics; and then 

could be written {dyi);eioosa+yibina- I* i® curious that in spite of the obvious need 
in partial differentiation for precise statement of what is being kept constant, such 
statement is not embodied in the customary notation of pure mathematics; though it is 
provided in thermodynamics, the theory of partial correlation in statistics, and in 
probability theory.* 


10*02. Several dependent variables. The extension to the case where there are 
several dependent variables is quite straightforward. If the independent variables are 
9i> 9s> •••* ?n denote their derivatives with regard to f by the variation of 

f /(9i ••• 9i.. 9i — (1) 

J if* 

for small variations of the functions of t chosen for the g's is 


SS 


where, if 






^9r (9r "b 


( 2 ) 

(3) 


and similarly if dig 4^ 0. It follows that if the variations Sq^ can be chosen independently 
of one another the conditions for iS to be stationary are 


l-sdJ-o ")■ 


(1) 

(S) 


the latter condition holding at each limit. If/ does not involve t explicitly there will be a 
first intogral as in 10*011 

/— — constant. (6) 

r Offf 

If = 0, dq^ » 0 (7) 

at the limits. 


10*03. Meet physical applications of the calcuins of variations fidl under three types. 
(1) determination of conditions of equilibrium from the condition that the potentiid 
energy must be stationary. (2) Fermat’s principle in wave transmission, that the path is 
radh that the time of transmission is stationary for small variations of the path. (3) Hamil- 
ton’s principle in dynamics. 

^ lO’OC Fermat’s prlndpleu The examplee that we have already considered can be 
wed te lllaatrate Fermat’s {ninciple. If the vriocity of a wave is the same at all points 
of the medium, the time of travel is proportional to the distance along tlj© ray, and there- 
fereia ata t i cn a y y if tile ray ia straight. If the velocity is proportional to wheresisthe 
■qpMM root'ef tim distance from some fixed plane, the time of travel is proportional to 

• C*. Yola, J. Boy. BtoBm. 3oc, W, IMS, 770-1. 
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jdal^Jz, and making this stationary involves precisely the same analysis as the brachisto- 
chrone problem; the rays will therefore be cycloids with their cusps on z = 0. This example 
looks artificial, but actually seems to fit the propagation of explosion waves in clay. 

10*041. Another interesting case is that of wave propagation when the velocfily is 
proportional to the distance from a fixed plane. This arises in the seismic survey of the 
earth's outer layers; an explosion is made near the surface, and the times of arrival of the 
waves are recorded over a range of distance. 

The velocity is c{z^ + z), were c and Zq are constant; then the time of transmission from 
(0,0) to (aJi, Zj) is 

t^ (l+p^)y»dz 

J 0 ®) 

with p = dz/dsc taken along the ray. x does not occur in the integrand; hence a first 
integral is 

(!+«*)% p 

c(Zo +z) (1 +p^f>» C{Zq +z)~ 

that is, (1 +p^f^ (Zo + *) = constant. 


Let the ray begin at an angle e to the surface, so that at s » 0, p == tane, and 

V 

(l+i)*)’^'i(zo+*) =■ Zosece. 

= ZotaJie— A/{z§sec*6— (zo+a^)®}, 
and the ray is part of the circle 

(*— Z9tane)®-i-(z+Zo)* = z§seo®e. 

The deepest point of the ray is at a; s z^tane, z = ZQ(8eo e— 1). The time of travel to this 
point is 


Jo c(Zq+z)* Jo ofz* 


zoseoe 




sec* e — (» — *0 tan e)*} 

irt.nh-<!E::3s^‘T‘“' - itanh- 
cL zoseoe Jo c 


sme. 


The ray is refracted symmetrically up to the sur&oe again; i£ X, T are the horizontal 
distance traversed and the time taken when it again reaches the sui&oe 


2 

X =a 2zotan:e, T =a -tanh~^sine. 

This gives in terms of the parameter e the relation between distance and time of trsns- 
misedon between pmnts on the snr&ce. 

10*05. Restricted variation : catenary. The admissilde variations may be connected 
by some condition that makes them not independent. Consider, for instance, a uniform 
jhain hanging from two fixed points; the position is one of minimum potential energy 
zader gravity, and therefore if y is the height at any point Jy<fo is stationary. But the 
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length of the chain is fixed; hence we can vary y only in such ways that ^ Jds = 0. Then 
if A is any consitant the variations will satisfy 

S j{y-A)d^ = = 0, 


and conversely if we can find a A such that this is satisfied for all variations of y, then 
jydi) is stationary for all variations that do not alter jds. The condition required has the 
first integral 






v(l+ir'^) 


that is, 


+2^2)1^ 


r ph. 

J{(y-A)*- 


2(1.3 




= ccosh 


-i^-A 


+a, 


y = A+ ccosh 


x^a 

■ • 

c 


We are given the values of y for two fixed values of ar, and also the length of the chain. 
These three data suffice to determine the three constants A, c, a. 

10*06. Hamilton's principle. Consider a system of n particles, a typical particle 
having mass and coordinates The components of force acting on it are Then the 
equations of motion are, for each r, 

^ Xfi ^ 1, 2, t 1, 2, 3). (IJ 

Multiply these by a set of small vectorial displacements which are arbitrary functions 

of the time, and add; then we have (summation with respect to r being explicit) 

2 wtyifyjiaryj = (2) 

This equation is completely equivalent to the equations of motion; for the dx^ are com- 

pletely arbitrary and we may therefore equate all their coefficients and recover the 
original equations. Now integrate between two given times; we have 

f S ^ f (S) 

Ju r Ju 

" (4) 

«od iberefore (3) is the same as 

2 ( 5 ) 

If tlwD the itft are zeto at the limits, 

AS- - o. < 6 ) 
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This is the most general form of Hamilton’s principle in classical dynamics. The function 
i ^ Hnetic energy, T. If there is a work function W, a function of the as^* 

r 

and possibly of t, but not of such that 


cW 


CX, 


ri 


( 7 ) 


f 

becomes 


SW y the variation of W when the coordinates are varied by 8x^\ and (6) 




$(\T+W)dt = 


0 . 


( 8 ) 


This is the form taken by the principle if the system is conser\’'ative. 

The expressions in (6) and (8} are scalars, so that the device of introducing the variations 
has enabled us, for n particles, to summarize 3n equations of motion in one scalar equation. 


10-07. Generalized coordinates and Lagrange’s equations. Now consider Zn 
functions q, of the coordinates, such that, if they are known, all the coordinates are 
determinate. We can then vnite 




( 9 ) 


and oaU the q, generalized coordinates. Then, if we use the summation convention with 
regard to s. 


t-fe. 

(10) 


(11) 

r r 

and SS can be put into the iorm 

(12) 


(13) 

where T and are now given functions of the q, and 9,. Then 



(14) 


and the conation that = 0 to the first order for all differentiable Sq^ gives, on equating 
coefficients, 


ddT dT Q 
dtdq, 


(16) 


These are Lagrange's equations. They are usually obtained in text-books on dynamics 
by direct transformation of (2); but the detivalion from Hamilton’s principle ezplmns 
also why the left side has the characteristic form of the calculus of variations. 

Now it may happen that in the actual motion oertain relations between the and 
therefore between the q„ are specified. The most important case is where many partides 
belong to the same rigid body, and the coordinates oan vary only in such ways that dis- 
taaoes between particles of the same body remain unaltered. Axkother is when some 
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coorciiuate is constrained by external force to vary in some prescribed way with time, as 
when a part of the system is made to move with given linear or angular velocity. Such 
constraints do not prevent ns from considering variations such that the constraints 
are violated, and we can tlierefore still treat all the Sq^ as independent and equate their 
resi>ective coefficients. Tlien ( 1 5) remain true. But their physical interpretation is altered. 
Whereas in a system of free particles they are differential equations for the separate 
coordinates, in a system with constraints some of the in the actual motion will be deter- 
minate functions of the others and of the time, and the corresponding will be the 
reactions needed to keep the constraints satisfied. It then becomes convenient to use one 
set of 5^, just sufficient in number for them all to be varied without violating the con- 
straints; and then Lagrange’s equations will hold for this set, and the other need not 
be considered unless we want to know the corresponding reactions explicitly. But some 
of the latter set may be given functions of the time, and in that case the will depend 
on the time as well as on the unconstrained g,, and the time may appear explicitly in the 
kinetic energy. This does not affect the form of (15), but it will affect the first integrals. 

For a rigid body we need six coordinates to say exactly where all its particles are. 
D ’Alembert’s principle follows at once if the body is regarded as made up of particles such 
that the force between any pair is along the line joining them. For the two forces of any 
pair add up to 0 and so do their moments about any axis. Also if ar^, are the coordinates 

of two particles r apart and the force on the first due to the second, with resultant 
then the contribution from their reactions to 'ZX^iSx^ is 

which equals 0 if the variations are such that the distance between the particles is un- 
altered. Even if the reactions between a pair of particles are not along the line joining 
them, so long as the internal reactions have a work function depending only on the mutual 
distances of the particles, without necessarily being separable into terms each depending 
only on the distance between two of them, it will follow that they contribute nothing to 
"SiXfiSTri whenever the are such that they do not alter the mutual distances. The 

r 

generalization of such a sum for an elastic solid would be minus the change of elastic strain 
energy, which vanishes if the distances between particles are unaltered. Without some 
equivalent supposition there seems to be no reason why d'Alembert’s principle should 
be true, but in any case it is really an approximation since all real solids have some 
elasticity. 

Non-^lmloiiomic systesna* It sicmietimes happed that some linear relation connects 
the vdooities but is not integrable, so that it is impoesible to use it to eliminate one coordinate in 
Ikvoot td others and leave the variations mdepisident. This hiq^pens partioulariy in problems of 
rolling qplMces and disks in three dimaeunonst Such systms are called non-holoncmio. The method 
ean atiU be adapted to their treatment by the use of mdstemuned multipliers. For simplicity let 
us suppose there is only one such constraint , of the form 

» 0 , ( 1 ) 

the will involve the We com B d er variations such that 

» 0 . (*> 
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N <m-holonomio systems 

We stiU have 3^. = 0, (3) 

provided the Sq^ are such that the reactions do no work. This implies, in cases of rolling, that the dg, 
are such that they involve no slipping; if there was slipping the tangential force would do work equal 
to its amount times the amount of slip. Hence the eonddtion that (3) may be true, with unaltered 
is simply (2). We do not assume that the varied path itself satisdes the constraints, and in general it 
does not; but we do assume that the Sqg do. Then for any A 


/ddT 8T ^ . 

dq. “■ 




(4) 


Choose a particular g,, say where <Zi =1= 0, and suppose A chosen so that the coefficient of Sqi in (4) 
vanishes; that is, 


ddT dT ^ 
dtdqx dq^ 


0 . 


(5) 


Then we can assign all the other dq^ arbitrarily, since with any choico of their vsdues dq^ is determined 
by (3), and contributes nothing to (4) on accoimt of (5). Then since (4) is true for all dq^ (a si 2, 3, ...), 
we can equate coefficients and get 


ddT dT ^ ^ ^ 


( 6 ) 


If there are m coordinates q^ these equations with (5) give m differential equations involving the 
coordinates and also the unknown A; but we have also (1), and the equations are in general soluble. 

In spite of the apparent simplicity and generality of the method of undetermined multipliers it is 
hardly ever used for concrete problems of non-holonomic systems. We see that the sum is added 

to Qgdqg, and therefor© is the work done by the reactions in an arbitrary displacement not satisfying 
(2). If the multiplier is chosen so that a^q^ is the velocity of slip, a^dq^ is the amount of slip in an 
arbitrary displacement, and — A is therefore the reaction resisting slipping. The method therefore does 
not avoid the explicit introduction of the reactions, but merely gives another way of determining 
them. It does require the explicit statement of all the coordinates, which the moving axes method 
often avoids. For a rolling sphere, for instance, the method of moving axes need not concern itself at 
all with the absolute position of any axis jQbced in the sphere; it states the equations of motion directly 
in terms of angular velocities with respect to axes conveniently chosen with respect to the surfcKse 
that the sphere is rolling on. The method of undetermined multipliers requires the introduction of 
three Eulerian angles and their subsequent elimination, since their actual behaviour is usually of 
ne^gible interest. In the most complicated problem of rolling known to us, Whipple’s treatment of 
the stability of a bicycle,* Appdl’s equations were used in preference to either method tuually taught. 


10*072. First integrals. For a conservative system, there is a work function W 
depending only on the such that dW/dq^ = and if T and W do not involve the time 
explicitly, we have the usual first integral 10*02 (6), namely, 

dT 

= constant. . (1) 

This is the energy integral T- W * constant if T is quadratic in the But a similar 
integral can exist even if work has to be done from outside to maintain the constraints, 
provided that the other forces have a work function, which we shall still denote by TT. 
In this case some of the coordinates axe given functions of the time, and T may not be a 
homogeneous quadratic in the unknown q^, since depends partly on the prescribed 
velocities. But if T and W do not involve i explicitly the integral (1} will still exist. If 

* Q. J, Pwe and MaA. 30, 1S99, 31SMI8. 
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where TJ, % are homogeneous of degrees 2, 1 , 0 in the unconstrained q^, but may involve 

but not t, we have 


2^3 + 21, 


(3) 


(4) 


and therefore the enei^y integral is replaced by 

Ti — Tf^—W = constant. 

This integral is often useful. Consider a circular wire made to rotate with given angular 

velocity about a vertical diameter, A bead is free to slide on the wire. Then the kinetic 
energy is 

T = + sin® ftw®) + l/u®, 

and the work function is mpocos^. If then w is constant T does not involve the time 
explicitly and we can write down at once the first integral 

— sin® ^o®) — ^/<y® — mga cos 0 = constant. jg j 

The term w i^lf constant and therefore irrelevant. The function on the left is lua 
e ®*^®rgy, which is T-W and is not constant, but varies on account of the work that 
ha^ be done by the constraint to keep o constant while 6 varies. In fact if 2V is the couple 
needed we have for the rate of performance of work by it ^ 

d f! 


dt' 
d 

= ^ (wwi’w® sin® 6 + /(u®) by (6) 
= 2ma%;®8ind cosd^. 


Hence 


(7) 

( 8 ) 


N = (sin*fti>), 

which is the couple needed to maintain the angular velocity of the particle, since the 

momentum of the particle about the vertical is wioasin*^ and therefore varies 
with 0 when 01 is kept constant. 

10*073. Lagrange’s equations for the top. We have 

2T = A((?®+sin®eA*) + <7(X+Aco8d)*, 

W = -AfgAoosd, 

w^noe, Once A and x occur only through their derivatives, we write down at once two 
mat mtcgrals 

dT 

gj * Acob 5) ■=(?»» constant, 


dT 


Tba$«paMioaM' 


^ » A sin* ^A 4- (7n oos w constant. 
A(5-sin<?co8«A«) + C’asin^A » ifp*ain(9. 

tf i. of th. art iu tlw mplituds. 
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If the axis is nearly vertical the angles A, x are measured about nearly the some axis. 
Hence in treatii^ small oscillations about the vertical it is convenient to take A = ^5'" 
as a new coordinate instead of x, so that 

2T = ,l(<?2+sin25A2) + C(i>-A(l-cos^)}= 

If I, w, V are direction cosines of the axis with regard to fixed axes, that of z being vertical, 

cos ^ = V = 1 - |(Z8 + ^ 0(6% 

A( 1 — cos 6) = 2A sin® ^6 = ^A sin® 6 + 0(6*) = ^ (bh — nit) + 0(6*), 

^® + sin® (9A® = /® + TB® + i>a = /2 + w® + 0(6*). 

Hence, exactly, ^ - A(1 - cos 0) = n, 

and to order 6* 2T = A(P + to®) + C[f - \(lni - mt)\\ 

2W = Mgh(P+m% 

whence, taking I and m as Lagrangian coordinates 

Al+ Cnrh, = —MgKl, Arh— Gnt = Mghm, 
which we have discussed in 4'092. 

The device of taking the sum of two rotations about nearly coincident axes as a co- 
ordinate is used in this way in the theory of the motions of the planets; it makes the 
ma xim u m use of the simplification introduced by the fact that the mutual inclinations 
of the orbits are small. 


10*08. The Hamilton-Jacobi equation. Suppose that a work function W exists 
and that the system is holonomic, and put T-\-W = L, the Lagrangian function. We have 


Left = 



( 1 ) 


if the limits t^, t^are unaltered. But if Zq, Zj are also varied by AZq, AZ^ and Ag, is the variation 
of g, to the new limits, the integrated part will be(x>me 


since Ag, = dg,+g,AZ. 
We put 

■ # 

* • f •• 



. aL r a 


dq. 


Pr 


Then H is called the Hamiltonian funoiion and p, a generalized momentum; and 


( 2 ) 

(3) 

(4) 




Now if we suppose the g, given at times Z,, Zj, the corresponding p, will in general be 
determinate, sinoe only one set of momenta at time ^ will give the same set of displaoe- 
ments up to time Hence if iSf is taken along a dynamical path it will be a definite func- 
tion of Z,, Zi, (g,) 0 , and (g,)i. It is called Hamilton’s principal function. It is a function of 
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the f/^ at the actual /j however they are varied, and therefore we can replace by t; 
then at time f, since the last integral in (5) is zero by Lagrange's equations, 


but at time 



( 6 ) 

(") 


Now (4 ) can be used to eliminate q, from H, and then Hiasi fimction of qg, Pg and possibly t. 
Then . „ 

rry .A rri ^ .i /Q\ 

V®; 




This is the Hamilton-Jacobi equation. It is a partial differential equation of the first 
order in the » + 1 variables, not involving S explicitly, and its complete integral will 
therefore contain 7t,-¥l adjustable constants. From our first xmint of view 8 was a function 
of t only, containing 2n+l adjustable constants, namely, and the initial coordinates 
and momenta; but if the initial and final coordinates and are given the initial 
momenta are determinate and therefore are not adjustable; » + 1 is therefore the right 
number when 8 is expressed as a function of t and the qg. 

If L does not contain the time explicitly, if » constant is the energy integral; if we 
denote this constant by h we have 



and therefore ^ +/(?»» ?io)* (1®) 

Again, dSfdq^^ is simply — p*o> 'which is independent of Z; and thus we have n equations 
expressing that the 3/8/9?^, which are functions of the g„ and possibly t, are constant 
throughout the motion and equal to — Hence, given 8, we have n equations to deter- 

mine the g, in terms of t and the initial conditions; the w'hole solution of the problem is 
therefore reduced to manipulation if we can determine 8. This result is due to Hamilton. 
The difficulty in using it as it stands is that, while it is often fairly easy to obtain a com- 
plete' integral of (8) involving n + 1 constants, it is not often eai^ to express these con- 
stants in terms of g,^; they are usually functions of both the g^ and the The theorem 
was completed by Jacobi, who showed that any complete integral of (8) can be used in 
exactly the same way. Before proving this, however, we need Hamilton’s form of the 
equations of motion. 


10*09. Hamilton’s equations. L is a function of q,, g„ and possibly Z; JET is a function 
^ 9»t P$t possibly Z. Then for arbitrary variations of g, and g,, without varying Z, 


dH - S{4,P,-L) = 


iB m^Spg^^Sq,, q, . 


But by definition and therefore 

dL 

0g, 

But by Xagmnge'e equations 

. ddi dL dB 


as ^ 


0L 

Sg,* 


( 11 ) 


( 12 ) 


( 18 ) 
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and therefore 

dH . ZH 

(U) 


These are Hamilton’s equations. They are to be regarded as a set of 2n differential equations 
of the first order, Lagrange’s being n of the second order. 

Hamilton’s equations can be directly related to a variational principle as follows. Taie* 


■B = f '{Ps^a- p,)}At. (15) 

J tp 

Then SB = 

The conditions that B shall be stationary when Sq^ = 0 at variations 

Sq,, Spg at intermediate times, q^ and pg being supposed to vary independently, are 


Pa = - 




(17) 


which are Hamilton’s equations. If they are satisfied and the limits also are varied, 

SB = ^{Paq,-E)At+PgSq^"^ = (18) 

which is precisely the same as SB. 

The last argument does not prove Hamilton’s equations. For if we were to define p, as 
dLldq, in the usual way there are relations'between p, and qg, and the variations Sq,, Spg 
are not independent. Hence we cannot equate their co^cients to zero . On the other hand, 
if we do not use a preliminary definition of p, there is no particular reason why the integral 
should be stationary for variations of p, irrespective of qg. But we have seen that, given 
Pg «s SLjdqg, q, = dHjdpg is merely a matter of differential calculus. The dynamics is 
contained in the other set of equations. Then in (16) the coefficients of the Sp, do vanish 
identically, and therefore those of Sqg can be equated to zero, leading to the other set of 
Hanoilton’s equations. The remarkable point is that, though in fact the p, ate originally 
defined in terms of the velocities, nevertheless if we choose to regard them as subject 
to independent variations, B is stationary subject to Hamilton’s 2n equations. The 
variations are not independent, but B is stationary whether they are or not. 


10*10. Jacobi’s theorem. Let 

be a complete integral of the Hamilton-Jaoobi equation. In the original form the oon- 
stante Oj ... are the coordinates at time but Jacobi gives up this restriction and in 
place of dB/dq,^ ~ —p$o takes 

-fir, ( 20 ) 


SB 

oa^ 

05 

dqg 


■Pa* 


(21L 


* G. H. Idveus. Prae. JR. 8. EdMb. S9. 1919, 118-19. 
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where /'/, is another constant. The theorem is that if w'e still take these as equations to 
determine and the resulting g,, pg will satisfy Hamilton’s equations and therefore 
give a dynamical motion of the system. For, from (20), 


dtc3Lg \ot ' cqgj cxg 
f>H . . cpg 


( 22 ) 


But a, enters into H only through the fact that the^^ determined by (21) will contain a,. 
Hence 


. dH dpg . dpg / . ?H\ dpg 


(23) 


This is true for r = 0, 1 ... n; hence either 



g, = dJSIdpg (e = 0, 1, .. . , ra) 

(24) 

or 

a(«i...a„) 

(25) 

In the latter case there would be a functional relation between the p, and the initial 
momenta could not be varied independently; hence (26) does not hold and therefore 
(24) do. 

Again, from (21), 

11 

^ J 9?. ISg./* ^ X^Pmlg 1 9?* /« ■ 

(26) 

But 

/dm /dm /dH\ /BpA 

Wa w/\8pj,\0gj,’ 

(27) 

and therefore 

II 

1 

(28) 


Hence q, and p, found from (20) and (21) satisfy Hamilton’s equations. 


10*11. Transformation theory. Any transformation of the 9, to a new set of n 
coordinateB gj with no functional relation oonnectii^ them will give a new way of stating 
the dynamical problem; Lagrange’s equations will hold for the and can be transformed 
to H ami lton’s form in exactly the same way. Such a transformation is called a point- 
inatsfomaticn. There is, however, a more general type called a conUaA4ramf(mmtion 
such that the are defined as functions of both g, and p,, and nevertheleBS we can stUl 
define a set of p, so that and p^ satisfy equations of Hamilton’s form. Hamilton’s 
equatioDs in g„ p, are equivalent to 

We requite aieo tihat there shall be a function H' such that 
SB' - a£{p;^; -H'lg;. p;, t))dt - 


( 30 ) 
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301 


(31) 


Then we can take simultaneously St = 0, 0, 8<fr = 0 at the limits, and SB and SB' 

can vanish simultaneously. If this is true for all t we have 

dJ 


Pr4r-B'{q'r, p'r, t) = p^q^-H^q^, p,, t)- 


dt ' 


Let us suppose that this holds tderdiccMy, that is, for all q^, p^, t whatever. Then 

dt~ St 

and since (32) is identically true we can equate coefScients of q„ getting 


Pr= - 


Sgfr 


dJ 


and then 


B'iqi., Pr, t) = H{q^, p^ t) + 


dt‘ 


(32) 

(33) 

(34) 
(36) 


Now with any J the equations (34) determine and p’r as functions of q^, p^, 1; and then 

SB' = SB-SJ, (36) 


irrespective of the path; and 


Hence (30) is true, and 




dp\ 


i 9 

V 


p;=- 


dqr 


(87) 


(38) 


and the transformation (34) leads to the Hamiltonian form again. Any function J wiU 
do so long as the equations (34) are soluble. 

An important case is where „ , „ 

^ H^K + K^, (39) 

where A* is a Hamiltonian function such that the solution of the Hamilton-J acobi equation 
is known, and is small. Let N(g„, t) be the solution for Hamiltonian K. Then we can 
take this 8 as J, and take the Jacobi constants fir as new variables, a, corresponding 
to gj and fir to p^ They are constant, of course, only for = 0; but introducing we 
can now use (34) to determine them in terms of the q,, p, at any instant. In celestial 
meohtmics this is the device of the instantaneous orbit. A planet at any instant has a 
definite set of coordinates and velocities; the instantaneous orbit is the one that it would 
describe if it started with those coordinates and velocities at the aotusd time, and pro- 
ceeded to revolve about the sun under the attraction of the sun alone. On account of the 
attractions of the planets the instantaneous orbit will vary slowly, but if we can find out 
how it varies it will give the position at any instant by a simple reversal of the trans- 
formation. Now dJjdt = — 'K(q„ p,, t), and if we transform to a,, fir we have H' » Kj. 

■ A dKi 

dfir’ aa/ 

where must now be expressed in terms of oe^, fir and t. 


( 40 ) 
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Hamilton’s equations are not much used in ordinary dynanaios, because the first step 
in solving them would usually be to eliminate half the variables by differentiation and 
obtain equations of the second order. Their usefulness is in difficult problems. The 
transformation theory just outlined is the basis of the theory of perturbations in celestial 
mechanics on account of its adaptability to successive approximation. The Hamiltonian 
equations are also fundamental in statistical mechanics and the function H itself plays 
an important but still imperfectly understood part in quantum mechanics. 


10*12. The principle of least action. We have from Hamilton’s equations if E 
does not involve t expUcitly, 

Hence in any conservative holonomic system the Hamiltonian function does not vary 
with the time in any dynamical motion of the ^tem. This follows also ffom 10*072 (1), 

since by definition H is the function there shown to be constant. Now we have 8 
and if the times at the limits are varied 


Now take 
then 


^8 




A = ^q); 


(42) 

(43) 

(44) 


Now in deriving Lagrange’s equations from Hamilton’s principle we took fixed limits 
to, ti, but allowed the q, to vaxj quite arbitrarily. Thus the variations admitted permitted 
S to vary. But if we restrict ourselves to varied paths such that JET is constant and equal 
to its value in the actual path, AH — 0, and if also Aq, = 0 and Lagrange’s equations are 
satisfied, Aid » o. Since L = T+ W,H = T— W, 


A = P(L+H)(ft = {\Tdt. 

Jt, JU 

function A is called the ac&on, and the rule just given, that in the conditions specified 
AA » OfjBiiheprincifleof least action.* Ah 8^ <»Uediihecharaeteri8tie function aiodom 
be mads the basis of the transformation theory instead of the principal function. The 
principle of least action is equivalent to Hamilton’s principle, but is 1^ convenient to use. 
When it is spoken about, Hamilton’s piincipte is usually intended. 

lfl*13. Rontfei’s modified l4ifiranfiiftn fonction. In many dynamical problems 
some of tihe coordinates do not oocnr explioitly in L, only thmr rates of change occurring. 
£hi^ eoosdinates are called igtwrabte, tlm others palpable. By a simple transformation it 
la posrible to dtsamate any mall of tiiefonnerfnnn the equations of motion. Letuskeep 
tba notalioa g, fat the eoocdinatss that we propose to keep, hut ji, for the ignorable <«es 
thid»we|ara{Mw»toeluBinato^ Let 

, 3£/3^,»V (1) 

^ ^ • udnfe B wm but a daftiOatiai path if h not too largB; if f|-4 

IIM^ iftw r ADMiJI VMlitibMNr ISOdHttisOtVUOOl nor « 
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Then by Lagrange’s equations is constant throughout the motion. Now form the 

R = (2) 

and eliminate in favour of 7}^, not varying We have 

( 3 ) 




and the last terms cancel. Hence when R is expressed in terms of g,, and ijg., and L in 
terms of g„ff, and /^\ _ /^\ _ /SZ] 

w," W/, wrUV ‘ ^ 

Therefore, by Lagrange’s equations, 

d dR oR 

dtBgg eg, ' ' 


Booth’s transformation, apart from a sign, is similar to Hamilton’s, but is applied only 
to the ignorable coordinates (and not necessarily to all of them) instead of to all. Its 
applications are totally different, being mostly to small oscillations about steady motion. 
A steady motion may be defined as one such that the palpable coordinates are constant. 
It follows that in a steady motion dR/dg, = 0 , and we can expand R to the second order 
in departures of the g, from their values in the steady motion and form linear differential 
equations for them exactly as for small oscillations about equilibrium. There is, however, 
one important difference. The elimination of in favour of usually brings in terms 
of the form/(gr) g,, and when we approximate there will be terms in jS of the form grAAv 
Now for particulaj: values of r, s. 



( 6 ) 


( 7 ) 


and these terms introduce terms in the velocities into the equations of motion. These 
are called gyroscopic terms. 


10*14. Variations of multiple integrals. The fundamental equations of many 
subjects are equivalent to statements that an integral is stationary for small variations 
of some function in it. The equations of static elasticity, for instance, can be expressed 
by a pnnciple of stationary energy, the energy being a volume integral of a qcmdratic 
function of the strain components. In some problems the use of this principle is the 
nearest approach to a reliable way of gettixkg the signs right. 

We tahe as an illustration the derivation of 8c3tr6dinger's wave equation for a single 
partide from a variation principle. The Hamiltonian function is (apart from certain 
constant factors) 

H{p„x,)^yi+V, ( 1 ) 

g 

and we replace by - : V is the potential energy, supposed to be a given function 
of«f. Cemsider the integrals 


( 2 ) 
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Variation of a multiple integral 
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through all space, subject to the conditions that rjr tends to zero at infinity at least as 
rapidly as 1 r, and that J is given. Then the condition for / to be stationary for small 

variations of ^ 

^ = ®'/ JJ VY)-hlf^)dT 


(3) 


= ///{ - V) + 2Fi><5(!r- dr. 

(4) 

But 

/J/5(^>VV)dT = /J j{diJrVV + 4>VW)}<«T 

(5) 

and 

jJJ(iJrV=^di>-cVVV)dr = IJ 

(6) 

by Green’s theorem; and tends to 0 in the conditions stated. Hence 



0 = 2 JJJdi{^(_iW+ Vxlr-\i;f)dT, 

(7) 

and if this is true for all small variations 


everywhere. 

Vhjr=2{V-K)^ 

(8) 

Further, we 

can take proportional to and when ijr satisfies this differential 

equation 


(9) 

which determines A. It is a common practice to choose the constant factor in ^ so that 

the integral J is equal to 1. 



EXAMPLES 

L 4-l| dia; between specified limits for a: is stationaiy subject to J Imvi^ 

a given value* prove that the graph of y against a; is an arc of a circle. 

If the termii^ conditions are ^ s; ± a, ^ = 0* what happens if the given value of is greater than 

iira’ and J is interpreted as (1) an improper Biemann integral* (2) an integral j (cZa;*+dy*)^ with 

J X w— a 

an appropriate generalization of the definition of a Stieltjes integral t 

2. Find the ciirves in the (x, y) plane such that f^'(2£! - n V) ^ w stationary, where E and n ace 
constants and the integral is taken between fixed end-points. 

Verify that these curves are the tracks of a particle of unit mass moving with energy E xmder the 
force (0, — taking the potential energy to be zero on the line y = 0. (M.T. 1944.) 


3. If the velocity of waves in a spheire is e ss a-*^r** where a and are constants, prove that 
the paths of stationary time are circleB; and if a path enters the sphere at an angle e to the surface* 
find the polar coordinates of the deepest point of the path and the time fAlc<»in to reach it. 

(Wiedhert.) 

4. If Jcb is stationary for variations of a path with fixed termini, where 

da* = firadaf^dr* (i, k = 1, 2* 3, 4), 


prove that 


daV^da/"’ dxl 


three of theee equations being independent. 


(Biexnann.) 


Ik If in SSxample 4, 

IteM ftnt fat ag f l, of the oquotioos of znoldon; ond if • partiole raovm xtaariy in a cirdle in 
ite plaa* 9 find tih* iqnWtad •ogt*. (Einstein.) 



Chapter 11 

FUNCTIONS OF A COMPLEX VARIABLE 


Of fowls after their kind, and of rattle after their kind, of every creeping thing of 
the earth after his kind, two of every sort shall come imto thee, to keep them idive* 

Genesis vi, 20 


U *01 . Meaning and algebra of complex numbers. There are three chief reasons 
why complex functions, involving a symbol i such that i.i = -1, are of importance 
in physics, which involves only real quantities directly. The first is that many physical 
quantities are functions §5, ijr of two variables x and y, where ^ and ^ are connected by 
therelations 

Zy ' Zy dx‘ 


cx 


Such pairs of functions occur, for instance, in two-dimensional problems of electrostatics, 
where ^ is the potential and f the charge function; in two-dimensional hydrodynamics 
of an incompressible fluid, where ^ is the velocity potential and ^ the stream function; 
and in the closely analogous problem of flow of electric current in a uniform sheet. Then 
^ and ^ are the real and imaginary parts of what is called an aiuzlytic function w of the 
complex variable z = x+iy. The second is thsiit the solutions of the differential equations 
of physics, for certain ranges of a real variable, are usually obtained as power series; but 
the same power series will equally well specify the values of a function of a complex 
variable, and the study of the complex values is often a great help towards obtaining 
more compact expressions for the real ones and relating expressions by power series valid 
in different ranges. The third is that many integrals given in real form are most easily 
evaluated by relating them to complex integrals and using the powerful method of 
contour integration based on Cauchy’s theorem. 

The important property of complex numbers is that they can be defined in such a way 
that they satisfy the fundamental rules of algebra 1*01 (1) to (9). We first consider the 
consequences of applying these rules to the real numbers together with a symbol i with 
the property i* = — 1 . Since there is no real number with this property it is customary to 
speak of t as imagumry. If a and 6 are real numbers, c « a + is called a complex number, 
a its real part, and h (not *6) its imaginary part. We also use the notations 91(c) = a, 
lS(c} s b to denote the real and imaginary parts of c. 

First, if t* « — I and a, 6 are real, and a = t6, it follows that if the rules of algebra are 
obeyed by i, ^ ^ ^ =. - h*, 

and therefore a = & » 0. If a real quantity is equal to an imaginary one, both are zero. 

Next, if c = a + *6, c' = a' + iV, where a, a', b, 6' are real, the rules of algebra give 


— c — a— i6, 

(1) 

c+c' = o+a'+t(6+6'), 

. (2) 

c' ta c+(-c') =s a—a'+i(b~-b'), 

(3) 

cc' a= oa' — bb‘ + i{ab* + a'h), 

W 

fc SB — 6+»d. 

(6) 


jur 


M 
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By(3)ifc-c' = 0, o = a' and 6 = 6'. If two complex numbers are equal, their real parts 
are equal and their imaginary parts are equal. Hence by (2) and (4) the real and imaginary 
parts of the sum and product of two complex numbers are uniquely determined in terms 
of those of the two original numbers. 

Wo can, however, formulate these rules without the use of the symbol i, as an algebra 
of pairs of real ntunbew.* We think now of a pair {a, b) as corresponding to a+ib, and to 
show the comparison of the notations we put 

7 = (a, 6); c = o + *6. 

Then a real number a corresponds to the pair (a, 0), and an imaginary number ib to the 
pair (0, b), and in particular i to (0, 1 ). If we now define —y,y±'y\ 'fy' by the rules 


-y = (-a, -b), 

(!') 

y+y' = ia+a',b + b'). 

(2') 

1 

II 

1 

1 

(3') 

yy' = (ao' — bb', ab' -{- a'b), 

(4'} 

i® = (0,l)(0,l) = (-l,0). 

(6) 

»y = (0,l)(a,6) = (-6,o), 

(7) 

= (-«, -6) = -y; iy.i = -y. 

(8) 


Thiu the definitions of the components of — y, y ± y' , yy' and iy are identical with the 
rules for the real and imaginary parts of — c, c ± c', cc', ic, and i® corresponds to — 1. We 
can henceforth use c instead of y, leaving it to be understood from the context whether 
we are speaking of the complex number or the pair of real numbers. 

These rules are consistent with the ordinary rules of algebra for addition and multi- 
plication of real quantities, which have been stated in Chapter 1. We have the com- 
mutative law of addition 

C + C' = c'-f-6, 

the associative law of addition 

c + (c'+c') = (c-(-c') + c'. 


the commutative law of multiplication 
the assodative law of multiplication 
and the distributive law 


cc' = e'c, 
c(c'c') = {cc')c% 
c(c'-t-c') as cc' + cc". 


* A anailar idea of numfew i»iis occurs in the theory of rational fractions. What we write me ssafb 

can he written m a number pair c =s (a, 6), the rule for addition being taken to be 

(a,h)+{o',6') = (a6'+ew',»') 

and the rub fbr multiplioation (a,b) (a',h') ss (oa', W'). 


iww ** * * ***** ** ^ verified that with those definitions the 
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The truth of the first three eind the fifth of these, when addition and multiplication are 
carried out according to the rules, is obvious. For the fourth we have 

c(c'c*) = {o,6)(o'o"-6'«/",«.'6'' + a7/) 

= {aa'a" -ab'b" - a'tfi" - o*6//, te'a" - bb’h" + aa'b" 4- aa'i')- 


{cc') c" = (ao' — bh', ah' + a'b) {a", h") 

= {aa'a" - a''bb' - aWb" - a'bb", aa'’b’ -f a’a’’b + aa'b" - bb'b''), 

and the explicit interpretations are identical. Hence complex numbers can be handled 
by algebraic methods just like real numbers. 

We see at once that (c — c')+c' = c, so that subtraction is the inverse of addition, as 
in ordinary algebra. Division is a little more complicated; we write 

1 a — ib la b \ 

c ~ ~ \o«+P’ ~aFTF^) ■ 

Weeasily verify that with this definition c(l/c) = 1, so that we have defined the reciprocal 
of a complex number except for the case of a = 6 = 0, which w'e write 1/c = oo. Then we 
take for the ratio of two complex numbers c and c' 

c _ /1\ _ laa' + bb' a'b—ab'\ 

Va'®+6'® ’ o'®+6'V ’ 

and we see that this, written in the i notation, is 

aa' +bb' +i{a'b—<A') _ {a + ib)(a' — ib') 
o'a+6'a “ a'2+6'a 

We can verify that with this definition 



Also ( — 6, a) ( — 6', o') = — (o, b) (o', 6'), which we can write (ic) (ie') = — cc'. (These shouJ 
be proved by means of the five laws of algebra stated above.) 

We have now verified that aJl the fundamental processes of algebra can be carried oi 
with our number pairs, and the result will always be a number pair. All the rules can I 
stated in terms of real numbers, and therefore the consistency of the real number systei 
implies that of the system of pairs of real numbers subject to these rules; and as eac 
number pair {a,b) corresponds to a complex number c== a +ib we have a consistei 
algebra for the complex number system. 

If o, 6 are physical magnitudes they must have the same dimensions; the relation < 
complex magnitudes to complex niunbers is similar to that of real magnitudes to re 
numbers. 

We have meanings at once for 91(c) >9l(c') and 3l(c)>S{c')5 there is no meaning fi 
e > c'. An important related quantity is the moAtdug or abeoiute txUue, which we write i 
I e |, and del^e by 

I c j *■ I a + i6 1 «= (o* +■ 
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the po?»itive root being taken. If | a + i6 | <ilf, where M is some positive real number, 
then [ a j and 1 b j separately are less than Jf . If | a-f | > Jf, either a® > or 6® > 

The vanishing of | c | is a necessary and sufficient condition for the vanishing of a 
and b. 

On account of this result the modulus thus defined plays the same part in the theory 
of the complex variable as in that of the real variable. We have always 

cc' 1 = I C I j c' |. 

Also if ] c j < €, whatever positive value e may have, then c = 0 and a = 6 = 0. 

There are some diiBFerences in inequalities between complex and real numbers. If a 
and b are two real numbers we always have 


But for complex numbers we have not necessarily 

For c may be 1 and c' = i. Then = 1, c'® - - 1, and the left side is 0 and the right I. 
We have, however, 

|cl + lc'l>|c+c'|, 

for, on squaring, this is found to be eqiuvalent to 

(a* + 6*)'A. (a'2 + >aa' + bb\ 

If any of a, o', b, V are negative we shall not decrease the right side by t aking them all 
posutive, and the left side will be unaltered. Sut even then the square of the left side 
exceeds that of the right by (o6' — a'6)®. 

Also if A, /{ are real 

(Ao +/t6)a < (A2+/t*) (o*+6*) 
by Cauchy’s inequality, and therefore 

The notion of a limit can be extended to complex numbers. If c* = a^+ib^, and 
a„-*-o, b,^~*b, we say that c„-»-c = a+i6. 

1 1 Differentiation and integration <rf a complex function of a real variable x. 

Let be two functions that depend on a real variable x, and put 

If X receives a small increment 9x and ^ and corresponding increments we have 

^ to ^ 

to 

M al rin g to tend to limit zero we have ultlmat^y 

to* 

tAidh we take aa the definition of <i^/to. It exists only if both ^ and ^ aie differentiable 
ak the value of X oozuodeied. 
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Similarly, we can define 

rb rb j-ft 

I Jdx = \ i^dx-{-i\ \^dx, 

J a J rt J a 

pro\'ided that ^ and ijr are integrable in the range a to b. 

11*03. Functions of a complex variable. Let x and y be a pair of real variables, 
and express the complex pair (ar,y) briefly by 

z = x+ii/. (1) 

Let ^ and be a pair of real functions of x and y, and put 

/ = 55+iiJr. (2) 

Consider what meaning we can attach to dfjdz, if any. If x and y receive small increments 
Sx, Sy, 

AT J- 1 

(3) 


8z 


^^5 + iS^lr 


Sx + iSy ’ 

which we can always interpret by our rules. 

The question is whether this always tends to the same value when 8x, Sy both tend to 
zero. We get a necessary pair of conditions in the following way. Take Sy and then let 
Sx tend to 0; then if the partial derivatives exist 


Sz dx'*' dx’ 


(4) 


But if we taie Sx = 0 and then let Sy tend to 0 we get 


Sz dy dy ’ 

and these can be equal only if 

3^ _Sifr _ 3^ 

dx~ dy’ dy~ dx' 

These relations are called the Cauchy-Eiemann relations. They evidently imply 

dy dx’ 


(5) 

( 6 ) 

(7) 


If they are not satisfied, dfjdz can have no unique meaning irrespective of the limitiog 
value of SxJSy, for Sf/Sz will tend to different values according as Sz/^ tends to 0 or infinity. 
The first requirement, if dfjdz is to have a meaning for all values of x, y within a range 
such that we can vary x and y independently, is therefore that (6) shall be true for all 
these values. 

The second requirement for physical applications is that the components in any 
direction of the gradients of ^ and ^ shall be derived from those in the x, y directions 
by the vector rule ; that is, if 

Sz shooed, Sy=s,hm3id, (8) 

and 6 is fixed while 


independent of d; with a similar relatioa for tfr. (Q) is the same as 
^(af-i-Aoosd,y+Asin^ •= j6(aj,y)+A^,coed-f A^,8ind+o(A). (10) 
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Taking 0 = 0 and 6 


Differentiahility in two dimensions 
In xre see that 






d<j) 




( 11 ) 


according to the definition of the partial derivatives. If <t>(x,y) satisfies (10) it is said 
to be differentiable as a function of two variables in a sense defined by Stolz and 
Young.* 

This property of ^{z, ^) is a more stringent condition than the existence of d^/da;, S^jdy, 
less stringent than their continuity. 

Mere existence of the partial derivatives tells us little about the variation of even a 
real f(x,y) for simultaneous small variations of z and y. Thus, if 


/(a. y) = (a; or y + 0), /(0, 0) = 0, (12) 

f{z,y) is zero along both axes, and dfldx,dfjdy exist everywhere and are zero at (0,0). 
But for X — rcosd, y = rsind, 

/(®>2/) = cosdsin^ 

and f{x,y) is not even continuous at (0,0); any value between ± J is taken at points 
arbitrarily near (0,0). 

If = (aory+O), /(0,0) = 0, (18) 

/(«, y) again has partial derivatives everywhere, and is continuous ; but 3//3a! is discon- 
tinuous at a; = 0, its limit for fixed d being 2 cos d sin d. Then 

and the last term is not small compared with x and y irrespective of d. If 

f{x,y) = a;®sini-f-y38ini (14) 

07 y 

g«-.C08i+2a!sini (ar4=0). £ = _cosi+2ysini (y+O) 

and (* = 0), ^ = 0 (y = 0). 

Thns/(a;,y) has partial derivatives with regard to x and y everywhere; but within any 
distance firom 0, however small, we can find values of x and y where the partial derivatives 
are greater than J or less than — ^f, and they are therefore not continuous. Here, however, 
in spite of the discontinuity of the partial derivatives, /(a?, y)/r-^ 0 when x,y-*-0 in any 
manner. 

Thus Young’s condition is satisfied by (14), but not by (12) or (13). A necessary and 
s^fideat eoniitbm tkat (3) sbaU hawe a unsgiie Unit taken dx,iiy-r-Q is Hhat sheSl 

• W. B. Yowag. Free. Lmi. Mask, See. (St) 7, 1909, 167-80. 
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satisfy the Cauchy-Biemann relations and be differentiable in the sense of (10).* Using 
(10) “we have 

f(z + h cos 6,y+hBia.0) —f(x, y) _ cos 0 + sin <9 + cos 6 + vlfy sin 6 oifi) 

hicoed + iwiO) cos^i^+isind^ h 

= ^*+*^* + 0(1). (IS) 

by the Cauchy-Riemann. relations; and if A-^-O ^ve have 

(^®) 

which is independent of 6. Hence the condition is sufficient. 

To show that it is necessary, let 

/(a;+Aco8g,y+A6ind)-/(a%y) .. . . 

h(coae+i^d) 


when A->-0, where u and v are real and independent of 6. Multiply by A(co8^+ tsin^) 
and separate real and imagmary parts ; then 

^(r+Acos^.y+Asin^) — ^(a:,y) = A(ttcos0— u sin ^) + o(7i), (18) 

^(x+hc<x6,y+ham6)-^{x,y) = /<('M8in0+t’co8^)+o(A), (19) 

and therefore ^ and are differentiable; and 


= -w » (20) 

so that the Cauchy-Riemann relations are satisfied. 

If ^ satisfy the above conditions, and we take axes of x', \f so that 


then 


x' = Ix+my, if 
xsslx'—my', y 


-mx+ly, 
ma^ + ly'. 


^ _ 7^4. ^ 

dx' dx"^ By By Bx By” 


( 21 ) 

( 22 ) 

(23) 


and similarly 

Hence the Cauchy-Riemann relations are satisfied for axes in any direction. In 
particular if x' is taken along the normal to a curve, and y' along the tangent, so that 
dx' = dn, dif = da, the rotation from dn to da being + in, 


8^ _Bi^ B^ _ Bifr 
Bn Ba' ^s Bn' 


Just as a function of a real variable may be defined only for a certain range of the 
argument, or be continuous or differentiable in a certain range, a function of a complex 
variable is defined for ranges of x and y (the range of x for given y possibly depending on 
the value of y). The set of pairs of values x, y such that the function is defined for them is 
called a region. We shall give a geometrical interpretation in a moment. The eseential 
ideas have already appeared in Chapter 5. 

* S. PoUaid, Proe. Land. Uaih. Soc. (2) 21, 1223, 107-80. 
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An analytic function f(z) of the complex variable z is a function f> + i\lr defined for all 
X, y within a given region, and possessing a unique derivative dfjdzfor every pan of values 
of X atid y within the region. Then §5 and ^ must satisfy the Cauchy-Biemann relation 
and be differentiable; and if h is now a complex quantity, for any z in the region and 
any positive e there are 8 and A(«) such that 


i /(g+^)-/(a) 



for all complex h, such that | | < and A(z) satisfies the definition of a derivative and 

can be denoted by/'( 2 ) and df\dz. 

We shall find that if (16) is true at all points of a region second derivatives of/(z) exist; 
and therefore if it is true the first derivatives are continuous. But this takes a great deal 
of proof and we are not yet in a position to assume it. 

Note that a* = a: — iy is a differentiable function of x and y, but is not an analytic func- 
tion of a because it does not satisfy the Cauchy-Biemann relations. 

At present we shall consider only single-valued functions. This excludes functions 
like which require special attention to their behaviour before we can say that they are 
differentiable. We shall see that this difficulty can be avoided when we come to consider 
branch points. An analytic single-valued fiinction in a region is also called regular, 
holomorphic or monogenic in the region. 

We notice that if and fr are differentiable a second time 



dxdy dydx’ 

whence 

dx dx dy \ dy) 

that is, 

aa;*'*' ay* “ 

Similariy, 

tt 

p 


(26) 

(27) 


and ^ and ^ satisfy ILaplace’s equation in two dimensions. 

We verify easily that if + i^x, -f i'fr^ are two functions of a, their product function 

satisfies the relations (6) and therefore is a function of a.’ 
Since z itself is a function of z it follows that a . a is another and so on to all positive int^ral 

powers of z. Also, since the usual formula for differentiaiion of 

a product holds, namely, 

dw. dwx 


d 




(28) 


The same applies to sums and quotients; hence we infer that any rational function of a 
is an anafytio funotion. 

We verify by induotion that “ »z"~^; alternatively 

wtidah gives the result on making h isnd to 0. 


( 29 ) 
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In general a function of the complex variable is defined originally only for limited 
ranges of values of x and y, and special devices are needed to give it a meaning outside 
those ranges. This does not apply to rational functions, which could be calculated for any 
pair of values by means of the fundamental rules. We need notice for them only that for 
certain values of z the division rule may fail to give a value for the function. Thus if 

/( 2 ) = s- 1, 

our rule gives 

_1 1 x—\ — iy 

f{z) ~ x-l + iy~ (a:-l )2 + y 2 ’ 

both components of which have the form 0/0 when ar = 1, y = 0 and are indeterminate. 
But we have for any other pair of values 


hence if | / 1 tends to 0 as a; approaches some special value, 1 1// 1 will ultimately exceed any 
specified finite value; we say that it tends to infinity. Such a point is an example of a poZe 
of the function 1//. We notice also that if for any reason /(z) is indeterminate at z = Zo, 

^{/(*0 + 0-/(2o)} 

is indeterminate; hence our rule for defining a derivative fails and Zg does not belong to 
any region where the function is anal 3 rtio. 

J2+ 1 

This result suggests a difiGLculty in the treatment of such a function as / = -= — r at 

z = — 1. Applying the rules we find that ^ and ^ take the form 0/0. But this can be 
avoided; we can show that for any z other than ± 1 

z+1 

z®-! ~z-l’ 

which has a definite value — | atz = — i. We can take /s— |atz = — 1, and if we do so 
/ is found to be differentiable there. Similar conmdeiations apply to such functions as 
(1/z) sinz at z 0; if a function analytic elsewhere tends to a finite limit at a particular 
point, the limit may be taken as the value of the function at the point even though the 
direct application of the rules gives no determiiukte result. This process is called definiUon 
by eoniimwUy. 

In consequence of the roles that if or if >if, andthatif >M 

either or ^ > |if*, we can say that if the modulus of a function tends to infixdty at a 
point, either its real or its imaginary part will be unbounded, and speak of the function 
itself as unbounded. Similarly if either the real or the imaginary part is unbounded 
the modulus is unbotmded. We speak of a function /(z) as bounded in a region if we can 
choose a positive quantity if such that at all points of the region | /(z) | < if. 

11 ‘04, The Argand diagram.* A geometrical representation of functions of a 
complex variable can be obtained by regarding x and y as rectangul ar coordinates of a 
point in a plane; this point U completely identified by the real and imaginary parts of z. 

* Gttvmfirst by O.Wes8eI (1797), J.B.Ai:gaad (1806). But J. Wallis (1673) is stated by E.T.B«U 
to have missed it by a bainbraadth, if at all. 
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Then the Ainctions {5 and fjr are functions of position in the plane, and satisfy Laplace’s 
equation in two dimensions. From the point of view of pure mathematics this device is 
only an aid to visualization, but in physical applications it is often much more; x and y 
may really be coordinates, and ^ and ijr quantities with definite physical meanings, which 
it is usually our task to determine as functions of x and y. Further, 

1*1 ~{3c^+y^)^ = r, 

where r is the distance of {x, y) from the origin. There will also be an angle 6 such that 

x = r cos 6, y = r sin d, 

and therefore x+iyia equivalent to r(oos d + i sin d). 

Then 6 is called the argumemt* or phase of z and denoted by arg z. But 6 is not sin^e- 
valued; we could alter it by any integral multiple of 27r and still get the same values of 
cos $ and sin 6, and hence the same values of x and y for given r. It can be made single* 
valued by the following device. When «> 0, y = 0, we take argz = 0; for any other z we 
take argz to vary continuously, that is, jumps of 27t are not allowed; and we make it a 
rule never to cross the negative real axis. Then for x negative and y sTrta.n and positive, 
argz is nearly w; for x negative and y small and negative, arg« is nearly — tt; and for all 
— w < arg«< IT. This makes a change approaching in on crossing the negative real 
axis, but we avoid this by not crossing it; we take axgz = w on the negative real a-via aud 
approaching, but never attaining, — n- as we approach the negative real axis from the 
side of y negative. Then we write — tt <arg«<jr. We could equally well, of course, take 
— <arg«<3r. We shall have several other occasions to use this device of cuts to avoid 
ambiguities; they are particularly important in the use of conformal representation. The 
value of the argument, with this restriction, is called its principal vcAue. 

^f(z) is a function of a, ^ and ^ can similarly be regarded as coordinates of a point in 
another plane; and the function expresses a correspondence between points in the a plane 
and in the/(a) plane. 

The Aigand diagram is particularly helpful in enabling us to visualize ‘curves’ and 
'regions ’. A simple closed curve in the sense of Chapter 6 is called a contour. In the most 
general sense any inequality or set of inequalities satisfied by x, y specifies a region in the 
z plane. We shall require a region to be botmded, in general, by closed curves with a finite 
length. We are concerned principally with connected regions. A region is connected if 
we can pass from any interior point of it to any other by a finite number of displacements 
parallel to one or other of the axes of x and y; it can be proved that this condition is 
satisfied if we can pass from any interior point of the region to any other by a continuous 
curve lying entirely in the region. It is simply connected if any contour lying in it can be 
contracted into a point without leaving the region, multiply connected if some contour in 
it cannot. The boundary of a region consists of one or more contours. Regions may also 
be d istinguish ed as open or closed, by analogy with intervals of the real variable, according 
as the boundary is or is not part of them. We shall speak of a point as an interior point of 
the r^on, or as being within the region, if it belongs to the r^on but is not a boundary 
point. 

* Xha weed wv*SMii( is also uwd in the aaoae that !£/(«) is a fiinctioii of x,:); is called the aiguzDsat 
Xtwi&genaraUy fas ohNMc from the context which aease is iniecidad, but it would be an advantage 
VpTOSMsttsmaaieisnawrtilcI agree to alter ODS of the uMges. Amiilfriida is also used; this can cnly 
Ml oexMUnNid A 
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Thus j a I = 1 is a contour; | s | < 1 defines a simply coimected region, closed because the 
definition is satisfied by points of the boundary; ] s | < 1 defines a simply connected open 
legion because it is satisfied by all interior points but not by points on the boundary. 
‘| 2|<1 or |3— 3|<1’ defines a region, namely the interiors of two non-overlapping 
circles, but it is not connected. * 1 < | z | < 2 ’ defines an open multipty connected region, 
because, for instance, the curve 1 2 1 = 1 J cannot be shrunk to a point without passing 
through a place where | « | < 1. 

® throughout a connected region, /(z) is a constant. For if /(z) = ^ + iT/r, it 
follows that throughout the region 

035 dy dz~ dy~ 

Then it follows from Rolle’s theorem that for any x^, y^, 

provided the lines joining x^, to x^^ and ssj, y^ do not pass outside the region. Hence 
if the region is connected and x^, and y^ are in the region, we can prove in a finite 
number of steps that y^ = y„), and similarly ■^{xy^ y^ * y„). 

Notice that the argument fails if the region is not connected. We might have 

/(z) = 0 (lzl<l), /(z)» 1 (lz-3|<l). 

Then/'(z) = 0 at ail points where /(z) is defined; but/(z) is not constant. 

1 1 *041 . Continuity. A fiDaietion/(z) is said to be continuous at s = z^if for any positive e 
we can choose 0 so that | /(zj 4- A) — /(zo) | < e for all | it j < 0. It follows immediately from 
the definition of an analytic function that if /(z) is analytic at z = Zo it is also continuous 
there. 

If/(z) is analytio at all points within a given boundary it is not necessarily analytic or 
even continuous at a point on the boundaoy. For instance, if 



/(z) is analytio (and therefore continuous) at every value of z such that i z 1 < 1 • The boun- 
dary of the region is the circle | z | == 1 ; but the point z as 1 is on this circle and/(z) is there 
discontinuous. 

We shall need to coiksider two types of behaviour specially. For every z^ on the 
boundary, we may be able to choose 0 for every e so that l/(Zi-l-*)-/(zi) | <e for all 
I A I < 0 provided Zj-J- A is within the region, or provided it is within the region or on its 
boundary. In the former case we say that/(z) approaches its boundary values contin- 
uously as z approaches the boundary firom within; in the latter, that/{z) is continuous 
within and on the boundary, or in the closed region with the given boundary. 

11*042. Uniformity of continuity. If f{z) ie eontinuow in a dosed region, /(z) is 
uniformly cotOiimnie; dud is, for cmyewe can ahoose S so dud \f{z-¥h)—f(z) [ <e, foraU 
values of z and z+h of die dosed region and satisfying | A | < 0. For a given e we can 
obvioudy choose a special posilfive 0 suitable for each z; denote this by 0(z). It may ajao 
be poauble to choose the 0(z) so that they have a positive lower bound. If so, we can 
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take less than this lower bound, and then the inequality is satisfied whenever z,z-i-h 
satisfy the conditions stated. Suppose, however, that we cannot take the S{z) in such a 
way; then there will Ije at least one point Zq such that we can take a sequence {z„} with 
Zff a.s a limit, and such that hi, h ^, ... exist, different from zero, but with zero as a limit, 
and for all n 

\nz,+h„)-f{z„)\>e. 


Zfl, being the limit of a sequence of values of z in the region or on its boundary, is itself a 
point of the closed region. But as for the real variable (1*071) this implies the existence 
of two sequences tending to Zg and such that the corresponding values of/(z) do not tend 
to equality, and this contradicts the condition that/(z) is continuous at z = Zg. Hence the 
S{z) have a positive lower bound. 


11 ‘043. Superposition of a net of squares on a region. We can suppose a region 
traversed by two sets of straight lines at intervals a in two perpendicular directions, in 
particular parallel to the axes of x and y. Then every point of the region is within some 
square of the net or on a side of one. Take a < 5 /^ 2 , where S is chosen as in 1 1 * 042 . Then the 
distance between no two points of the same square can exceed d. Hence with this value 

of a we have , ^ , , 

l/(*s)-/(ai)|<e (1) 


whenever z^ and Zg are points of the same square of side a. 

If we take squares of side \a instead of a, the same inequality will hold if z^ and Zg eure 
points of adjacent squares; for then no distance between a pair of points of adjacent 
squares exceeds 3. 

1 1*044. It follows from the definition of a derivative that if /(z) is analytic in a closed 
region, and e is positive, then for any z in the closed region there is a positive ${z) such that 

\f{z+h)-f{z)-hr{z)\<e\h\ (1) 

whenever 1 | < $(z), the sign of equality holding only when I'i » 0. 

Now superpose on the region a net of squares of side o. It may be true that for every 
square there is a point % of the square or its boundary such that if Zg is any other pomt 
of the square or its boundary 

I /(**) ” (2a - %) /'(2i) 1 < e I zj - Zj). (2) 

We have to show that for given e we can always choose a small enough for this to be true. 
If it is not true for a given a, we can draw lines parallel to the axes through the centres of 
all the squares. If the statement is never true however often we subdivide, there will be 
at least one point Zg of the region such that for every square of a nest of squares enclosing 
Xf there is no point satisfying (2) for all z,, with z^ » z^, and therefore there are points z« 
tending to Zg and such that 

I /(2*) -'/(*o) - (*» - *») /'(*•) I > e j 2* - *« I • (S) 

This eontxadiots the postulate that/(z) is analyiso at z » Hence (2) will be satisfied for 

some St of every square if a is small enough. 

The results of 11*042 and 11*044 can both be derived frun the Hsine-*BarBltheormn in 
'two dfanetMikwMi. Note ttet they requim the regkn to bo doaedi otherwise the Hmit** 
fdh* Msgjht be OB tin iMuaidary and wit belong to 
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1 1*05 . Integration. We can attach a meaning to the integral of a continuous function 

/( 2 ) = 4>{x, y) + ifipe, y) (1) 

between two limits Zq and Z, but the notion is more complicated than for a real variable, 
since there are many different ways of passing between two points in a plane. We must 
therefore first specify the path, which will be a curve L. The integral used is an extension 
of the Cauchy integral for the real variable. If Sg* • • • > are a set of points on L, in their 
actual order on the curve, we consider the sum 

s = /(«o) («1 - 2o) +/(*l) (Sa - ) + • • • +/(2« ){Z-Zn) 

= {^{«0. Vo) (*1 - a;o) - S^o) fyi “ ^o)) 

+ *{^(*0. yo){yi- t/a) + yo) (*i - ^^o)} 

+ analogous terms. (2) 

We have to show that if we make the number of the intermediate points increase 
in such a way that the greatest of the intervals | I t^nds to zero, the sum tends 

to a definite limit. Let <i> be positive and arbitrarily small, and take a net of squares 
of side a so that for any pair of points same square or adjacent squares 

(3) 

This can be done, by 11*043. At some stage in the subdivision there will be at least one 
point Zf in every square crossed by L, and the squares are traversed in a definite order. 
Then for any further subdivision of the range to all the new points lie in the same 
square as z,wi or an adjacent one, and 

S («r- *r-l) 

1 

fit 

“ S i <^*^2 I ®f— 1, » “ ^r-1, »-l 1* (^) 

8b 1 ! 

The sum on the right is not greater than the length of the curve between and z,. 
Adding for all inteirvals we see that the sum (2) cannot be changed by more than <oK 
however many more subdivisions we take, where K is the length of L. The rest of the 
argument is similar to that for the real variable and need not be given in detail. The result 
is that if f{z) is continuous in a region, it has an integral along any path of finite length in 
the region. Part of the path may be on the boundary provided f{z) is continuous in the 
dosed region. 

11*051. Two special integrals. Gearly 

f ^ dz = lim {(*1 “ z,) + (z, - Zi) + . . . -K^ - »»)) 

— if — Zq. 

Also s^i(z,. — z,._i) »= —{Zf— 

and therefore if z-a., = Z 

n+l 

Take points z, at intervals < 0 along the path; then the modulus of the sum on ^e right 
i8<J«j:,and ^ 

I zdz ■= zj). 



318 Gaudiy's theorem 11 >052 

11*052. Cauchy’s theorem. IJ f{z) is analf/tic and single-valued within and on a 
rontonr C, where C is a simple closed curve of finite length, then 

jj(z)dz^(), (1) 

the path being the complete contour. 

The curve is supposed such that we can travel round it and return to the starting point 
without lea\'ing it. Thus the region considered must not be bounded by two curves such 
that we cannot pass from one to the other without leaving the boundary. O must therefore 
have an inside and an outside. An equiangular spiral has no inside and outside because two 
points on the same radius, if that radius intersects the curve once between them, can be 
connected either by a path that intersects the curve once between them or by one that 
does not intersect it at all. 

We also suppose that C is not intersected an infinite number of times by any 
straight line parallel to the axes; this condition is not necessary to the truth of the theorem 
but is usually satisfied and somew'hat amplifies the proof. 

We superpose a net of squares of side a so that there is a point of each square such 
that if z is any other point of the same square (closed) 

1 /(c) -/(ci) - (» - *i) /'(Cl) 1 1 z - Zi 1 . (2) 

Zi may not be the centre of the square, but | z— Zi | Consider the integral of /(z) 

around the perimeter D of the square. Then 

r /(z)dz«r {/(!5i) + (z-zi)/'(zi)}dz+ I* (z-ZiJ«dz, (3) 

J D J JO J D 

where | v | < 0 . The first int^ral is zero by 11*051 because the termini are identical. The 
second is less than 

<o.a^2.4a — i^2SD(o (4) 


and therefore il* f(z)dz\^4!Aj2So(0, (5) 

I V I 

where Sjj is the area interior to D. 

If D‘ is part of a square, of side a, with jq inside it but part of the boimdsuy lying 
inside the square, | z—z^ | .y/2 at all points of ‘the boundary, and J | dz | s Sjy, the 

perimeter. Hence 

j r /(z)dz ^^2amxy. (6) 

Now a net of squares of sides a covers C and its interior, -r— -^=r V — 

so that the whole interior and the boimdary are covered. Take / i ^ 
the sum of the integrals J/(z) dz around aU the squares X> lying ( ~| 

wholly within 0. For each square D' that overlaps C, take the ^ J 

integral along the part of C that lies within the square and \ / 

along the parts of the sides that lie within C. All circuits are 

described in the sense of positive rotation. Then we see that ^ 

eveiy interior side of a square traversed in one direction in 


focaoing one integral is traversed in the opposite direction in forming that for an 
adjacent square; the only parts not traversed in opposite directions are those making 
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up C itself. Hence if we add up all the integrals we are left simply with the integral 
about C-, thus 



j ^/(s) dz = S J^/(z) dz + Yij^fiz) dz. 

(7) 

Then 

1 f{z)dz\<'^4:J2Sj)(o+j;,J2ao)8jy. 

\J c 1 i> ly 

(8) 


But the area enclosed within 0, and is finite. The contributions to from the 

boundary C are not more than s, the length of C, and those from the parts of the sides 
within C are not more than X. + Y, where X. and T are the total variations of x and ij on C. 
(They may not be twice the differences between the extreme values since either x ox y 
or both may have more than one maximum and more than one minirmim on C. But we 
assume them finite, as they will be for any ordinary curve.) We have already seen that if 
8 is finite, X + 7 is finite, and conversely (5-06). Then provided that C has a finite length 
S+a^j2{8+X+T) is finite and diminishes with a, and a is certainly less than the 
greater of JX and iT, since a square with a side of the latter length could cover the whole 
of C. Then there is a finite quantity M such that 


4^l'28+^2a{s + X+ Y)<M, 


(9) 


and 



<Mo>. 


( 10 ) 


But a is arbitrarily small, and j f(g) dz is independent of the choice of ti>. This inequality 
can be true for every <u, therefore, only if 


jj{z)dz = 0 , ( 11 ) 

which establishes the theorem. 

The difificulty in proving the theorem evidently arises mainly from the need to specify' 
the boundary to a sufficient extent to establish the inequalities connected with the 
portions of squares at the edge. 

Cauchy’s theorem is the pivotal theorem of the theory of the complex variable. It 
often seems surprising at first sight that such a restriction on the boundary values of a 
function should be deducible merely from the condition that the function must have a 
derivative within and on the boundary. It becomes less surprising, however, when we see 
fibcst that the function should really be regarded as a pair of functions and that the defiboi- 
tion of ^ derivative that is being used implies two exact relations between the partial 
derivatives of these functions at every point where its existence is asserted. 

11 '053, Relatioii to Green’s lemma.* An alternative approach to Cauchy’s 
theorem, similar to Biemaim’s treatment, is to use the two-dimensional form of Green’s 
lemma. If u and v are two functions of x and y with conllnuous first derivatives ’within 
and on 0, 

where the integral on the left is taken through the interior of 0, and 2 and m are the 
direction cosines of the outward normal to C with regard to the axes of x and y. The 



320 


Extension of Cawhy's theorem 


11*054 


conditions are more restrictive than in the proof already given since they aaa my^ft cqjj, 
tinuity of the separate derivatives; this is the most manageable sufficient condition fa 
the reversal of the order of integration in the proof of Green’s theorem. The direction 
cosines of the tangent to C, proceeding in the direction of positive rotation, are 
so that for displacements along C 


dx 

ds 


—m. 




(13) 


and 


= 1 (udy—vdx). 
Jo Jo 


(14) 


Now take/( 2 ) = ^+ir^, where ^ satisfy the Cauchy-Biemaim relations; then 
j^f(z)dz j^((^ + i^){dx+idy) - j^{^dx-^dy) + i j {^dx+ij>d^) 


11*054. Extension of Cauchy’s theorem. The theorem also holds n-ndar the 
following conditions: f{z) is analytic within O, and continuous on 0, and when z 
approaches any point on O from within, f(z) approaches continuously its value at that 
point. Following Goursat,* we suppose that C is such that there is at least one internal 
point c such that every straight line from e intersects C just once. Then if 2 ' = c + A (2 - c), 
where 0 < A < 1, and 2 is on O', 2 ’ is within G, and as s travels around C s’ describes a contour 

O' arbitrarily near to O. Then ds' = 0, by what we have proved; that is, 

jj{c + A(s - c)} Ads = 0; (16) 

and we can omit the constant non-zero factor A. But by the principle of uniform con- 
tinuity, for any w we can take S so that j /(s) -/(s') [ < w for all j z - z' | < d. But 

1s-2'1 = (1-A)1s-c1 (17) 

and I s-c 1 is bormded, say < E. Hence the condition is satisfied if 


1-A = d/E. 


(18) 


Then 

and 

f /(*)ds 


jAz)dz-j^fiz')dz = J^{/( 2 )-/(s')}ds 

|J^{/(*) ■-/(*')}d2 1 <ttW. 

<(i)s and therefore is zero. 


(19) 

( 20 ) 


If 0 18 saoh that its interior can be cut up into a finite number of regions each with a 
suitable internal point, the result follows by addition. There are contours O of finite 
length that require an infinite number of subdivisions before each r^on will satisfy 
Goursat s condition, and then the theorem becomes much more difficult.'!' We shall not 
need to considear sneh oases. 
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This extension of Cauchy’s theorem appears to be necessary for some physical applica- 
tions, where we wish to determine a function analytic within a contour and ta-lring given 
values on the contour, though the derivative of the function at some points on the contour 
may not exist in the sense of the theory of functions of a complex variable, or, indeed, 
in that of the theory for a real variable. The further extension to cases where /(*) 
behaves like l/(z— near a point on the contour is impossible because there is no 
unique way of defining the integral through such a point; we shall refer later to the 
principal voUvs of such an integral, but this is not equal to the limit of the integral 
around C". 

The theorem remains true if /(z) is bounded but has a finite number of discontinuities 
on C. We cut out parts of C by drawing circular arcs of radius 17 about the discontiauities, 
and take C to consist of the parts of these arcs within G and of the rest of C. Then the 

theoremappliesto showthat J^/(z)dz = 0. Foranyarcandthepartcutout,J/(z)dz = 0(7), 

since /(z) is bounded; hence the theorem again follows. But we shall see (cf. 14*05) that 
a ample discontinuity of SS:/(z) implies that 3/(z) is unboimded. 

1 1 *055 . An important corollary follows at once. Suppose that/(z) is analytic between 
two contours C and G', of which G encloses G', and continuous as z approaches either G 
or O'. Draw two lines AB, EF close together, so as to connect 
the two contours. Then ABDEFGA, described as shown, is a 
dosed contour and /(z) is analytic within it and continuous as 
s approaches it. Denote it by 8. Then 

j^f{z)dz = 0. 

Now let the lines AB, FE be made to approach indefinitely 
close together. The contribution from the part BDE tends to the 
integral around C in the positive direction. That from FQA 
tends to that round G' in the negative direction and therefore 
to minus that round G’ in the positive direction. The contributions from AB, EF ap- 
proach equal and opposite values since they ultimatdy become the same path described 
in opposite directions. Hence if we agree to take the same sense of description of both 
contours, 

r /(z)dz = I* /(a)dz. 

Jo JC 

Hence: if a function is anaiyHe between two oonioiirs, and continuous on approaching them, 
its integral toith regard to z round each contour has the same value. 

If the argument used in proving Cauchy’s theorem is applied to the region between 
0 and C?', the result will be seen to follow directly. We need a separate proof in this 
case only because in proving Cauchy’s theorem we assumed the region to be simply 
connected. 

An immediate extension is to the case where G enolosas several closed paths C', 0 ", ..., 
all external to one anothm. We can show similarly that the int^pral around C ia equal 
to the sum of the integrals around G', G*,..., provided that the function is analytic at all 
points that lie within C and outside C', O ’, ... and continuous in the closed region. 
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11*056. Integral of an analytic function. It follows from Cauchy’s theorem that 
if L, L' are two paths connecting Sq and Z, and /(a) is analytic on L, U and at aU points 
between them, 

j J(z)dz = j ^f(z)dz = F{Z), 

say, and F{Z) is single-valued. Also if -t- S' is in the region where/(a) is analytic, and j ^ | is 
small enough, we can take L' to coincide with L from to Z and then to proceed to Z -t- ^ 
in a straight line. Hence 

F(Z + 0-m)=‘jl'^^mdz, 

where the integral is along a straight line. Let ^ tend to 0;/(z) will differ &om/(Z) by an 
arbitrarily small amount, and 

^-{F(Z+i:)-^F(Z)}^nZ). 

Hence F'(z) ~ f(z), and F{z) is an analytic function of z. 

This theorem should be compared with the three-dimensional one of 5-08. 

It follows that if G[z) is analytic within a connected region and G'(z) = f(z), F(z) — G{z) 
is constant; for it is an analytic function with zero derivative. This enables us to extend 
to complex integrals the method of integration by finding an indefinite integral. 

11*06. Power series. The fundamental rules, if applied a finite number of times, 
wQl define a rational function of z. But other functions can be obtained by considering 
sums of infinite series, the most important of which are those in positive integral powers 
of z. Consider then the series 


/(z) =ao-t-aiZ-fa 2 *®+ — +«»*’*+•••. (1) 

where the a„ may be real or .complex. Consider also the companion series 

= l>o+bir+bii^+ ...+bnr^ + ..., ( 2 ) 

where r^\z\. (3) 

According to the value of r, the terms may be bounded or not. That is, we have 

Case 1. There is an M such that for aU ». 

Cate 2. For any M there is an a such that b^r^>m. 

The geometric aeries l+z+z*+... (4) 

comes under Case 1 for r < 1, and under Case 2 for r> 1. 

Tlie exponential series l-l-z-t-^-l-...-l-^ + ... (6) 

comes under Case 1 for allr. Forif wetakem>2rand»>m, 


(«• mm 

wt - < ill*"* 

tQwa in tib* laxi^ of 1, r, r*j%l ... it follows that r*/n I < Jf for all n. 
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The series l+2+2!z®+... + 7i!s” + ... 

comes under Case 2 for all r > 0; for if we take m > 2jr and n > m 
nlr" — m!r"*.(TO + l)...Mr"~"*>m!r'".2’'-'“ 

which can be made to exceed any M by taking n large enough, and all later terms are 
larger still. 

Thus there are series that fall within Case 1 for every value of r, others that are always 
within Case 2 except for r = 0, and others again that are within Case 1 for some values 
of r and Case 2 for others. 

Every term of g(r) increases with r unless it is 0 for all r. Hence if the series is in 
Case 1 for r — r-i and Case 2 for r = r^, we mtist have < r^. 2iow suppose that values 
of Ti and rj satisfying these conditions are found. The projjerty ‘the terms of g{r) are 
bounded for r<r^' defines a cut in the positive values of r^, say at = R. 

Hence if ^(r) belongs to Case 1 for some values of r and to Ca.se 2 for others there is always 
a unique quantity R associated with the series such that all values of r < belong to 
Case 1 and all greater than .S to Case 2. We call this the radius of convergence and the circle 
1 8 1 =s iZ the circle of convergence. If g(r) belongs to Case 1 for all r we can write iZ = oo. 
When r — R, g{r) may be in either Case 1 or Case 2. Thus for (4) and the series 

1 + z + 'i'Z®+ ...H — z’*+... 

n 

if r = 1, r® and t^jn are < 1 for all n; and r® and r”jn are unbounded if r> 1. Thus the 
radius of convergence is 1 and the terms are bounded on the circle of conveigence. 
But for the series 

l + 2z + 3z® + ...+(» + l)z® + ... 

the radius of convergence is ^ain 1, but the terms are unbounded on the circle of con- 
vergence. 

11*061. Absolute convergence. Suppose now that c is any positive quantity less 
than R. We know that for r » c the terms of g{r) are bounded, that is, they do not 
increase indefinitely; hence there is a quantity ilf such that 


6„6“< If 

for all n. Hence for any r <6 6„r*<ilf(r/c)". 

Farther, for any m and p(rn< p). 




c/ l—rfc \cj l-r/c 


Hence if we choose an e, however small, we con choose mo so that the sum of terms after 
the mth for m > mg will never exceed e however many we take. The series 2 6„r® therefore 
converges. Farther 

S a„z® < S « S 6»r®. 

n-wfu-fl 


and tiherefore the series oonveigw for | z | •• r < c < iZ, and therefore for | z j <R. 


•It 
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Within the circle of convergence the sum of the moduli of the terms is a convergent 
series. Such convergence is called aimluie by analogy with the corresponding property 
for real series.* 

It is obvious that the series never converges if i z | > J?. 

1 1*062. Uniform convergence. The definitions of uniform convergencefor sequences 
and series of analytic functions are immediate extensions of those for functions of a real 
variable. If for all z in a region /„(z)->/(z), and 

/(*) + 

and if for any positive e we can choose n so that for every z in the region | | <e, 

the sequence {/„(2)} is said to be uniformly convergent to/(z) in the regiomf If 

/n(*) = + + 

it follows that with the same choice of % 

and therefore {flr^ are uniformly convergent io ^,xlf respectively. Conversely if 

{^n}» uniformly convergent to j4^, -t- is uniformly convergent to ^ 

• 00 

If we choose d < e < i2 in 11*061, and m so that b^d^<e, then for any z such 
tibat {z| = r<d 

That is, we can choose m once for all, given e and d, and it will do for all values of 
r within a range up to and including d. We thus arrive at a case of the M test for uniform 
convergence, extended to the complex variable. Formally we may state it as follows: 
If for oM values of z in a renjwm | u^fz) | is less than v^, which is independent ofz, and the series 
S is convergent, then the series S ujz) is uniformly convergent in the region. This test is 
sufficient for uniform convergence, but not necessary. We see that any series satisfying it is 
also absolutely convergent in the region, and a series can be uniformly convergent without 
being absolutely convergent. We thus have the theorem: A power series inzis tmifomily 
convergent vriAin and on any drde toith centre z — 0 and lying whcUy toUhin the circle of 
convergence. It may not converge uniformly, or even convrarge at all, on the circle of 
convergence itself. 

It follows that if a power series has a radius of convergence B different from 0, then 
for any z such that | z | <c< JS the sum of the series hasa definite value; it therefore defines 
a pair of functions y) and fr{x, y). Each of them is thesrun of two uniformly oonvei^ent 
real series. If g(r) belongs to CSase 1 for all values of r, we may take any finite value for 
e in 1 1*061, and the a^ment proceeds as before. In that case 2 a„z” defines such a pair 
of funotiona over the whole plane. 

* It u tanial to take the property “the seriae is convergent for any z sveh that |z| <ro'’ as de> 
ftoiag Jt 1^’ a out in the vahtee of r«: but it appeate to ue eH^itly more obvious that boundedneas 
of the toma defioM a out, and this boundedness is used direotly in proving many later tbeorezos. 

t We are not aasaming at present that/(s) ie analytic: but of. 11*20. 




a„z» 


; S 6»r"<e. 

n»m+l 
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Some examples will now be given to illostrate the possible modes of behaviour of power 
series on the circle of convergence. We have considered the behaviour of the separate 
terms; we have now to consider the sums. 

11*063. Types of power series: integral functions. Consider again the series 

/(Z)= 1+8 + 22+.... (1) 

It does not converge for any value on the circle \z \ = 1 , since all the terms have modulus 1 
and the sum of n terms tends to no limit. This series is easily summed for | z | < 1 ; as for 
the real variable 

/(3) = i^* (2) 

We notice that though /(z) as defined by (1) is meaningless for j s | > 1, the expression (2) 
has a definite value for any z except z s l. 

If we take the series /(a) = 2+^2*+...+— + ..., (3) 

Oh 

we find a different behaviour; as for the last, it converges for all | z | < 1 and diverges for 
all 1 2 1 > 1, but it also converges for all | z | = 1 except for z i itself.* This series does not 
represent a rational function; it can be taken as the definition of — log (1 — z). 

The series /(«) = 2 + |a+ — + ^ + — (4) 

has the same circle of convergence but converges even at z = 1. Thus we have three series 
with the same circle of convergence but behaving radically differently on the circle itself. 

The series expz = l+z+^ + . ..+—, + ..., (5) 

on the other hand, converges for any z. 

Functions definable by the same power series over the whole plane are called integral 
fwnctions. Apart from terminating series, the exponential series is the most familiar 
example; closely related to it are the functions cosh z, sinh z, cos z, sin z. 

The series l + l!z+21z*+...+»!z" + ... (6) 

is not convergent for any z other than 0, however small. Such a series defines no function 
except for 2 = 0, and we may say that its radius of convergence is zero. 

li*07. Differentiation of power series. We have still to show that a function 
defined by a power series is analytic. If /(z) is defined by Sa^z" we may call the series 

Oj + 2a,z + 3ojZ* + . . . + «o„z"~2 + . . . 

obtained by differentiating term by term, the first derived series. We can show easily 
that if jR is the radius of the circle of convergence of the series definmg/(z), it is also that 
for the derived series. We can construct derived series of higher orders similarly. 

A power series can always be integrated term by term within the circle of convergence, 
because it is uniformly convergent (1*111). Hence if 

f{z) = O0 + OjZ+... +fl„Z* + 

* 6f. Mm. 



326 

Differentiation and rnuUiplication 

11*07-11*08 

wo have 

\^f{z)dz^F{Z)-F(z^). 

Jz, 


where 

F{z) = ao2+^iz2+... + — ^a„z"+^+.... 

T“ 1 



Similarly, we may start with the derived series and infer, since this has the same circle 
of convergence, 
rz 

{0]_ + 2aa3 + -.-+«a„3"~^+-..}d3= [ao + ai»+ ... +a„2'‘+ ...]^ 

DiSerentiating with regard to Z, we have 

Oj + 2o2^+...+na„^'*~^+... df{Z)ldZ, 

and therefore the derived series is the derivative of the original series anywhere within 
the circle of convergence. This shows farther that a function defined by a power series 
has a derivative and therefore is an analytic function within the circle of convei^ence. 
The second derived series similarly represents the second derivative of /(a), and since it 
converges the first derivative is cpntinuous. Thus functions defined by power series 
satisfy the conditions used in 11-053. 

1 1*08. Multiplication of power series. It can also be proved that if two series 
/(«) = ao+aiS+aa2®+”-» ?(*) = 6o+*i®+*aZ*+"-> 
both converge within any circle, then the product series 

h{z) =s Co + CiS + C8Z®+..., 

where otdfii+OiftQ, Cj » 0062+0161+0260, ..., 

obtained by multiplying terms in pairs and collecting coefficients of the same power of z, 
converges within the same circle and is equal tof{z)g(z). The proof is similar to that for 
absolutely convergent series of real terms. 

It can also be proved that if a series is absolutely convergent it will give the same sum 
when the terms are taken in any order. 

An immediate application of a similar argument gives 

expz expz' =* exp(z+z') 

for all *, a', as for the case of two real variables. Since if we write e* for ezpz, z obeys the 
usual rules of indices, we can take this as a definition of e* when z is complex. It should 
be noticed that e*, from this point of view, is not to be regarded as the result of a process 
of raising e to the power z. Thus if we take * = J, exp i is a unique number defined as the 
sum of the series 

1,1. 1 1 

but the nsnlt of taking the square root of e might be either ±exp|. Wetake e^to mean 
iha same aa exps, but other oonventionB are in use. 
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11*09. Limit-points. If all of a set of points have the property p, and -within any 
distance however small from a point Zq there is at least one point of the set other than 
Cj, then Sfl ts called a limit-point of the set. As for the real variable, if Zg is a limit-point 
there are infinitely many points of the set within any finite distance from Sg. For there 
must by definition be one; take a new circle about z„ small enough to exclude this one; 
this circle must contain another; and so on. 


11*091. A power series cannot Jutve z = 0 as a limit-point of zeros, nnleaa it vanishes 
for all z. For suppose that the series 

f(z) = flg+flia-i-aaz^-t- ... 

has a zero sum for some non-zero z within any circle about 0. If possible, suppose that 
ttg 4= 0. Then if c is less than the radius of convergence of the series we can choose a quantity 
if .so that for aU m, a^c”* < M, and therefore for | a | < c 


CO ' r 1 

“ , cl-r.c 


Hence by taking r small enough we can make 


and/( 2 ) cannot vanish for any smaller r. But this contradicts the hypothesis that whatever 
r we choose there is some z with smaller modulus ( 4= 0) that makes /{a) »= 0. Hence Ug s 0. 
Now consider the function 

/j(2) =/(«)/«. 

\ 

This is the quotient of two analytic functions for any z and is therefore an analytic 
function except possibly for a — 0, and all zeros of /(a) other than possibly a » 0 are zeros 
of/i(z). Then 

/l(z) = Oi+OgZ-t-..., 


except possibly at a = 0, where it is undefined. Suppose if possible # 0. We have, with 
the same if and c aa above. 


S 

m — 1 


* 1 

< -Z-M 

«-ir 



Mr 

c®(l— r/c)’ 


which we can make less than | Uj | by taking r small enough. Hence Oj « 0. 

So we may proceed and prove that if all coefSdents up to are zero, is zero. 
Hence all a„ ore zero saidf{z) is zero for all a. 

In partioular, if /(a) s 0 for all points within a circle about 0, however small, or even 
for all points on the real axis -within some finite range of z, f{z) is 0 for all a. But these 
conditions, which are those usually given in practice, are more than sufficient for the 
truth of the theorem; it would be enough, for instance, if « 0 for every integral a 
greater than 1000. 

The most important application is that a function can have only one expansion in 
pofwacs of a. For if, for j a | < jR, 


/(a) »= So„z» - 



11*10 
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we have S («„—<?•„) z" = 0 

for all jz[<i?. Hence a„ = o^. This justifies the method of equating coefficients of 
powers of z. 


11*10. Taylor’s theorem. Let 

/(z) = ao+aiZ+aaZ^+ ... 


( 1 ) 


with radius of convergence R. Let as before c be less than R and let all | j be less 
than JIf . Then 

6^* la„|<Jf/c». (2) 

Take z^ such that | z^ | <c and put z = z^+z'. Substitute in the series, and expand each 
term by the binomial theorem; we have 

/(Z(, + z') = Oo+Oi(Z0 + Z') + fflj(s^+-2ZoZ' + z'®)+... H-ffl* S ^ 

Consider the companion series obtained by taking the modulus of every term; writing 
as before | z ( *= r, | z^ | = f(,, ] z' | = r', we have 


nl 


17(ro,r')*S S ' -., rS 

n-om^-o tnHn—m)l 




<Jlf s s 


n\ rj-mr'®* 


n-O 


<»0 + O” 


(4) 


which converges if 


ro+r'<c, 


that is, within any circle with centre Zq that does not pass beyond the circle of radius e. 
Hence the series (3) is absolutely convergent within such a circle. Its terms can therefore 
be taken in any order and will alwa3rs give a convergent series with the same sum. Take 
them in order of ascending powers of z'. The terms independent of z' are 

ao+«i*o+®2*l+— =/(*o). 


the coefficient of z' is 

2<l2Z|) + SOgZj + ... ““/^(Z(j), 

and in general the coefficient of z'”* is 

a«+(m+ l)o„^izo+ ... 

where n>m; on putting n—m » the general term is 

{n'+«i)! 

-ror 




(5) 

( 6 ) 

(7) 

( 8 ) . 


where n’ > 0. Then the coefficient of z'* can be written 

1)... l.o*+(m + l)m...2o,„+iZ*+ ...'+ (»+TO)(n+m- 1)... (»+ l)o,,+„s^+ ...} 

m! ’ 


(») 
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the bracketed index indicating the ?rath derivative. Hence 
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/(2) = /(2o) + ^'/'(So) + • • • + + ■ 


( 10 ) 


within any circle about that does not reach the circle of convergence of the series (1). 

This is the form taken by Taylor’s theorem when the variable is complex. The infinite 
series always converges, and there is no need for a remainder term. 


11*11. Singularities. We have so far restricted ourselves to functions that are 
uniquely defined at each point of a region and differentiable and therefore continuous 
for all variations of z within the region. We have thus excluded any function if at any 
point of the region it is capable of taking two or more values or if it is non-differentiable; 
in particular, if it tends to infinity as z approaches some point in the region. We proceed 
now to consider what can happen in the latter cases. 

A singularity a of a function /(z) is any value of z such that we cannot choose a 
positive S so that/(z) is analytic and single-valued for | z~a j < d. It follows fix>m the 
definition that a limit-point of singularities is a singularity. 


(a) BraruSi points. Consider the function z'^. This is finite for all finite z, but even for 
z real and poritive there is an ambiguity about which sign shall be taken. Suppose that 
we agree to take the positive root in that case. Now let us proceed in a circle about the 
origin in the direction of increasing argument, and let vary continuously. Then if 
we put 


z = re 


.a 


we can take 




We are not varying r and therefore need not vary r\ and 6 must vary continuously. But 
when d has reached 27r, 1^6 has reached n, and e’**® is — 1. Increasing 6 further we repeat 
all the previous values with the opposite sign. Thus we cannot attach a single value to z*^ 
at every point if we allow 6 to vary by more than 27 t with r constant. But if we make it 
a rule that 6 is never to reach 2fr, we can make single-valued. For then, though we may 
make 6 as near 27 r as we like, the only way of getting back to the positive real axis is to 
make the circuit of the origin in the opposite direction, and in doing so we undo the previous 
variation of 6 and arrive back at the original value of z’**. To use this device it will be 
necessary to exclude the possibility of a complete circuit for every value of r, and we speak 
oiacut along the positive real axis. This amounts to defining 

=s r^exp ^6 {0^6< 2n), 

where we always take the positive value of r^. We could equally well take the range of 
dtobe —7r<d^n,OT —n4>d<n. In general if » is fractional we can define 

n t^expnid 

with the same restrictions on 6. 

A function may be single-valued and even differentiable of z » 0 without bduog analytic 
there; as Oatz => 0,andz^ =a 0 and has a zero derivative there, no matter what sign we 
take first. The definition of a branch point conoems its neighbowhood; a poimt z a o 
httMici point of f(z) if when z moves around a in an arbUrarily small cirde, not of taro radius, 
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the value off(z) being chosen at each value of z to 'preserve eoniinuity, f(z) does not return to 
its original value. 

If f(z) = {z^-a^)\ 


where a is real, there are branch points at ±a. If z makes a complete circuit about any 
curve including both of them, /(z) returns to its original value; for the square roots of 
z—a and z+o both change sign and their product has its original sign. But/{z) would be 
reversed if we went round any circuit that included either of ± a and excluded the other. 
Here we can make/(z) single-valued by making it a rule that we take the positive sign 
on the real axis when z>a, and never cross the real axis between — a and + a. 

If /(z) is not single-valued on a contour C, that is, if it does not return to its original 
value when z describes the contour, /(z) varying continuously, /(z) has a singularity 
within or on the contour. For if /(z) is analytic within and on the contour we can 
superpose a net of squares such that /(z) varies continuously when z describes any 
interior square D or any fiinging portion i)' as in 1 1*062 and returns to its original 
value. It follows by addition that the change of /(z) when z describes O is zero. 

When we make a cut, we select one value of the function for every point in the 
region, and have a single-valued function in the region. But it is discontinuous whenz 
crosses the cut, which is therefore a line of singularities. Thus if z^^^ is defined by 
exp —iT<6<:7t), where we take the positive sign for z real and positive, z“^ has 
a discontinuity 2tr'‘^ when z crosses the negative real axis. If we took z*^ as meaning 
—r’^exp we should get a different single-valued function, which can be called a 
different bramJi of In what follows we shall assume that all functions are single- 
valued or have been made so by means of a cut or cuts. 


(6) Poles. A function /(z) may be unbounded in any circle about a, however small, 
but be such that when we make a circuit of the point the function returns to its original 
value. A pole of /(z) of order m is a point a such that there is a positive integer m such 
that for z 4= a, 


/(*) = 


A. 


(z—a)™ {z—a)' 


Am-l 

kin— 1 




2 — a 




in a region enclosing a, where A„,^=0, and g(z) is analytic at a. The terms containing 
negative powers of z—a are called the pnncijpal part of the function near z == a. Poles of 
order 1 are also called simple poles. We do not speak of poles of non-int^al order,’'since 
a would be a branch point of {z—a)~* if n was a not an integer. 

If a is a pole of order m, {z—a)^f{z) is analytic in a neighbourhood of a, and so is 
!/{/(*) "where c is any constant. 

(c) Bssential sing%daritie8. An essential singularity is any point a, not a branch point 
or a pole, such that/(z) is not analytio in a neighbourhood of a. Exp (1/z) has an essential 
singularity at z » 0. If z is real and positive, then whatever m we choose, s^exp (.1/z) 
tends to infinity as z tends to 0. The behaviour of functions near essential singularities is 
more peculiar than near poles. tf/(z) has a pole at a, then for all methods cff approach to a, 

{ /(z) { tends to infinity. But if z tends to 0 throng negative real values exp (1/z) tends 
to 0. We can say, if we like, that/(z) is infinite at a pole, provided that we understand that 
mean by this nothing mcnre than that, if we take a auffidiently small curdle about the 
}/(*){> and thweforeeitiier the real or the imaginary part tff/(z), will be as laacge as. 
MW iat all p«iatM within the drifie. We cannot say that it is in^te at an essential 
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singularity because it may be possible by choosing the method of appmach suitably to 
make the limit of/(3) finite. Thus if we take the equation 

exp(l/s) = 6. 

where b is not 0 or oo, it is satisfied wherever 

_ 1 
* 2nt7i + log b ’ 

n being an integer, and by taking n larger and larger we can make s as near as we like to 0 
while keeping exp(l/a) always equal to b. It will be seen that when a many-valued 
function has been replaced by a single-valued one by means of a cut, every point of 
the cut is an essential singularity. 

(d) A formally possible type of singularity, as for the real variable, is a removable 
discontinuity. If /(») is analytic in any ring 0<5<[z— a|<c, where S is arbitrarily 
small, and if f(z)-^d when z->a in any manner, but /(o) + rf, we call a a removable 
discontinuity. Such singularities have no practical importance but are mentioned for 
completeness. We shall always suppose that if f(z) tends to a unique limit d when z-i-a 
in any manner, then f{a) = d. 

1 1*1 1 1. If f{z) ^ha^z^ for all z such that | z j < jff, there is no singularity of /(z) for 
I z I <5. For is single-valued and has a derivative everywhere within the circle 

of convergence. 

If /(z) has a line of discontinuity, the circle of convergence may overlap this line. 
Then /(z) has no singularity within the part of the circle that includes z = 0. In the 
other part the series will converge but not be equal to/(z). 

11*1 12. Singularities at infinity. If z = 1/^ and 

M = p(0. 

may either be analytic at ^ = 0 or have a branch point, a pole of order nt, or an essen- 
tial singularity there. In these cases we say respectively that/(z) is analytic at z » oo, 
or has a branch point, a pole of order m, or an essential singularity at z « oo. This extension 
of the definitions saves some wiitiDg. 

11*113. Integrals around poles. The equation 

= mz”-^ (1) 


is extended to cases where m is a negative integer by using the equation 


d 


dv 




du 

dz 


( 2 ) 


with u 


z»*, V 


z-"*. The left side vanishes, and with m a negative int^er 


dv 

dz 




(3) 


whence the result follows. Hence we have (1) for all integral m, positive or negative. Then 
by using (1) we have for any integral m other than 0 
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The ai^ument fails for m = 0, since the derivative of 2 ® is not a multiple of zr^ but zero. 
We define provisionally 

log2=J^j. (6) 

The integrand is analytic within any region that does not include the origin, and by 
Cauchy’s theorem the integral has the same value for any two paths such that it is possible 
to deform one into the other without passing through the origin. Now put 1 2 1 = r,argz = 0 
and take the path to be from t ^ I along the real axis to ^ = r, and then along a circle 
about the origin to 2 . On the first part of the path t is real and positive, and 

rdt , 

= logr. 


On the second part we put 

and then 

then 

Hence 


j: 


fi ^ 

t — r(co8A+isinA), 
dt = r( — sinA4*icosA)dA; 

log 2 = logr + id. 


In particular, if we make a complete circuit about the origin 

j8»»-idz = 0 


L 


( 6 ) 


( 7 ) 


for mi’O, sinoe z”* is single-valued; but if m = 0 


f ^ * [logr+id] = 27ri, (8) 

Jo ^ 

since logr is single-valued but d increases by 2jr. 

logz is not single-valued without some restriction on the path of integration used in 
its definition; in other words, it has a branch point at the origin. In fact, if we maintained 
continuity and allowed z to make several circuits about the origin, logz would increase 
by 2m for each circuit, and thus would have infinitely many possible values differing by 
integral multiples of 2rr». Our first example, z^, had only two. We can, however, make 
logz single- valued by means of any cut used for z'*. The ‘priTUiipcA vahie of logz is that 
such that j | <n, when z is not real and negative. 

Now apply these rules to integrate the expressions in 1 1 • 1 1 (6) around a circuit including 
the pole at z a a and no other singularity. All terms in (z — o)-», with n different from 1, 
give zero. The integral of g{z) is zero by Cauchy’s theorem, since g{z) is analytic in the 
r^on. Hence 

f f(z)dz = r - 27nAi, 

Jo Joz—a ^ _ 

The integral of an analytio fimotuon about a pole therefore depends wholly on tire 
coejBdoient of (z— a)~^ in its pzincipid part. Tl^ coefficient is called the residue of 
the function at the pole. The oharaotocistio feature of the method of evaluating definite 
integrals known as eontour integration is to find a contour oouttuning no singularities other 
than polM, the integral sxound wMoh is equal to the definite iiktegrai sought, and then, to 
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equate the integral around this oontour to times the sum of the residues at poles ■within 
the contour. There is no simple analogous rule for branch points and essential singularities, 
though one can be found for the latter in some cases by means of Laiment’s theorem, 
which will be proved later. 

11*114. Relation of the exponential and logarithmic functions. By direct 
multiplication we have 

exp (log z) = exp (log r) x exp id 

(since both factors are absolutely convergent series and the same argument applies as for 
real numbers) 

= r(co80 + isin0) 

= re+iy = s. (10) 

We can make use of the exponential and logarithmic functions to define s" for irrational 
and even complex indices; we take 

a" = exp (»loga). (11) 

This is single-valued and analytic in any region such that log a is. The verification that it 
has a derivative equal to »a"~^ may be left to the student. 

If a is real and positive 

o® = exp(aloga) = exp(a:logo) exp (iy logo), 

I a® I = exp (a; logo) = o*. 

1 1*12. Isolated and non -isolated essential singularities. An essential singularity 
amaybeMoZotedornot. Ifit is isolated we can takeaoircleabouta,'witharadiu8 not zero, 
suchthatoistheonly singularity within it. Thus co8eo(l/z) has a pole whenever 3 s ijnn 
and » is an integer, and all these singularities are isolated in the sense that we can draw 
a drole about each small enough to contain no other. But they have a limit-point at 
z =s 0, and we see easUy that the function is indeterminate and has no derivative at this 
point, nor has any ftmction of the form z*” cosec (l/z). Hence z » 0 is an essential singu- 
larity, and it is not isolated since there is another singularity within any circle about it, 
however small. On the other hand, expcoseo(l/z) has isolated essential singularitira at 
all points z = I/att and a non-isolated one at z = 0. Functions can be constructed ■with 
non-isolated essential singularities at all points of a curve. The most important cases are 
those of sin^e-valued functions that have been derived from many-vtdued ones by 
introducing cuts. 

If f{z) is analytic and single-valued in a region except for poles or essential singularities, 
and the singolarities have a limit-point in the region, the limit-point is a non-isolated 
essential singularity. For if the limit-point is z bb 0, any neighbourhood of z = 0 con- 
tains singularities of /(z), and therefore z 0 is a singularity; and it is not a pole 
because, for any positive integral m, z”'/(z) has si n gula ri ties in any neighbourhood 
of z «= 0. 

11*13. Cauchy’s integral. Let f(z) be analptie and eingk-valuied mihin a centaur O 
and eontinwms in ihe ektsed region. Then ifzie toUhin 0, 



( 1 ) 
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If f{t) is expressible as a power series in. t—z this is obvious because by Taylor’s theorem 
the residue of f(t)l{t~z) at f = 2 is f{z). But we have not yet proved that an analytio 
function can be expressed as a power series and this theorem is one step towards proving it. 

The only singularity within the contour is the simple pole at t = 2 . If we take a small 
circle C' about z there is no siugularity between O and C, and the integrals about C and 
<?' are equal by the corollary to Cauchy’s theorem. On G', since/(f) is differentiable at t = z, 


f(i) = /(2) + (^ - 2 ) {/'(«) + *'(<)}. 

where v(t) -> 0 with t — z. Then 




( 2 ) 


(3) 


The first term gives 2mf(z), the second 0, and the third tends to 0 as the radius of C 
tends to 0. But the left side is independent of the radius of O'-, therefore it is equal to 
2irif(z), which proves the proportion. 

It follows that 

C-K> ^27nJcrV-a-C <-2/ 


= lim 


if 


m 


0 27ri J o{t-z)(t-z-^) 
dt 


dt 


=_Lr M. 

27r»Jo(< -*)*'' 


(4) 


since I * | has a positive lower bound on C. We can find similarly 


nl 2jTiJ<y(< — 2 )"+l ’ 


(6) 


and all these integrals exist. Hence Cauchy’s integral can be differentiated under the 
integral sign. 

This result is particularly important in relation to the attempt to derive Cauchy’s 
theorem from Green’s theorem (11*053), which assumed that ^ and ^ had continuous 
derivatives. But, simply supposing that /'(z) exists, we have now proved that it is con- 
tinuons and therefore that its real and imaginary parts are. We assumed continuity 
of the derivatives of *uid ^ in 11*063, but now it turns out that existence of /'(z) at 
oK points of a region is enough to imply it, as we su^ested in 11*03. The condition is 
one of the kind called superfluous in 1*086. We thus reach the end of a long story. 


11*14. Relation of Cauchy’s integral to power series. Now 

1 \ Z 7^ jgjW+l 

Hence, if (7 of 11*13 is a oirole, { i | = c, where ( z | <c and/(i) is bounded on 0, 


w^wire 


» /-V 1 f * 


(«) 

(7) 

(8) 
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Since z is within C, 

Cauchy's inequality 

1 f — z 1 has a lower bound p > 0 when t lies on C. Hence 
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— 2m = — !- , 

P pc ’ 

(9) 

where M is the upper bound of [ /(<) [ on C. Hence [ S,„(z) ! 0. and 




(10) 


for all z within C. Hence, in the conditions stated, /(a) has a convergent ejrpanmon in a 
power series f whose radius of convergence is not less than c; and comparing with (5) we see 
that this series is the Taylor series for f{z) about z = 0. Consequently all results proved for 
functions defined by power series are true for anal 3 d;ic functions in general. 

11*141. Cauchy’s inequality. If we now write 

/(z) = Sa„z» (11) 

then for I z I < c 

I (12) 

Hence within and on a circle about z = 0 no term of the power series ejepartsion of f[z) has a 
modulus greater than the maoevmum modndus off{z) on C. This is Cauchy's inequality. 

If i2 is the distance of 0 from the nearest singularity or from the nearest point of the 
boundary of the region, whichever is smaller, then by 11*14 the series Sa„z" converges 
and is equal to /(z) for all z such that | z | <i!. Further, R is the greatest value such 
that this is true whenever | z | < J2. For if not, let it be true whenever \ z\< R', where 
R'>R. Then either (1) the circle of convergence of SonZ" contains a singularity of the 
function given by the sum of the series, which is impossible by 11*111, (2) for part of 
the circle the sum of the series is not /(z), or (3) the circle of convergence extends beyond 
the boundary of the region where f{z) is defined. 

If /(z) is defined uniquely for all z except possibly for isolated singularities the theorem 
takes the ampler form: the circle of convergence of a power series passes through the 
singularity of the function nearest to its centre. 

Also, by comparison with 11*091 and 11*14, if two functions are analytic for | z | < c, 
a necessary and sufficient condition that they shall be equal for | z | < c is that they have 
tAs same expansion in powers of z; and both functions unU then be equal to the sum of the 
series for | z j < jB, where R is the value of \z\atthe singularity of either funeUan nearest 
to the origin. 

11*142. Liouville’s theorem; integral functions for large |z|. If /(z) is 
analytic over the whole plane, we can take £7 to be a circle of arbitrarily large radios e. 
Then iff{z) is bounded over the whole plane, say [ /(z) ] < Af , 


vhieh is arbitr«rily small for » > 0. Hence 


/(*) =■ <»o. 
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and therefore a function bounded and analytic over the whole plane is a constant. This is 
LiouviUe’s theorem. 

Conversely if a function is analytic over the whole plane (an integral function) it is 
unbounded for large | z | unless it is constant. 

11*15. Two other theorems with some resemblance to Cauchy’s inequality may be 
proved here. Krst, the real or the imaginary part of an analytic function has no maximum 
or minimum within any open region. For, if it has, let us take the maximum to be at = 0 
and the contour C of 11*13 to be a circle about 0. Then 




1 

-1 f{cef»)dd, 


2?tJo 


■where we have put t = ce^ on C. Hence /(O) is equal to the mean value of /(«) = 
on any carcle about 0 and therefore neither ^ nor ^ can be grea'ter at 0 than at every point 
on the circle; sdmilarly, they cannot be less than at every point of the circle. The extreme 
values of ^ and ^ in any region must therefore be taken on the boundary. If ^ id constant 
on C, then by the uniqueness theorem (6‘074) ^ is constant ■within C; then by the 
Cauchy-Biemann relations rjr is constant ■within G. Hence /(z) is constant ■within G, and 
by analytic continuation (ll*16)/(z) is constant over the whole region. ^ and ^ can have 
stationary points, but if they are maxima for some directions of displacement they are 

minima for displacements at right angles, in accordance ■with the fact that = 0, 

when ®', y' are any pair of rectangular coordinates. 


11*151. Maximum modulus principle. // /(z) is analytic in a region, | /(z) | Tm 
no maxmmm within the region; and if \f[z) \^Malall points of the boundary, | /(z) | < Jf 
at aU points of the interior unless f{z) is constant. Let Zj be a point ■within the region, 
put z = Zo + i , and take a small circle G,t = ce^, ■within the region. Then, if asterisks denote 
conjugate complexes, 

f(z) = ^+it = ao+ia^t^; + \f{z)\^=ff* 

and the series are absolutely convergent on C. Ti m,n are unequal integers, 

/•Sjt ^2n 

t”H*^d6 - I e^^^^^dO = 0 

Jo Jo 

and thesrefore ^ 

= |aol*+|KI>c**>ja„|*==I/(z„)|>. 

Hence ] /(z#) |* is not greater than the mean value of |/(z) |* on G, equality holding only 
if /(z) is constant. If /(z) is not constant it follows tlmt for any Zg not on the boundary 
there are points z arbitrarily near Zg such that | /(*) 1 > 1 /(«g) 1 , and the upper bound of 
|/(z} I can be taken only on the boundary. 

Alternatively, if arg/(zg) « a, take g{z) - «-<•/(*). Then %<Zg) = |/{zg) |, g^(z,) « 0. 
H we take any eirole C about as centre, and 9tg(z) is not constant, th^, by 11*16, 
#!>(*)> l/(i^ I •* some pmnt Zj of O. Hmaoe !/(%) | > | g{zi) | > |/(Zg) [. 
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By applying the same arguments to we see that I /(s) j cannot have a minimum 
at an internal point if l//(s) is analytic. 

The maximum modulus principle has considerable mathematical and also physical 
im portance. It can be stated alternatively; if j /(a) j = Jlf on a closed contour, and at 
some point within the contour | /(a) j > M, then/(z) has a singularity within the contour. 
If at some point within the contour | /(a) | < M, ljf(z) has a singularity within the con- 
tour and /(a) will have a zero or an essential singularity. 

It shows also that in two-dimensional electrostatics the maximum electric intensity, 
and in hydrodynamics the maximum velocity, occur on the boundary provided there are 
no singularities within it. These statements can be extended to three dimensions. 

A curve of constant [ /(a) ] may have a node Zj. If so, we have that for two distinct 

J J 

directions through Zj, ^ 1/(2) 1® = 0. But | /(a) j® is differentiable;* hence ^ |/(z) j® = 0 for 

any direction through aj and /'(aj) = 0. (The case j /(zj) j = 0 can be excluded. For if 
there was a continuous curve with ( /(a) | = | /(z^) j = 0, Zj would be a limit-point of zeros 

d 

of/(z), which would therefore be zero everywhere.) Conversely, if/'(2i) “ ^ I /(®) I* “ ^ 

for every direction through z^, and a curve of constant | /(a) [ through Zj has a node if 
/(a) is not constant everywhere. 

If the curve | /(a) | s: M passes through a node and has a loop within the region, the 
loop may be regarded as a closed curve by itself and the maximum modulus principle 
applies to it. 

11*16. Anal 3 dic continuation. We have seen from Taylor's theorem that if a 
function /(a) is given by a power series in a, it can be represented also as a power series in 
a— Z q, where Zq is any point within the original circle of conveigenoe, and this series will 
converge within any circle about Zg that does not pass beyond the original circle of con- 
vergence. It may, however, converge within a circle that does pass beyond the original 
cirde of convergence. Take the function 

/(z) = l+z+z^+ 

and put Zg = Ji. /(a) is already known to be equal to 1/(1 — a) for | s [ < 1, and its derived 
series express the functions 

1! 2! 3! 

(l-z)»* (1-2)®’ (1-2)*’ 

Hence the Taylor expansion of /(a) in powers of a' = 2—^1 is 

1 z' a'* 

(rr|?)5+^3|i)3+ 

By Taylor’s theorem we know that this series must converge and be equal to the original 
function if ] a' | < J, since » is the point of the oirele ] a | « 1 nearest to }t. But we see by 
inspection that it actually converges if | a' } < 1 1 — 4* j =■ 4^6. This is what we should 
eaqpeot since by 11*141 the cirde of convergence must paes through the singularity 

* As a funotioa of a; and y, in the sense of 11*04 (10). 
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of the function nearest to the origin used. But the series considered might have repre- 
sented no function already known; in that case the new Taylor series would define values 
of an analytic function over a range of z where no funcMon is defined by the original series. 
Then we may be able to extend the range of definition further by taking a new Taylor 
series about a point in the new region. This process is called aTudyUc c<yntimuUi<m, and is 
fundamental in Weierstrass’s theory of functions, which takes the power series as the 
fundamental definition of an analytic function.* Weierstrass’s definition has the merit 
of being constructive; that is, we can assign any coefficients we like and always get a power 
series, the convergence and continuation of which we can proceed to study.* Some fimc- 
tions arise naturally as power series, as, for instance, when we solve a differential equation 
by series. Some of the proofs, however, are more difficult with Weierstrass’s approach 
than with Cauchy’s. With the latter, however, we achieve little until we actually find 
functions satisfying the conditions stated for a function to be analytic; and what we find 
is that the most general analytic functions have power-series expansions. Hence the two 
theories are completely equivalent: but in practice our initial information about a func- 
tion sometimes shows that it satisfies Weierstrass’s condition, sometimes Cauchy’s, and 
therefore, strictly speaking, both developments are necessary to a complete theory. In 
practice, however, when continuation is required the direct use of Taylor series is laborious 
and seldom used. What we usually need is the foUowing theorem. 

11*161. If tu'o functions f-j_{z), f^(z) are analytic in a region D and equal in a region D' 
within J>, they a/re equal everywhere in D. Take Zg to be any ordinary point in D', and Z 
any other point in D. Then /^(z) = /a(z) within any circle about Zg that does not reach 
a singularity or the boimdary. Now suppose 2 ^ and Z connected by a curve of finite 
length in D not reaching the boundary or passing through a singularity. The distances 
between points on the curve and the singularities have a positive lower bound S; so have 
their distances from the boundary. Hence we can choose points ^ 

such that I | < $, and n is finite. % lies within the circle of convergence of the 

series representing /^(z) and / 2 (z) in powers of z — Zg ; hence both functions have the same 
Taylor series in z— z^, and Zj, is within its circle of convergence. Proceeding we can show 
in a fibcdte number of steps that both functions have the same Taylor series in z— z„_i, 
and its circle of convergence includes Z. Hence /i(.Z) ^fJfS). 

It is not necessary to the argument that the functions should be known to be equal at 
every point of a region. It is enough that they should be equal at, for instance, an infinite 
number of points within a square, or even along a finite stretch of a straight line. For we 
can establish the existence of a limit-point by the method of successive bisection, and 
it is in a region where /^(z) — /j(z) is analytic. Take it as origin and apply the argument 
of 11*091, and it follows that A(z) =/i(z)—/g(z) is everywhere zero for |z— Zgj<d. 

It is astonishing that so much can be inferred finm a knowledge of the values of the 
function in a limit^ region, but we must remember, as for Cauchy’s theorem, the severe 
restrictions on the possible behaviour of the function imposed by the condition that it is 
analytic. We shall see under Fourier’s theorem that it is sometimes posrible to extend tiie 
definition of a function outride the original range in a quite different way by a ss um i n g 
different propnties outside the range. 

and Mozley, Theory qf Pmclionat Hurwitz and Couraat, JLUffemeine Funitiontn- 
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The condition that the set of points where h(z) = 0 tnust have a limit-point is essential. If, 
for instance, two functions were known to agree whenever 2 is an integer, their difference 
vanishes at an infinite number of points, but these have no hmit-point, and the functions 
could differ by any multiple of sin 2jrz. The condition that h{z) must also be analytic at 
the limit-point is also essential; for instance, if h(z) = 0 when z= I n it could be any 
multiple of sin tt/z. The additional information that h{z) is analytic at 2 = 0 removes this 
jiossibility. 

We have seen in 11*141 that any function f{z) defined by a power series must have at 
least one singularity on the circle of convergence. The process of continuation may lead 
to definitions all round a singularity a. If the result at a given z depends on whether we 
pass a on the side where arg z < arg a or arg z > arg a, a is a branch point. If it is independent 
of the route, o is a pole or an essential singuiarity.* • 

A type of application that we shall often meet is to the solution of a differential 
equation of the form 

where F is such that if ^ is an analytic function of z in a r^ion D so also is F. We 
may find by some special method that ^ — f(z), where /(z) is analytic, satisfies this 
equation in a certain region D' of z, included in D. Then F{z, fiz), f(z), f{z)l- is an 
analytic function of 2 , identically zero in D'. It follows by continuation that this 
fimction is zero over the whole region D, and therefore /(z) satisfies the differential 
equation in D. 


11*17. Laurent’s theorem. Let /(z) be analytic and single-valued between and on 
two circles C and C, with centre 0, C being interior to C. Take 2 between them and 

draw a small circle C around z. Then is a function of t with no singularity in the 


region bounded by C, C and C or on the bounding curves. Hence 


Jo-f-s Jo<-a 


all contours being taken in the positive sense. But as for Cauchy’s 
int^ral the int^al on the left is 2nif{z). To evaluate that round 
C, we can expand in powers of zjt since 1 1 1 > | z | ; hence it is 




On O', 1 z [ > 1 1 1, and we can expand in powers of </*; the corresponding integral is 


n-i J(r 


This shows that in any region between two concentric drdet that is free from 
a function can be eaq>anded in a power series inclvding negative powers. 


aa-4 
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11*171. Several important consequences follow. First suppose that /(z) has a aingnlftr 
point at the origin and no other within C. Then the integrals around G' axe independent of 
the radius of G', by 11*066. If possible let m be an integer such that z™/(z) is bounded 
in some circle D within G', except possibly at the origin; that is, a, M exist so that 

\z^f{z)\<M (0<|z|<o). 

Thenif «>»»+ 1 and the radius of Dis 6<a 

i “ i Jz> ^ j ^ I ^ 1 (1^1=^) 

= 2nM 

which is arbitrarily small since we can take b as small as we like. But since the integral is 
independent of b it must be zero. Therefore if z'"/(z) is bounded within any given radius 
from the origin (except possibly at the origin itself) the Laurent expansion contains no 
terms in zr^ with » > m. If m is the lowest integer ( 0) that makes this true, /(z) has a 
pole of order m at the origin. If it is true for m = 0, the whole of the negative powers 
disappear and we recover Cauchy’s expansion. We can prove nothing about the value 
of /(O) by using Laurent’s theorem alone, since z = 0 is always excluded from the region. 
But if m = 0 and /(z) is continuous at z = 0, /(O) must be equal to the constant term in 
the Cauchy expansion and therefore /(z) is analytic at z » 0. We can therefore say that 
if m =s 0 and /(z) is continuous, /(z) is analytic at the origin. Hence if m is a podlm 
integer and z^{z) is bounded in the neigJAourhood of the origin, hd z^y(z) is not, f{z) has 
a pole of order mat the origin ; and if f{z) is bounded and contirmous it is arudytio. 

Now this is the converse of the definition of a pole of order m. Therefore a necessary 
and sufficient condition for an isolated singularity at z — 0 of a mngle-vdiAied function to 
be an essential singularity is that z’’*/(*) shcdl be unbounded near the origin for all positive 
integral values of m. 


11*172. Behaviour ncsar an isolated essential singularity. Again, iff{z) has apde 
of order m, l//(z) has a zero of order m, and cmversely. The condition that/(z) is not analytic 
stz = a, but l//(z} is, is in fact often taken as the definition of a pole. Similaxly,/(z)— chas 
a pole of order m, where c is any constant, and therefore 1 /{/(z) — c} has a zero of order «i. 
Conversely, if the last function has a zero of order m, f{z)—c and therefore /(z) have a 
pole of order m. If l/{/(z) — c} is analytic at 0, and not zero, /(z) is analytic. Hence if /(z) 
has an essential singularily at 0, l/{/(z)— c) also has an assential singularity at 0. For if 
the latter function was analytic /(z) could have at worst a pole, and if !/{/(») —«} bad a 
pole /(z) would be analytio. But if l/{/(z) — c} has an isolated essential singularity at 0, it 
is unbounded near 0; hence «n any circle about an isolated essential singularity f(z) must 
somewhere approach arbitrarily dose to any finite vcdue. It has been proved by Heard 
that it aotoally takes every value an infinite number of times,* except possibly for one 
value that it never takes (for example 0 for/(z) e^). We can, of course, in no circum- 
stances speak of the value at the singularity itself, since this is undefinable directly and a 
definition by any limiting process will depend on the direction of approach. 

•> difSoolt to ooraptote. Cf. XHnhmanh, Thtory of FtmeUens, p. S8S; 

XeanAn. J lamdlw i g . ..FunidonmAserie, 19M, Oh. 7. 
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1 1*173. When an expansion of Laurent’s form exists about an essential singularity, say 


we have 


/(s) = S a»s"-r S 


71 ** 0 


7n**l 




f(z)dz = 2nrjfl_i, 


where D is any contour lying between C and C and surrounding the origin. Thus the 
method of residues is applicable even to functions with essential singularities provided 
that the conditions for Laurent’s theorem are satisfied. 


1 1*174. It should be noted that, if there are several singularities within C, the expan- 
sion will alter for any change of C that makes it pass over a singularity. Thus exp (I/ 2 ) 
has a single expansion in negative powers valid everywhere except at 2 = 0. But cosec { 1 ( 2 ) 
and exp (cosec 1 jz) can be expanded only in a zone from \z \ = l/(n -f 1 } w to | z | == 1 jmt, 
and will require different expansions for every value of n. No power series, even including 
negative powers, can hold in the nei^bourhood of an unisolated essential singularity. 

1 1*175. ///(z) has no singularities except a finite number of poles, oq, . . . and is bounded 
at infinity, f{z) is the sum of the principal parts at the poles together with a constant. Take 
small circles about the poles and a contour C large enough to include all the 

poles; then if z is within C and outside Ci, Cj. ... 


/( 2 ) = 


2mjat—z 


di- 



The first integral is independent of C so long as C contains all the poles o£ f{l)j[t—z). 
Hence we can take C arbitrarily large. Then since f{t) is bounded for large t the integral 
is a finite constant. As in the proof of Laurent’s theorem the integral about each gives 
the principal part at the pole a^. This proves the theorem. 

It follows that a function with no singularities except poles, and bounded at infinity, 
is a rational function. For we have only to bring the principal parts to a common denomin- 
ator, and/(z) is the ratio of two polynomials, the numerator being of degree not higher 
than the denominator. 


11*176. Fourier’s fheormn. A form of this theorem can bo derived from Laurent’s theorem. 
Under the conditions for the latter all the/(t) and/(t) are analytic in the region used, and the 
paths U and U' can therefore be replaced a circle Z>, |# | « [cl. Put a as re**, t as re*^; then 

a* f {re**) 

/(*) “ ^ (**' nrtf*)oi»n(^-0)ib^. 

mj 0 ^ J • 

Thii i« one of the cdznplest mys of finding the Fourier expansiott; but it thAt/(f) is enalsTtio 

within a Eooe |*il<l*l<|*,|, where |ti|<l*|<|«,|, and this cmidition is not usualty sattoaed in 
tl» o ei w s where we need the expansi on . We shall obtain the eacpaasiontiadarnwre general ooeditioos 

in Chapter 14. 
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11*18. Functions with no continuation. It might be supposed that, since the most 
familiar power series can be continued by Taylor’s series beyond their original circles of 
convergence, this can always be done. This is not so. Consider the series 

f{z) = l+«+ 2 ®+s® + .. 

This has radius of convergence 1 , and hence there is at least one singularity with modulus 1 . 
As we approach s = 1 from inside, every term tends to 1 and the sum to infinit y; and since 
a point where/(a ) tends to infinity for at least one direction of approach must be a singu- 
larity, s = 1 is a singularity of the function. 

Now within any arc of the circle, however short, there are points where arg « is a rational 
fraction of 2w. Put then 

z = r exp Sw* — (r < l), 
where m and n are integers. Then 

2»i Qxp2mm{n—1) \ = 


and so on; and the series becomes 

f{z) = (l-l-a-|-...-f-5<»-«>) + r»‘+r<“+«> + .... 

As r approaches 1 the first part tends to a finite limit and the rest to infinity. Hence there 
is a smgularity at a s= exp {2nimjn) and therefore in every arc of the circle. No Taylor ex- 
I>ansion about an internal point of the circle can converge beyond the nearest smgularity, 
and this is at the nearest point on the circle (since a limit-point of singulariiies is a 
singularity). Hence no continuation is possible. 

A still more peculiar case is Osgood’s series 

“ ^(a“ 4-1) (o'*-!- 2)’ 

where a is an integer greater than 1. The circle of convergence is again 1*1 = 1, but not 
only does the series converge at all points of the oirole, but its first derived series does. 
Yet we know &om general considerations that there must be at least one si ngul ari ty on 
the circle. We call this and consider /(z^) and where 

1 *x 1 = 1 *2 1 = r < 1 , arg*i = aocgZfl, argaj = arg*o+ 

h bmng an integer. As for the last series, the terms up to that with » m — 1 differ in the 
two oases, but the later ones are all identical except for the factor (sa/si)‘. Consequently 
if we form the Taylor series about Zj and and consider points on the respective radii 
there will be differences in the early terms, but the later ones, which determine the con- 
vergence, are in a constant ratio. Hence the Ts;^or series in z— 2 % is not convergent 
if 1*— Z 2 l>l— r. Since m may be taken arbitrarily large we have again the result 
that there must be a singularity in every arc of the circle of convergence, in tpite 
of the apparently good behaviour of the function then. We may compare the £»ot 
that 2 ^ logs and ito first derivative vanish at z = 0, which is nevertheless a branch point of 
the fonction; hut it k sorpiiring that such behaviour should he posaihle over an entire 
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circumference. The reason why the function must be considered non-analytic at | s | = 1 
is that it is impossible to say what we mean by its derivative as ! s j approaches 1 from 
outside because we caimot say what/(2) is outside. 

These cases are artificial, but are given here to show that it is quite possible that an 
analytic function may be defined in part of the plane and completely indefinable outside 
it. Every point of the circle of convergence is a singularity. 

11*19. Abel’s theorem. If a power series Hi a,, z" is convergent at a point on its circle 
of convergence, it is uniformly convergent on the radius up to and including »0, and its sum 
approaches the sum S a„2o Ihe limit. It is not necessary that S a^^z^ should be absolutely 
convergent. The theorem follows by applying that of 1*1132 to the real and imaginaiy 
parts of the sum separately. The theorem is important because it often provides a way of 
summing conditionally convergent series that would otherwise be unmanageable. Thus 
consider the series 

10g(l+S) = 2-^222 + ^=®-..., 

which converges on the circle of convergence except at r = — 1. Hence by Abel’s theorem 
we can put z = e^^ directly, and get 

log(l+e») = 

and also = log {2 cos -J 

- log (2 cos 5^) + ^*^. 

Separating real and imaginary parts we have 

cos d — i cos 26 + J- cos 30 — ... = log (2 cos ^0), 
sin6— Jsin26+ Jsin36— ... => ^0, 

This device of inserting powers of j* ( < 1 ) in the coefficients of a series to make it abso- 
lutely convergent is now usually known as Abel summation. It had previously been 
used by Euler, and is therefore also called Euler summation', but the latter name is 
now usually given to another method also due to Euler. 

The method can even be used to suggest a meaning for a series in a region where it does 
not converge. For instance, we might obtain the series 

a cos 0 — cos 26 -f- cos 36 — . . . 

as the solution of some problem, but in the conditions of that problem a > 1 and the series 
has no definite meaning as it stands. Nevertheless, we may fry the result of taking o < 1 , 
when the series becomes 

9t{log (1 -fae")} =* log 1 1 -f j 

=: il<^(l-l*2aco8 64a*). 

This suggests a meaning even when a > 1, and a suggested form for the answer is often 
a great help towards obtaining a valid proof. In this case the justification would be 
oompleted if we knew that the function required was the real part of an analytic funotioa 
of the oomples; variable ae^ for all a; for then we could sum within the oireki of oon- 
▼etgenoe and i^pply the result outside by analytao oontinuation. 


(— ?r<6<7r). 
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11 * 20 . Morera’s theorem. Suppose that for all paths L within a certain closed 
region the integral of a continuous single-valued complex function, not assumed analytic, 
between given termini = {xq, yo), Z = {X, 7) has the same value, and therefore depends 
only on the termini. We write 

j ^{^{x,y) + i^{x,y)}dz = F(X, 7). 

Also ^ J^4>(x,y)-¥i^{x,y))dz = 7+71), 

where is a path connecting 20 with Z+^, where ^ is small enough for the straight line 
connecting Z with + {[ to lie wholly within the region. Then L' can be taken to lie entirely 
within the region. Since F{X -f + ?) is unaltered by changes of the path U so long as 
the ends remain the same and it continues to lie within the region, we can take L' to 
coincide with L from 20 to ^ and then proceed as a straight hue to Z+^. Then if arg ^ — $ 
we have for variations with argument d 

lim \{F{X+g,7+ri)-F{X,7)} 

ICl-^ob 

1 f^+c 

= lim -p {^+i\p-)dz 
=^<^{X,7)+if{X,7y, 

and this is independent of arg^. Hence F{X, 7) has a derivative in the sense of 11*03 
and is an analytic function of the complex variable Z. Hence also is an analytic 
function. 

This theorem is a converse of Cauchy’s. 

One importance of this theorem is that it ^ows that the uniqueness of a complex 
integral for variations of the path involves the same sort of restrictions on the real and 
imaginary parts of the integrand as the uniqueness of the derivative for variations of 
dixeorion. 

Another is that it provides an ea^ proof of the proposition that a uniformly convergent 
series of analytic sin^e-valued functions is an analytic single-valued function. So fiir 
we have proved this only for power series. Iiet 

8{z) = S ««(2), 

w-O 

where the «,(s) are analytic single-valued functions of z. If the series is uniformly con- 
vergent in a region it can be integrated term by term along any path in the r^on; hence 

f S{z)dz « S f «i.(z)&!. 

JL 

But since the h,|(s) are analyric and single-Talaed in the region their integrals depend 
ealycmtheteKniinL Henm the integral on the left depends on the terndni.Thanf<we, 

Micceira’e thaorrau, S(*) is an analytio sing^vahied fuaetion hi the region. 
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11*21. The Osgood-Vitali theorem. A much more powerful condition for the limit 
of a sequence of analytic functions to be itself an anaU’tic function was given by 
W. I". Osgood* and extended by G. Vitalii and R. .Jentzsch. We shall only state the result ; 
aproof isgivenby Titohmarsh.t Let {/„(»)}6e a sequence of functions, each nnalyfie inaregion 
D; lei | /„(*) | ^Mfor every n and every z in D; and letff^z) tend to a limit, as b->oo, at a set 
of points haviTig alimit-point inside D. Then in any region interior to D,f„{s) tends uniformly 
to a limit, and the limit is an analytic function of z. 

The most difficult part of any application of the last part of 11*20 is to show that the 
series (or the sequence) considered is uniformly convergent. The Osgood-Vitali theorem 
establishes this in general subject only to the existence of a limit at an infinite set of points 
with a limit-point in the region and to the sequence being bounded. In practice the 
existence is usually established at all points of some region enclosed m D, which is a more 
stringent condition than that assumed by Osgood, and still more than that assumed by 
VitaJi. 

The limit-function is not necessarily analytic on the boundary’’ of D. 

EXAMPLES 

1. Prove that if we tried to define an algebra of number pairs by ll'Ol (!'), (2'}. (3') and 

yy' ss (aa'+bb', ab'—ba'), 
the commutative law of multiplication would not be satisfied. 

2. If is the (n-h 16)th root of unity, of least positive argument, and is the nth power of 

prove that forn = 1, 2, , • . the points proceed anticlockwise once round the unit circle. Determine 

how many are situated in each of the four quadrants. AUo evaluate | as a function of n 

# and determine for what n its value is largest. (leC. 1942.) 

3. Prove that if a sequence of complex niunbers Zn tends to a finite limit €{^0)^ then l/Zn-^^l/c, 
Prove also that is aaxalytic and /(O) 4:0* then !//(«) is analytic at s = 0. 

4. Show that, if and A €ure positive real numbers, and 

»'n+l+'7 = 

*n 

then the condition 1 is necessary for the convergence of the sequence {r,,}; show that it is also 
sufficient in the case rQ> 1, by verifying that r„> 1 for every n, and 

I r^-c\ 

— 1 

for a suitable a> 1. (1*0. 1939.) 

5. Given that the series S a^z^ has the radius of convergence 2, find tlie radii of convergence of 

Sojs*, S S(af+a5+...+a;)2;% 

wbece ib is a fixed positive integer, and in the fourth series the numbers are positive, (M.T. 1942.) 

6. By considering the function exp {iitf (*)} for suitable constants kf or otherwise, show that 

(i) if u is bounded for all z then f(z) is constant, 

(ii) if u <e for aJl s then/(s) is cozutant, 

vrhsro/(«) sau+iv is an analytic function of z and u and v are real. (Prelim. E xam . 1943.) 

* Annalt of Maihemaiic0t (2), 3, 1902, 25*34. 

t AniuM di MatemaHca, (3), 10, 1904, 65*82. 

X Theory of FiOhcUonSf 1932, p. 168. 




(i) 


t 




8. It/(:1 is analytic for j 2 j<l, |/( 2)|<1 for j 2 j<l, an(i/(0)=0, 



prove that |/( 2 ) 


<2 


I for 
(Schwarz,) 


I Derive an alternative proof of the maximum modulus principle from the fact that 
log I/I 2 ) I = 5llog/(2) in a suitably defined region. 


If). If /(z) = flo+(i„z®+Ji( 2 ), where is the first non-zero coefficient after aj in the expansion, 
prove tot c exists such that for l2|<c, lJi(2)l<|lQ/|, and hence prove the maarnum' 
modulus principle. 


11. Prove that an analytic function whose only singularity is a pole at infinity is a polynomial. 

|*B 





where a; is real and /(i) is real and ^ 0, existe tor every complex value of k (including /: = 0), prove 
U()(«)kmkiegnlfiKtk 


13, If /(!) is amlytic in a regim sad not constant, ptove that flic values of s where ] J(ij | s I 



Chapter 12 

CONTOUR INTEGRATION AND BROMWICH'S INTEGRAL 

‘Go round about. Peer GjTit !’ 

XBSx^v, Peer (ri/nt 

12*01. Description of method. This method of evaluating definite integrals is based 
directly on Cauchy’s theorem. We have had instances of it alreadj* in the proofs of 
Cauchy’s inequality and Laurent’s theorem. A simple example is the following. Take 

7= f ’ — — (1) 

jutt-bcosO’ ' ^ 

where a and b are real and a > 6 > 0. The integrand is an even fimction of 6, and therefore 

sjn a — bcosd Jo 2ae‘"— 6(6“'"+ 1)' 


Put 


e'**'' = z. 


As 6 increases from 0 to ‘In, z moves round the circle j s | = 1 . Then 

7s=— If 

ijebz^-iaz-^b* 


(3) 


(4) 


where the path of integration is around the unit circle. But this is a closed contour and 
the integral is therefore equal to iiti times the sum of the residues at any poles within it. 
There are two poles, namely, the zeros of the denominator, and their product is 1; write 


ba.-a—^{a^— 6®), bja = a + y'(a“ - 6®), 
Then ex, is within the unit circle and Ija outside. Then 

dz 


(5) 


^ibjciz- 


a)(z-l/a)' 


Near a the integrand has the form 

— L-- 1 -JL-q. terms analytic at z =a a), 

GC— 1/CC — CC / 

and the residue is therefore (a — l/a)”^. Hence 

J = 



sm 


tr 


ib{a — 1/a) ^(a* -• 6®) * 

12*01 1 . Now consider the rather more complicated integral 

dO 




6cosd)* 


( 8 ) 


(1) 


tmder the same conditions. 
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With the same transformation 

^ _ 2 I* zdz 
~ i — 2a2+6)® 

_ 2 I* zdz 

~ J o (2 — a)* ( 2—1 /a)® 


again around the unit circle. But now 2 = a is a double pole and we must expand to get 
the coefficient of (z—oc.)-K Put 

z-oc = z', ( 4 ) 


and the coefficient of 2 ' is 






(5) 


( 6 ) 


This is the coefficient of z'~^ when the integrand is developed in powers of 2 ', and therefore 
is the residue. Hence 


_ 47r f 2(g®-6®W -»2g 




1 b 


na 


(a2_6a)%- 


(7) 


12*02* The case "when. b>a may be used to illustrate the notion of the principdl value 
of an integral. Beferring to 12*01 (6) we see that in this case the poles {a ± isj{b^-a^)}lb 
are complex and have modulus 1; the integrand therefore diverges on the suggested 
contour, just as it does at the point where cos 6 =» afb in the original integral. In such 
cases the integral is strictly meaningless, but a related integral sometimes occurs in 
practice, though its use always needs special justification. For real variables, if /(a?) has 
a simple pole at a? a we cut out a range on the path from o — A to a + A and form the in- 
tegral over the re maind er. If this has a limit when h tends to 0 we call ihe limit the prin- 
cipal value of the integral. The simplest case is that of the logarithm. If a and b are real 
and have the same sign, we can choose a real path from ato b without passing through 
the origin^ and then 



But if a is n^ative and b positive the integral divei^ea at or 0. But we can still define 




log 


b 

roT’ 
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This integral is called the principal valve and is unambiguous. The condition that we must 
use the same h on both sides is essential; it will be seen that by taking the jSrst integral 
from a to —h and the second firom k to 6, we could make the limit anything we like by 
making h and k tend to zero in a suitable ratio. Principal values are often written as 
ordinary integrals, but this practice should be avoided. We see that if the complex variable 
was used we could complete the path by a semicircle from —hto+h about the origin, 
either above or below the real axis. The former, being described in the negative direction, 
would give a contribution —nv, the latter, +iTi. According to the path permitted by any 
cuts made in the complex plane we should therefore have in this case 



±i7r. 


The principal value is the mean of these alternatives. 

Similarly, if a path in the complex plane passes through a simple pole a- we can define a 
principal value of the integral along the path by cutting out the part of the path within a 
small circle of radius h about a and then making Atend to 0. If we change the variable zto^, 
and dzjd^ is finite and not zero at the pole, the same device will define an integral m the 
^ plane, and the two will be equal. Por if the circle in the z plane cuts the path at a — A and 
a+k’, where | A | = | A' | = Aj and that in the ^ plane cuts the path at a—K and a+x', 
then if A and A' tend to 0 so that A/A' -»■ 1, x and x' will also tend to 0 so that x/x' 1. 

In the case of the integral 12-01 (1), if 6 > a, 

pS’-JL-^-hp( ^ 

Joo— Acosd i Jc6(«-a) (»-!/«)’ 

where we must cut out parts of the path withm small circles about the 
two poles and then make the radii tend to 0. But we can still complete 
the contour by swiding small semicircles about the poles and inside the 
unit circle. There is no singularity within this contour and the integral 
about it is 0. The two arcs tend to semicircles, and as they are described in the negative 
sense the integral on each tends to —tK times the residue. But the residues are, at a and 
1/a respectively, 

1 1 1 1 

ia— 1/a’ t 1/a— a’ 



which are equal and opposite. Hence the integrals around the arcs together tend to 0, and 
therefore the principal value of the integral around the unit circle is 0. 

This device for defining a principal value succeeds only at simple poles. 

12*03. If /(z) = giz)lh{z), where g{z) is analytic and not zero at z « o, while A(z) has a 
simple zero there, we can write 

where ^(z) is analytic at a; then the residue is obtained immediately as g{a)lh’(a). For 
multiple poles it is usually necessary to cany out the expandon as far as the term in 
(z-a)ri, and this may be troublesome. 
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With the same transformation 

/ 


^2r » 

“ iP Jc(^ 


'2az+b)'^ 


12-02 


( 2 ) 


a)2(s-l/a)2 


(3) 


again around the unit circle. But now g = a is a double pole and we must expand to get 
the coefiScient of (z — a)~\ Put 

g-a = 2 ', (4) 


and the coefficient of z’ is 


(5-*)^(5-‘‘+^) “ (i-*r(5+4 


(«) 


This is the coefficient of when the integrand is developed in powers of z', and therefore 

is the residue. Hence 


47rf2(o*--6*)*^\-S2a 

" 6M & } b 


na 


(aa-68)%- 


(7) 


12*02. The case when b>a may be used to illustrate the notion of the principal valm 
of an integral. Referring to 12-01 (6) we see that in this case the poles {a±i<>J(b*—a*)}ib 
are complex and have modulus 1; the integrand ther^ore diverges on the suggested 
contour, just as it does at the point where coad = ajb in the original integral. In such 
cases the integral is strictly meaningless, but a related integral sometimes occurs in 
practice, though its use always needs special justification. For real variables, i£f(x) has 
a simple pole at « « a we cut out a range on the path from a—htoa+h and form the in- 
t^ral over the remainder. If this has s limit when h tends to 0 we call the limit the prin- 
cipal value of the integral. The simplest case is that of the logarithm. If a and b are real 
and ^ve the same sign, we can choose a real path from a to 6 without passing through 
the origin, and then 

f*dar , b 
log-. 


J, 


But if a is negative and b positive tiie integral diverges at x 


0. But we can still define 


3» X 


> lim! { 
t lim (log- 


h *J 


log -2- -log 


—a 


b 



12-03 


Principal value of an integral 349 

This integral is called the principal value and is unambiguous. The condition that we must 
use the same h on both sides is essential; it will be seen that by taking the first integral 
from a to —7i and the second from k to 6, we could make the limit anything we Uke by 
inaking h and k tend to zero in a suitable ratio. Principal values are often written as 
ordinary integrals, but this practice should be avoided. W e see that if the complex variable 
was used we could complete the path by a semicircle from —h to + A about the origin, 
either above or below the real axis. The former, being described in the negative direction, 
would give a contribution — ni; the latter, + ni. According to the path permitted by any 
cuts made in the complex plane we should therefore have in tliis case 



The principal value is the mean of these alternatives. 

Similarly, if a path in the complex plane passes through a simple pole a we can define a 
principal value of the integral along the path by cutting out the part of the path within a 
small circle of radius h about a and then making^ tend to 0. If we change the variable « to 
and dzjd^ is finite and not zero at the pole, the same device will define an integral in the 
^ plane, and the two will be equal. For if the drole in the s plane cuts the path &ta — k and 
a + k', where | A; | = | A;' | = and that in the ^ plane cuts the path at a— a: and u + k', 
then if k and In' tend to 0 so that kjk'-*- 1, k and x' will also tend to 0 so that 
In the case of the integral 12-01 (1), if 6 >a, 

pf" ^ Ipf dz 

Joa—bcoad i jcb{z—a){z—lla)’ 

where we must cut out parts of the path within small circles about the 
two poles and then make the radii tend to 0. But we can still complete 
the contour by adding small semicircles about the poles and inside the 
unit oirole. There is no singularity within this contour and the integral 
about it is 0. The two arcs tend to semicircles, and as they are described in the negative 
sense the integral on each tends to — 7n times the residue. But the residues are, at a. and 
1/a respectively, 

1 1 1 1 

ta — 1/a’ Ufa— a' 

which are equal and opposite. Hence the integrals around the arcs together tend to 0, and 
therefore the principal value of the integral around the unit circle is 0. 

This device for defining a principal value succeeds only at simple poles. 



12-03. If /{«) - g{z)fh{z), where g{z) is analytic and not zero at z « a, while h(z) has a 
simple zero there, we can write 


where ^(z) is analytic at a; then the residue is obtained immediately as p(a)/A'(a). For 
multiple poles it is usually necessary to cany out the expansion as far as the tenn in 
(z~a)-^ and this may be troublesome. 
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12*04. Let fiz) be analji;ic in a region except for poles, and consider the function 
f\z) f{z). If a is a iwle of order m, 

flz) = Aiz-a)-”>{l-r(p{z)], ( 1 ) 

where ^(z) is anal^\’tie near a and is zero at a; and 

f'{z) = — .4 (s— [1 ■>r^{zfj+A{z — a)-™^'{z). (2) 

_ f'{z\ m , , , 

Hence near a h y{z), (3) 

J\Z) z — ct 

where ^^{z) is analytic at «. If is a zero of order n, we can write 

f(z} = 5 ( 3 - 6)~{1 + a :( s )}, ( 4 ) 


and get similarly ^ +<a{z). (S) 

Hence the {vaictionf'(z)jf{z) is analytic in the region except for simple poles at the poles 
and zeros of/(s); and the residue at a pole of order m is —m, and that at a zero of order 
n is n. If then we reckon poles and zeros multiply* and take 


2mJcf(z) 


dz 


( 6 ) 


around any contour C in the region not passing through a pole or a zero of /(z), its value is 
S«- Sto, the excess of the number of zeros of /(z) within C over the number of poles, 
multiple poles and zeros being counted multiply. We notice that (6) can also be written 

Pog/(s)]c» the brackets indicating the change of log/(z) when z completes the circuit C, 
or as— [arg/(z)]o. 

Similarly if h{z) is analytic in the region, 


In paiticulax if A(z) » % the integral is the excess of the sum of the values of z at the zeros 
within O over the sum at the poles. 


12*041 . ///(z) g(z) + A(z), where f(z) and g(z) are analytic on O, and if at all points on C 


|h{z)[<lp(z)l, then 


[arg/(z)]c = Cargp(z)3c. * 

(1) 

Put 

/(*) = (l+h)p(z), 

(2) 

where 1 fc 1 < 1 on C7. Then 


arg/(z)-argp{z) « arg(l +h). 

(3) 


But 1 + 1; has a positive real part; henoe —^< atg ( 1 + ib) < 

Now the ehangee of axgf{z) and aigp{z) on desetibing C are positive or negative intogral 
arahiplM of 2w. But sinoe j axg/(z) - axgp(z) | is always less than Jw the diffetenoe of their 
ehaagee is less than ir and therefore most be zmro. 
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12*042. This theorem provides a proof of the theorem used in algebra, but incapable 
of being proved by purely algebraic methods, that an algebraic equation of degree n liae 
n roots. Let the equation be 

/(S) = 

where We can find positive quantities r^., r .^, ... so that 

!aol»'i>l«i!. l«oli>l« 2 lr •••> 

Take r = ri4-r2+ ... + r^. 

Then at all points of the circle \ z\=r, 

1 I > I OiZ"-i +02S"“- + ... -fa,, j. 

Hence, by 12-041, if we proceed around this circle the changes of argument of /(s) and 
OjS" are equal. But arg s“ increases by 2»7r; hence arg/(s) increases by 2 w 7 r. But/(s) has no 
poles; hence it has n zeros within the circle. It clearly has none outside. 

12*043. Beginners sometimes argue that since 

Sin2 = ^ 

is an equation of infinite degree, it must have an infinite number of roots. The result is 
correct, but the argument would apply equally to 

2 ® 

exps = 1 + 2+^, + ... « 0, 

M ; 

which has no roots at all. The reason why the method of 12-042 breaks down for equations 
of infinite degree is that there is no term of highest degree to make a starting point, nor 
are there any r and n such that the ^th term has a greater modiilus than all others for all 
| 2 1 >r, so that there is no comparison function satisfying the conditions of 12-041, If 
we apply 12-04 directly to exp z we have 

1 r^)*. 

2mJc/(2) pfija 

whatever path we choose; and therefore espz has no zeros and no poles. 

12*05. Inverse functions. Suppose that we have an equation 

( 1 ) 

giving ^ as an analytic function of z within a certain region. Then conversely we may regard 
z as a funciaon of since for each value of S there will in general be one or more values of 
z that maJke (1) 'ixue. This function is called the inverse function. It is often necessary to 
study functions defined in this way. To use the methods of the theory of the complex 
variable on them it is necessary (a) that there should be regions in the ^ plane such that 
ev«ry value of ^ is attained for some value of z iu some region in the z plane; that is, that 
the inverse fimotion shall exist; (6) the inverse function must be analytic; (e) it must be 
sin^-valued or capable of being made so by cuts; that is, for a suitably chosen region 
in the ^plane, if ^ is made to describe any olo^ curve in the region there must be a ooxre- 



352 Inverse functions ISI’OSI 

spending closed curve in the z plane. This requires that z shall be a continuous function 
of f and that to each ^ in the region there corresponds precisely one value of a in the region 
in the s plane. For instance, if ^ = s® we can regard z = as defining an inverse function 
to zK Then this function is single-valued provided that the ^ region is such that ^ cannot 
make a complete circuit about 0, but not if it can. We therefore need some additional 
restriction on /(c) or on the region if the inverse function is to be single-valued. 

12*051. Iff(z) is analytic and singU-valued near s = 0, andflfi) + 0, there is a region in 
the ^ plane ahout f{0) such that the eqnaiionfiz) = ^ has one solution z = in ^ form of 

an analytic function of tending to 0 when ^ tends tof(0). 


If 

/(a) = + •••> 

(1) 

put 

g(z) = fflia. 

(2) 


f(z) = ao+g(z) + h(z). 

(3) 

As in 1 1*091 we can find 

r so that for all a such that | z | < r, 



lA{a)i<ijai3l. 

(4) 

Then for given ^ the number of roots of /(a) = ^ within the circle O' (1 a | = r) is 




(6) 

IfC = ao. 


(6) 


and the conditions of 12*041 are satisfied when t is on 0; hence the number of roots of 
f(z) = Of within O is the same as the number of those of = 0, that is, 1 ; and the root 
is then clearly a = 0. 

If ^ varies continuously, aig{/(t) — ^ varies continuously at every point of (7 so long as 
^ does not pass through any value of f(t) attained on C. This certainly cannot happen if 
I Oo I < <> 1 1 (^) change only discontinuously, if at all; hence it is indepen- 

dent of ^ in the condition just stated, and there is still just one root within the circle. 
Hence within the circle 1 1 1 = r there is precisely one value of t such that/(t) = so long 

I I < i I % I a is a single-valued function of 

The condition that /'(0) + 0 is necessary. For if /'(O) = 0, let a„ (»> 1) be the first 
coefiEioient in (1) other than that is not zero. Applying the necessary modifications to 
the argument we see that for any value of ^ not equal to a^, but not differing from it by 
mote than an assignable amount, there will be n values of z within the circle that make 
f{z) => and therefore z is not a single-valued function of A point where f{z) is stationary 
Wfresponds to a branch point of Ae inverse function. 

Now consider the integral f J?; -K dt. (7) 

Let r be the contour in the £ plane corre^nding to C ba the z plane. Since f(t) «= 

Sbt only one point within C, the only pole of the integrand is at t as 2 , where f(z) as 
md the reaidae is z. Henoe the integral is 2mz. The integral is an analytic and theae- 
hie continuous Amotion of henoe z is an analytic function of C within F. If this 
tanetion oan be extonded by oontinuation, it will d^ine a function p(^; and esnee 
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f{p(Q) = ^ within F and is an analytic function, is analj-tic through every ^-region 
attainable by contanuation and equal to C is analytic in a region T containing 

no points where f'{z) = 0, p{^) will be analytic and single-valued in a corresponding 
region T' of the ^-plane. Then p(C) is the inverse function.* 

12*052. Lagrange’s expansion. In the int^ral (7) we can now replace the path C 
by any closed path D within the region where /(«) is analytic, and each value ^ taken by 
f(z) within D is taken at only one point provided that /'(z) never vanishes within D. Put 
f{t) = r and change the variable of integration to r; and take a path A in the r plane such 
that I ^ I < I T I at all points of it. We consider the case where /(O) = 0 ; if /(O) + 0, wo can 
replace /(z) by /(z) — /(O) in the following argument. 



HeteOo^ 0;andforn>l 

=2-r— 

2m L n{/(«)}’’J ^ 2mn J d {/(i))" 

The inflated part vanishes since /(<) is di^le-valued; and 


( 8 ) 


( 9 ) 


This is Ijn times the residue of at t = 0. This form is due originally to Jacobi. 

The series will converge within any circle about ^ = 0 that does not include a point 
oaiTespondingtoazeroof/'(z);ifofthevariousrootsof/'(z) « 0,5iBtheonethstmak:es 
] /(z) { smallest, let/(&) = fi. Then the radius of convergence of the series is ( /? | . 
liie coefficients can be evaluated by putting 


where ^(z) will not be zero within i>. Then 

(10) 


. 1 

* 27rinjD 

(11) 

But from the formulae for Taylor coefficients in 11*13 




(12) 

whence 


(IS) 

and 


(1*) 


JM* S9 
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This is Lagrange’s expansion. We have taken 2 = 0 as starting point. If we have 
/( 2 ) = X when z = n, and 


we have the more general form 
z-o = 



(15) 

(16) 


convergent within a circle in the ^ plane such that 


dz-a ^(z)-(z-o)^'(z) 

dz 4>(z) { 9 i(z)}» ' ' 

never vanishes within it. 

It is unusual for the general coefficient m the inverted series to be expressible in a con- 
venient form.* But since the radius of convei^ence is known it guarantees the existence 
of the expansion within a definite region, and extends to analytio functions the theorem 
of inversion of a monotonio function given in 1-065. 

If h{z) is another function of z anal 3 rtic in the region it is a ample extension to find its 
expansion in terms of We have only to put h(t) for t in (7), and 


where 


h{z)-h{a) = S c„(C-a)» 

n»«l 


(18) 

(19) 


is l/» times the residue of {/(«)— /(«)}“” fe'(a) at z = a. 

In gen6ral/(z) will take the same value for several values of z. These must be regarded 
as beloiiging to diSerent branches of the inverse function and capable of being connected 
by suitable routes around the branch points. 

The restrictions on/(z) can be somewhat lightened. If/(z) has a simple pole, l//(z) has 
a simple zero and a non-zero derivative, and z is an analytic function of l//(z) in the 
neighbourhood. Thus a simple pole of /(z) does not imply a branch point of the inverse 
function. A multiple pole, however, does imply a branch point of the inverse function, 
d 1 

sinoe then » 0 at it. An isolated essential singularity also implies a branch point 


of the inverse function, since /(z) takes some values an infinite number of tunes near 
one. For instance, /(z) = 1 has an essential singularity at z = 0. Hence the inverse 

function 1/log (1 -f ^ has a branch point at — 1 and its expuirion in powers of 0 has 
radius of convergence 1 (and therefore so has that of log (1 -i-O)- 
If/(z) has a branch point, and for some integer tn 


f{z) «* zV‘»(a,-f OjiZ4- ...), (20) 

wBoanputa^» Z and proceed ae before; and then z(a=Z»*) has not a branch point at 
C "/(*) * 0. Thus a branch point of /(z) does not necessarily imply one of the inverse 
function. If, however, for some integers m, n not equal to 0 or ± 1 

/(z) « z*^(a,+ 0 iz-i-...), 


* lbeyamgivwi&d6tajluptotl]«coeffiouBtofs**intaRMoftiweodBoieDtsintbeaei4wes{MiuliaA 
•r/(s) by W. S. BtoiecdE, PhO. Jfef. (7) S5. 1042, 6S7-«; of. alto W. 0. ViMey and J. 0. P. IGllar. 
MO. Mag, (7) M, 194S, SM. 
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where m is prime to n, the inverse function will hav'e a branch point. If when j s | > c, 
f{z) = similarly put 3“^ = 2^ and show that 2^ is a single* 

valued function of/(s) when j /(z) — | is sufficiently small. But Z will not be single-valued 

if flfi *= 0. 


12*06. Mittag-LefBler’s theorem. Suppose that /(z) has an infinite number of 
poles and no other singularities. We wish to know whether it is possible to extend the 
resiilt of 11*175 and say that/(z) differs from the sum of the principal parts at the poles 
by a constant. We cannot assume the extra condition used in 11*175 that/(s) is bounded 
for all 1 z j > JZ, where B is fixed, for /(z) is infinite at some points outside any given 
contour. But it may be possible to choose a set of contours Cy, Cg, ... such that on every 
! /(*) 1 < where If is independent of m and [ z j > where B^-^ so, and such that 
I* dz 

I — < 2ffA, where A is fibced; that is, we choose the contours to pass betwean the poles 


and ultimately to become indefinitely large. Then if f = z is not a pole of /(#), and 
encloses z. 




_i_r fjm 

27rjJc« Z-2 




( 1 ) 


where ijn(z) is the sum of the principal parts at all poles ct within Cj^- But also, if 
/(<) is analytic at f = 0, 


j_r A 

27riJ<7, f-z 27riJcm t znij c»t(t~z) 


dt. 


( 2 ) 


and the first term on the right is /(O) — i^(0), by (1). Then 


m -/(0)+{p.(.)-p„(0)>+iJ^_ A*. (s) 

As we take larger and larger we include more and more poles and add more and more 
terms to the sum, and then the integral gives a remainder term. If it tends to zero the 
siun will therefore converge as and be equal to/(z). But this is true; for 


Then 


r A. 

Jo«i(#-z) 


dt 


< 


M\z \ 2wA 


> 0 . 


/(*) =/(0)+ lim{P„(z)-P„(0)}. 


( 4 ) 

{«) 


This is Mittag-Leffler’s theorem. If a fimetion has no singularities other than poles for 
finite z, and if we can choose a sequence of conUmrs about z 0 tending to infinity, 
such that I /(z) { never eaxeeds a given quantity M on any of these eonioura and j | dzfz | is 
uniformly bounded on them, then (5) holds; where J^(z) is the sum of the principal parts 
of f{z) at edi poles a within 0„,. 

It may not be legitimate to write (5) in the form 


/(*) - {/(O)- limP*(0)}-f- limPJz); 
for ( 5 ) may converge without either {1^(0)) or {i^(z}} converge. 


* 3 ** 
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( 1 ) 


356 Applications of Mittag-Leffler’a theorem 

12-061. As an example, take /(z) = coseo z— 1/z. 

This is analytic at z = 0, since we can define 

/(O) = lim ; — = 0 


a-».0 zsmz 


and then 


/'(O) 


o 


c_vo « z^sinz 

It has simple poles at z = + n?r for all integral n, and 

1 1 


cosec (»3r+z') — 


niT+z 


+ analytic terms; 


z’ooaniT 

thus the residue at »7r is (— 1)®. 

Now sin (z+iy) = sanx ooAiy+iooBX sinh^, 

I sin (a:+ i^) I* ■= sin* a; cosh®y + cos* a; sinh®y 
= siDh*y+sin*a:. 

It is easiest to see that/(z) is bounded on a suitable series of contours by taking squares 
with their sides ar = ± (m+ J)jr, y =* ± (m+i)w, where m is an integer. The total 
variation of 1 z | on C,, is 8 ainh~*' 1. On idle sides parallel to the y axis 

|sinz| > |ain(OT+i)?r| =» 1, 
and on those parallel to the x axis 

I sinz I > j sink (m+ 4) jr I > I (to+ 4)7r ]. 

Hence /(z) is bounded on for aU m and the conditions for Mittag-LeESer’s theorem are 
satisfied. Hence 

( 2 ) 


coseoz— i = S(— 1)®( — i 

z \z— »jr mr/ 


the summation being over all positive and negative integers », not including 0. If we 
combine equal and opposite values of n, 

ca 

cosecz ! 


1 ® 2z 

--SC-ir- aii ■ 
z 1 «®jr*— z* 


( 3 ) 

(4) 

(») 


12*062. Again, take /(z) « cotz— -. 

The sum given by the formula is, sinoe all residues are X, 

( 1 , 1 \ * 2z 

z—nir^nm} , 5 i »*»*—**’ 

To justify it we take the same series of squares C„. We have 

. tanw+*tanhtf 

tanz-^i — TT T — !?-» 

l--»tana;tanhy 
, . ,, l+tan*a!tanh*« 

Whettwxa ±(M4-4}wihi8is6qaalioiaoh'jraxKl]e8Bthazi 1. When y is large, tanh'ff is 
aMMify.I.axui } oo4s |*isxieaxfyl for all «. Heni»tliACcmdiiicattaceBalis&edaodi (Sjistrtia. 
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12*063. By transformatioa or by similar arguments (not necessarily with the same 
choice of squares) we can obtain the following: 


CO 2 

( 6 ) 

r (2n-l)®7r“-4:2 

(7) 

1 ■* 1 

coths = --f- 22 V — 

(S) 

1 f — * 1 V* 

cosech 2 - - + 222 

(9) 

SeCil 2 4S ( 2 »_l) 2 ;r* + 422' 

( 10 ) 

« 1 

tanh 2 = 82 S:x ttv - 3 — m. 

"( 2 »i-l) 8 n-» + 428 

( 11 ) 


These aeries are all uniformly convergent in any bounded closed region excluding all 
poles. Thus if r is the largest value of 1 2 1 in a range and we take n in the cotangent aeries 
greater than rjir, the nth and succeeding terms can be written 

_2 I ^ ^ \ i * \ 

^ — 2 *r (n + l)*7r*— 2 ® r “ 7 ’ 

and the moduli are less than the terms of the absolutely convergent series 


2 r 




For the series for sec 2 and sech 2 , which are not absolutely convergent, we take the terms 
in pairs and apply the extension of the M test in 1*093. Hence we can int^rate all these 
series term by term. Then 

_ fV 22 22 \ , 

J 0 U* — 2 * •— 4sr* " 7 


«Slog 


z*—n*ir* 
— n*jr* 


and therefore 
Sloiilarly 


00 / 42 * \ 

oo®*"SlV ( 2 n-l)*»r«)* 


( 12 ) 


( 13 ) 
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12*07. The Bernoulli numbers and polynonoials. The method of residues gives 
a convenient way of connecting these with trigonometrical functions. If we write 9*08 (6)as 


1 11® 


( 1 ) 


and regard a as a complex variable, the function on the left has poles of residue 1 at all 
the points « = ± 0 excepted, and is bounded on circles of radius (2»+ 1)^ centred 

on the origin. It vanishes for a = 0. Hence it is equal to 


®, / 1 1 \ _ « 

X \o — 2niit — 2ni7r} ~ 


2a 


2a 


00 CO 

~ n,5i 


(lal<27r). 


( 2 ) 

(3) 


the accent meaning that Ji = 0 is excluded from the sum. Comparing with (1) we have 


In particular = (5) 

^4 = + M + (6) 

and therefore, since B, = r!6,., ^ 

^ + ^■>•15+ - = = 7r*Ba = (7) 

1+^+^+*” “ 32^^6 = m 


On account of the smaUness of the second term we have, very nearly, for large r, 
6ar = (-ir'^; and 


2»'n^ 

Now combining 9*08 (6), (7) we can write 


««< 




( 10 ) 


( 11 ) 


This function is boundedon circles of radius (2n+l) IT for 0</< land reduces to fat a =® 0. 
Hence it is equal to 


t+ S' 

n—-« 


/_L_+ M 

\a — 2nm 2nni/ 
® /2aoo6 2nnf 


j, , * /2aoo62nnf . a* . „ .\ 

' +.5, (-SSS+F + i5(4^5+^ 

f— 1' 

\4»VV 

{ -«*Y 
\4»*»rV ‘ 


,, * • 2ac<»2n7rt/ 

4n«ir* 


■ S ~em2n»rt| 
rnmlfminfr 


( 12 ) 
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Comparing with (11) we have 

s (13) 

n-i (*n,'n~f 

T> u\ / 1., ^ sin2»B-^ , , 

“ „»i )l7T(iH-7l'-^r^ 

Wlienf = 0 the right of (13) reduces to /jjir) anti -ParC) = oasweshould expect. In particular 
Pa(<) + 62 = |^^eos2jrt+icos4ff(-pcos67rf-f-...j, (15) 

•^3(0 =;^|8in2nt + 4sin47rt-i-i8m«nt-r...j, (16) 

^4(0+64 = -g^(cos2jrf+^cos47rf+pcas67rt-r ...j. (17) 

As for the numbers 6, these reduce with increasing accuracy to the first terms for large r. 


12*08. Operational methods and contour integration. Complex integrals can 
be used to interpret many operational solutions of problems relating to systems with an 
infinite number of degrees of freedom. Wc shall first show their relation to the simple 
operators jj““ of Chapter 7. 

1 r e®* 

Consider the integral p-;J -^dz, (1) 


where C is a closed path in the z plane enclosing the origin, » is a positive integer, and t is 
independent of z. On expanding the exponential function we see that the coefficient of 
2-1 is f^fn I ; hence this is the residue of the integrand at the origin, and there are no other 
poles within C. Hence the integral is equal to t”'jnl. 

It follows that 






dz 


a. 

^0 •••"!" *^^^y** • 


(2) 


Now let 


F{z) = *0+ S 


(3) 


converge when [ z | = J?; it will be uniformly convergent for all greater values of \z\. 
Then in the mtegi^ 

where 0 is now a contour in the region where | z | > .P, the integrand is a uniformly con- 
vergent series and we can integrate term by term. Hence 



00 


®o+ S 

n«l 


l-r 

n! 


This may be compared with the rule for interpreting the operational expression 


(S) 


^’i)l»ao+ S^--(ao+Sa,J>-")l. 


(«) 
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which was shown to be valid provided that a positive quantity r exists such that the 
00 

series S converges for | f | < r. Changing ^ to Ijz and r to IjB we see that the con- 

ttwO 00 

diiion for the validity of (5) is that B exists such that S converges when \ z\'^R. 

»=*0 

But this is precisely the condition assumed in deriving (5), and we can now express it by 
sa^diig that F{z) is analytic at infinity. Hence if F{p) satisfies this condition 

■*’<*■>* -Si <’> 

Hence the result of applying any operator so far defined to unity can be immediately 
translated into a contour integral. 

Several of our other rules can be derived at once. Thus if F{z) and Q{z) are both expres- 
sible in power series in Ijz, converging when \z\'^B, they converge absolutely on 0 and 
can be multiplied to give another series in IJz, which is uniformly convergent. Hence 

F{p) G(p)l = F(z) G(z) dz, (8) 

since on expansion we see that the two sides are identical. 

The partial fraction rule also follows. For if F{z)jG{z) is the ratio of two polynomials, 
G(z) being of the same degree as F{z) or higher, 

■ <®> 

where P( 2 — a) is the principal part of F{z)(zG{z) at the pole s = a; a = 0 bdng in general 
one pole. There is no constant term since both sides tend to zero at z = oo. Then 


J_ r 

2mjozG{z) 


t!*dz = 




(10) 


The pole at z a: 0 gives a finite series of powers of t; while the general term in the con- 
tribution from z = a will be 


i-f 


2jr»Jo(z— a)*" 


dz 


2w* Jo* ^ ’ 


( 11 ) 


where ^ » z—a, and the transformed contour 0' now encloses C => 0, once 0 endoses 
* =1 a. But this is which is the interpretation given by the partial 

fraction rule. 


12*081. The contour integral interpretation, however, wffl not give directly the 
result of applying an operator to any function other than a constant. We can verify 
oonristenoy if the operand git) is of the form <?(p) 1, where G{p) is an operator within the 
meaning of the definition; for then our rule of 7*054 gives 

Fip)git)^Fip)Gip)l, (1) 

which can he consistently interpreted by the rule for the composition of operatozs. But 
thisisnotgaaBeal. For we have seen thatH6(p)fh]fi}s the omdition that (?{ 2 ) is expansible 
in a power, ssries in 1/z for { « | > JR, p(t) is an fotegral fimotion off. We cannot tberefise 
tppfy (1) dhpBctfy if, fi» instance, the fixoecoa 4ynaiidoal«ystein iaof the fmm .d(a-f <)”% 
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even if a is positive, much less to any case where g(t) is not an analytic function of t for 
real positive values of f. But we can appeal to the principle of superposition 

F{p)g{t) = g(mt) + JV(f - T) dg(r), ( 2 ) 

which 'will provide an interpretation if only F{p) satisfies the fundamental rule. So far, 
therefore, the contour integral interpretation is less general than the operational one, 
which will always give a solution in terms of a single integral when the problem depends 
on a finite number of linear differential equations with constant coefficients. 

12*082. Limits of operators. Many physical problems are stated in terms of 
partial differential equations, which may be regarded as the formal result of having a 
large number » of degrees of freedom and making n tend to infinity. In such cases for any 
finite n the operator FJ^p) will satisfy the conditions; but the limit of may not. In 
particular it may not be bounded for large [ z j, and there is then no suitable contour C. 
A simple ease capable of being treated purely operationally is the following. Consider the 
equations 

dx^ n n 


where all av= 0 (r> 1) at* = 0, and *0 = p(<). Then for r^l 


m 


where* and A are positive. jF^(z)hasaconveigentexpansioninpowersof 1/zfor all | z| >nlh. 
We can therefore evaluate this as 


rntih / 4^-1 

i -Jo (» 

Whennis large the integrand, apart fit>mthep£Eiotor,ha8ashaip maximum nearv « n— 1. 
Hence if * ispodtive andgreater thmx A, and g{i — r) is continuous, the integral approximates 
as » increases ^ 1 

Jo ~ (n-i) l 

Now when «-»-oo, J^(z)-*-exp(—sA). When an operator jP„(p) is such that as n->oo, 
F^(z) -*■ F{z), we shall speak of F{p) as th.Q formal limit of F^{p). Then we have in this sense 

exp (-ph)flr(*) = ?{* -A), (6) 

I»x»vided * and 'h are positive and t>h. We therefore obtain an interpretation of 
exp(-jpk), although e3p(~zh) is not expansible in powers of sr^ and exp(-p&) is 
therefore not defined in our fbndamental rules. 
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If A X (3) still holds, but the maximum of the factor is at ® = » — 1, which for 

» > (1 - is outside the range of integration. The integral can then be shown easily to 
tend to zero. 

Hence the result (4) depends essentially on the condition t>hii£t<h 

exp{-ph)g{i)=^0. (6) 

Thus this example of a formal limit of an operator leads to an intelligible result; but even 
if g(t) is an analytic function the result of the operation is not an anal 3 d;io function, ainoo 
its values for i<h are not the analytio continuation of g{t—h) for t>h. 

It is a conunon occurrence in mathematics for the limit of an infinite niunber of opera- 
tions to give something fundamentally different from the separate operations. If .^2 is 
expressed as a decimal, the digits up to any finite stage express a rational fraction, but 
the complete decimal is not rational. In the theory of the complex variable, any finitf. 
number of applications of the fundamental rules can give only rational functions, with no 
singularities other than poles; but an infinite series and its continuations can define a 
function with essential singularities and branch points. Hence there is no occasion for 
surprise at the interpretation of exp ( —ph). But we must verify whether it commutes 
with p~K We have, writing exp (— pA) formally as e~**. 


e-^^p-^g(t) = c-^'* f g(T)dT = f g(T)dT, 

JO Jo 

m 

n rt-h 

p-^-'^^g{t) « J g{r - Jl) rfr « J ^ g{r) dr, 

(8) 


so that the commutative rule holds if and only if g{t) = 0 for negative values of t; and if 
it is, dU our operations on it will give 0 for negative t. 

If we take exp (ph) with A > 0 we are not led to the interpretation 

exp (ph) g(t) = g(t + A) (9) 

nor to any interpretation whatever. We have in this case 

( 10 ) 

'which, oaix be shown* to tend to no limit as We shall illustrate thia by a special 

case later (12*10). Consequently exp {ph) is not an operator admissible in the system. 

These results are intelligible physically. We ordinarily regard the state of a physical 
systemattimef as determined by its state at time 0 and the disturbances that have affected 
it between times 0 and t. For systems with a finite number of degrees of fireedom the opera- 
tional method makes direct use of this principle. But if exp ( — jpA) g{jS) was equal to g{t--h) 
for h>i we should be saying that the state at time i is determined by disturbances before 
time 0 and not taken into account in the specxfioation of the state at time 0. If exp {ph) g{t) 
wasequaltof(i+&) for A>0 we should be saying that a system can beinfluenc^by dis- 
turbanoee that have not yet happened. Our restdts are therefore just what we shorild 
expect physically* The problem is to express them in our mathematical language. It is 
‘yos s sa r y to do so because when we treat the vibrations of strings and other problems of 

♦ Free. Comb. Fm. See. 1S40, 274. 
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sound bj' the operational method the operator exp ( — ph) makes an appearance. But it 
will not obey the commutation rule unless we restrict the operand to be 0 for f < 0, and 
thoiigh this makes no change in the solution for f > 0 it implies that the contour integral 
as defined above is not quite what we need. But a modification of the path of integration 
gives a result with the required property. 

The particular operators investigated above are far from the only ones that have 
exp ( ±pA) as their formal limits. A criterion of consistency is therefore needed if exp {—ph) 
is to be satisfactorily defined. The failure to arrive at a satisfactory' definition of exp (ph) 
can be understood from the form of in this case. It would correspond to a family 
of n differential equations of the form 

dx^ n n 

with all the variables zero at t = 0. But the complementary functions of this set of equa- 
tions have the form f'^exp (ntjh) and become meaningless if n tends to infinity. This will 
happen for any mode of approach to a limit such that at least one complementary function 
has the form exp («„<)> where the real part of «„ tends to -foe with n. We may apeak of 
such sequences of systems as tending to infinite instability. Hence a necessary condition 
for a consistent definition of an operator by a limiting process is that the approach shall 
be through systems with no complementary function of this t^'pe. It is hard to invent 
reasonable sequences of physical systems that tend to infinite instability, but the 
principle that it is not approached in the limit turns out to play an important part in 
the justification of the application of the operational method to the solution of partial 
differential equations. 

12*09. Bromwich’s integral. The device introduced by Bromwich* is to replace the 
path C of 12*08 by one from c— iootoc-ft oo, where c is real and positive and the path is so 
chosen that all singularities of F(z) are to the left of it. We denote this path by L. It should 
be recalled that for the complex variable, as for the real variable, the usufd proof of the 
existence of an integral fails if the path has an infinite length. The integral is then defined 
by first considering termini at a finite distance, for which the existence of the integral 
can be proved; if the integral tends to a limit as the termini approach infinity the limit is 
taken as the definition of the integral over an infiiute range. 

How let F(z) be a rational function bounded at infinity, and therefore such that its 
nummator is of the same or lower degree than the denominator. We shall show that 
for < real 

«>o) (I) 

= 0 («<0). (2) 

12*091. Jordan’s le m ma . Forthisweneedaformofthetheoiemknownas Jordan’s 
Umma. We first replace F{z)lz by fi(z) and impose on fi(z) the weaker condition that for 
any to we can choose r so that for any \z\>r and 9l(z) <c (c > 0), | ^(z) \ << 0 . Thmi for 
t > 0 we first take ABa, finite stretch of 2/ as shown and complete the contour by a rectangle 

* JPne. Land. Math. Soo. (2), 16, 1S16, 401-448. A similar device -was inttodnoed at ihe same time 
by K. W. Wagner, ArcAtv./. Wteatrote^mik, 4, 1916, 159-198. 
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ABCD, the comers of which are c—iT', c + iY, —X+iY, —X—iY'. We can choose 
X, Y, and Y' so that | ^(s) | <(u at all points of BC, CD, and DA. 


Then 

! f e‘^6{z)dz\ 

= (~^ef<^+tr)^(z)dx 

<(i)j e~‘^dx<j(ef^—e-*^). 

(1) 


Jbc 1 


1 

Similarly 


I e^(^{z)dz 

1 

V 

(2) 


\J DA 

f 

Also j 

1 

1 w 

f €f^^{z)dz =1 

ICD 1 


< 1 _g-«r' 1 < 

j t t 

(3) 


Thus the integrals along BG, CD, DA are together less than 







— 

B 

— e^. (4) 




If then we choose an arbitrary e we can choose ox^tee-**, and , 

f 

; 

\ 

then choose J, T and Y accordingly; and then the integrals 

0 



tr^ether are < e. Therefore I e^^(z) dz converges and is equal to 

J Ja 




the contour integral around all singularities on the negative 

s 


A 

side of L. ^ 



If <<0 and X>0, (3) may not be arbitrarily small, as the 


* 

L 


term will be large for large X. But we can form a similar 


rectangle on the positire side of L, and the appropriate modifications of the argument 
show that the integral on X is equal to a contour integral including aU. singularities to 
the positive side of L, provided now that we can choose r so that for any | z | and 
\^{z)\«o. 

The argument still holds if ^(z) has an infinite number of singularities on the imaginaty 
aids. Bor we are not restricted to vary the path continuously, and if we can find a sequence 
of paths tending to infinity such that | ^(z) | -»- 0 on them the theorem will still follow, as 
in the proof of Mittag-Leffler’s theorem. 

12*092. Heaviside’s unit function. B(z)/zofl2'09satiafiestheconditionsimpo6ed 
on ^(z) in the proof of this lemma; hence (1) and (2) follow, and the use of the path L 
instead of the closed contour gives the same interpretations for positive t but zero for 
n^ative t, since there are no s i ng u l arities to the right of L. In particular if we tahe 
^(z) » 1 the integral is 1 for positive t and 0 for negative t. We define as in 7*09 

= l {t>0). S(t)^0 (t<0), (1) 

and call H{t) the Heaviside unit function, sinoe it occurs, written as 1, in many pkces in 
Heaviside’s writings. Healsowrotepl for a function whose integral is H(<) and called this 
the impulse function. It is identical with the Hirac d-function. We shall not have occasion 
to use this function, which requires a special type of integration to give a meaning to its 
applioatioiis. 

The unit function is discontinuous at < » o. If we tain the principal value of the integnd 
we get f , but there appear to be no occasioDS when this is used. 

If BCz) is analytic and bounded to tire rigkt of L, and the integral exists, we defbe 

- ^j^F(z)^dz -/{<)H(*). (*) 
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12*093. Integration and differentiation of Bromwich's integral, lu 

F(p)H{t) (1) 

let us integrate under the integral sign from 0 to t; we have 

p-W)H{t) = ( 2 ) 

But if i’(z)/s is analytic and bounded to the right of L we can write 



where L' lies entirely within the region where j F{z);z | «», and w Ls arbitrarily small. 
Hence this integral is 0 and . » , 

p-mt)H{t)=^^\ F(z)e‘=% (4) 

which is our interpretation of p~^F{p)H{t). Hence the integral is consistent with the 
interpretation of as meaning definite integration from 0 to t. 

If we differentiate (1) under the integral sign we get 

= ^.j^Fiz)^dz^pF{p)H(t), ( 6 ) 

provided now that F{z), and not merdy F{z)lz, satisfies the conditions of Jordan's lemma: 
ifit does not the integral is meaningless. But ifit does, take i « 0 and use the path X'; then 

Hence the interpretation , 

|/(/)H(<) = pJ'(p)H(i) (7) 

is valid provided that/(0) = 0, but not otherwise. Our restriction on the identification 
of p with differentiation therefore reappears in relation to Bromwich’s integral. 

12*10. If we interpret exp (—pA)J?’(p)H(/) ox F{p)exp{—ph)H{t) by Bromwich’s rule 
^eget 

-/(z-A)H(«-A). (1) 

which agrees with the interpretation obtained by treating exp (— ph) as the limit of an 
<peratoT. If we apply the rule to exp(pfc) with h positive we get f{t+h)H{t+h), 
whereas our liTniting process showed that this operator is not uniquely definable. In one 
sense this is trivial because this operator never occurs in practice, but it suggests that 
further precautions are needed. Our limiting process gives an explanation. We tried 
to define exp (ph) as the formal limit of (1 —phjn)-*; but then the F(z) of the Bromwich 
integral is (1 —zhjnY* and has a pole at 2 »> n/h. Hence, however we draw the path X, 
there wiU be values of » such that the integrand has a pole to the right of it; and the limit 
of the operation on/(t) is not to be identified with the Bromwich integral along any path, 
rinoe it is essential to the definition that all singuluriries shall be on the native side. 
These oonditions will clearly arise in any case where there is a tendency to infinite in- 
stability. 
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To see what happens in this case, we have from 12*082 (10) 

= ± JJl-f )-“e-f . 

For i > 0 the pole at 2 = 0 contributes 1 ; a contour C about 2 = njh contributes 


1 r / 

inij cr\ nj 


gnUh^i 


dz' 

njh+z 


/ 9 


12*10 


(3) 


where z^nlh+z'. The residue of t-: i at 2 ' = 0 is 


fjit) behaves like 


l+kz'ln 




n-1 


(«-!)! 


^£:^(l + 0(^)). Henceforlargef. 
= 1 +“«(*)• (4) 


Then 




h 



(5) 


which is < - 1 for sufEiclently large t. Hence ujt), and therefore oscillate infnitdy for 
sufficiently large t as n increases. 

It will be true that F(p, n)H.{t) = ~.j F(z, n) (6) 

for L drawn so that all singolarities of F{z, n) are on the negative aide; it will also be true 
that 

Urn F{p,n)H{t) = lim f F{z,n)d^^, (7) 

provided that these limits exist, being chosen for each n in accordance with the above 
rule; but if a„ is the laigest real part of 2 at any pole of F(z, n) and a„->oo we cannot 
necessarily invert the order of integration and make n->-oo. The result would be 


but this assumes a fixed path L, and we oaimot draw any fixed L so that all poles of F{z, n) 
are on its negative side for all n. Further, the limit (8) may exist, but (7) cannot for all 
initial conditions, since the function will in general ultimately increase like ef^, which 
cannot tend to any limit as a„->oo. 

On the other hand, if the systems do not tend to infinite instabilify, inversion 
is possible in fairly wide conditions. For then we can choose k greater than the real 
part of any pole of any 1 ^( 2 ); and then we can take the 0 of the Bromwich integral 
greater than i, and use the same path Bfor all n. A proof has been given by D. P. DalzeU* 
(of. 12*101). Consequently the operational method for continuous systems is now justified. 
We regard the differential equation as a formal limit of a set of ordinary differential 
equations in a finite number of variables, which can be solved by the operational method; 
and the formal limit of the operational solution is the solution for the continuous system 
when the number of variabks is made infinite, and can be evaluated by means of Brom* 
wioh’s integral. The formal limit of the operationed solution can be found directly by 
fomung the subsidiary equation &om the partial diffisrential equation and solving with 
the given boondwry conditions. 

* Ftps. Comb. PhiL <Soc. SS, IMO, 279-0. 
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This approach seems more satisfactory- than the usual one. which takes as a funda- 
mental requirement that the partial differential equation shall l>e satished. In, for instance , 
the motion of a stretched string, the equations of motion are rightly applied to a finite 
length of the string since this has a finite mas.s. But if we proceed to the limit and speak 
of the acceleration at a given point of the string we are differentiating a function that may 
have no derivative. If, for instance, the im'tial conditions are that the string is dra\ra aside 
a distance ^ at a; = f , the string being straight at intervening points, the partial differential 
equation is meaningless at a: = ^, which is the only place where the initial acceleration is 
not zero. But if we replace the string by a set of particles uniformly spaced and with total 
mass equal to that of the string, we get an unambiguoas solution, and the limit of this 
when the number of particles is made indefinitely large satisfies the equation for any 
finite length of the string, which is as much as we have any right to expect. A further 
consideration is that the actual string has an atomic structure and is really composed of 
a finite number of particles. The physical problem, therefore, is not the motion of a 
continuous string. The interest of the latter is simply that of an approximation, which 
for many purposes is good enough ; but any' question about the validity of a solution should 
be directed towards its accuracy for the discrete system and not towards the validity of 
the process used for sohdng the partial differential equation, since this equation is itself 
under suspicion as an expression of the physical facts. The process of making tend to 
zero continuously is intrinsically meaningless for an actual string, because there are no 
particles to give the displacement a meaning within a certain spacing. Similarly in 
thermal problems it is meaningless to specify an absolute temperature within, say, 
1 part in 1000, unless something of the order of a million molecules are considered, 
and the differential equation of heat flow must also be regarded as a somewhat faulty 
idealization. 

12*101. Dalzell’s theorem. Let Fiz^n), an analytic function of z, satisfy the 
following conditions: 

(i) For each n a finite exists such that for | z ] > „ 

F{z , ») = ao,»+ S • 

I s 

(ii) For aU '3t{z)>k, F{z,n) has a limit F{z) as n-*-co. 

(iii) Positive vedues of M, k exist such that for aU n, and for all 9l{z) > k, | F{z, n) | < Jf. 

(iv) In any finite interval of t, if ok, possibly excluding a finite set of fixed intervals 
of arbitrarily small total length 8, 

I re+tr 

I F{z,n)^dz\<N 

I Jc I 

for any real Y, where N may depend on 8 but not on nor t. We show that (v) 

• . F{p,n)H{()-*F{p)mt) 

almost everywhere; qnd (vi) 

^F{p,n)H{t)-r.lF{,p)H{t) 

foraUt. 

By the Osgood-Vitali theorem (11*21) it follows from conditions (ii) and (Ui) that in 
saxy bounded region of the hajf plane 8l(z) > h, F{z,n)-*-F{x) uniformly, and F{z) is an 



DalzdVs theorem 


12>101 


analytic function of « in the half plane, possibly with a singularity at infinity. Cileady 
Ale^ n [ F{z) I < M everywhere in the half plane. 

The function /»(<) = (1) 

where gf{(a) = c> A on L, exists for all < + 0 by (i), is 0 for « 0 by (i) or by (iii) and 
Jordan’s lemma, and is a continuous function of t for t > 0, by (i). Also if * = c+i^, 


* c®+i7*’ 


and SR(l/a) and 3l(l/z) for | ^ | >c are monotonic functions tending to zero as | ^ ] -»-oo. 
Hence by DirioUet’s test, in any interviJ where (iv) is satisfied, for any at we can 
choose Y so that i - ■ . co+to i 


t 

im \J e-ia> J o+ty * / 


for all »; further F(z,n) ef*Jz-*-F{z) d*jz uniformly in — r< 3f(z) < Y. Therefore 

F{p,n) J/(*) ^**7 = np)m (4) 

say; and/(t), being the limit of a imifoimly convergent sequence of continuous fimctions, 
is continuous in any such interval. 

Next, “ I /»(t) dr = ^.jj'iz , ») («) 

by 12*093, sinoe F(z,n) has no smgulaxities for fft{z)>k; and 
I 1 . ^dzW 1 Mept 


I / /•c-<F re+i» ^dz\ ^ 1 

siU.— 


;c*+r‘) 


if y > Also F{z, n) ^lz^-^F{z) «^/a* uniformly for — Y< ;3(z) < Y ; and therefore 

in any interval of < i r /?«. 


and the right side is a continuous function of i. 

But in any interval where the sequence is uniformly convergent 

JV(<) * “ 2^ » liin[F-y„(«)]\ (8) 

and therefore the li^t side of (7) has derivative /(<) except possibly at a finite set of 
values of f in any intervtd of t, and it is continuous at these values. It can therefore 
be denoted by 

Of the conditions stated, (i) is implied by the general prind^e that we proceed 
through a sequence of disocete systems, and (ii) is obviouely necessary, (iii) expresses 
the necessary condition that the sequence of systems does not tend to infinite instability. 
A less severe condition could be sufficient, but not much lees. None of the fonoticniB 

3^ z* iu^ ’ 

»%(^+»s)' ?+;?» j8*+nS 

is unlfonoJy bounded in tiie half plane, as we see by taking z »»+c. For tire first, 
both (v) and (vi) ace irae; for the second, (v) is false and (vi) true; for the third, both 
jttefidBa. Tbeecnfiosionc^asetof xikeaenxedfir^ ^)a&owBUBtodealvtitha8eqsseee 
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that would tend, say, to sech pli. Such sequences arise in wave problems, and the dis- 
continuities are an essential feature of the solutions. 

Dalzell's argument is different but rests on substantially the same physical principles. 
It would be tempting to argue that as p~^F{p) H{t) is the limit of a uniformly con- 
vergent series of analytic functions of t, expressible by power series, pr^F(p) £f(f) is an 
analytic function of t and therefore has a derivative ever\'where. This is not so ; for in 
general the integral (1) does not exist for complex t, and the limiting process does not 
lead to a definition of profit) off the real axis. 


12*11. Text-books on differential equations describe a method of finding particular 
integrals by expansion in powers of D = d di. This is valid if the function operated on is 
a pohmomial, when the series terminates. Its relation to the expansion in powers of 
is as follows. We have 

Fip^o^ = ( 1 ) 

where we take the principal parts of at all poles and then replace z by p. One 

such pole in general is 2 = 0. If then near 2^0 


F{z) = ao+ai24-. (2) 
the corresponding terms in F[p) t'" are 

••• + «»») 1 + ••• + '« (3) 

which is the particular integral found by the usual method. The principal parts at the 
other poles a give terms with factors exp (pti), which in the usual method are part of the 
complementary function. In the Heaviside method they have such coefficients that the 
function and its derivatives up to the (n— l)th vanish at t — 0 when the expansion of 
F{p) in negative powers of jp begins with a term in 

■ It follows that !?’(/))<"* = 5 ^. r -‘--i- e^dz, (4) 

2m Jc 


where O is a contour surrounding the origin but t^ot enclosing any other pole of F(z)'f 
while 


( 6 ) 


The difference between the two methods can therefore be stated as a difference in the 
path of integration for the same function when the operand is a polynomial. 

If, however, the operand g{t) = is a positive fractional power of t, the interpretation 
of F{p)g{t) remains significant for all podtive t. That of F(D)g(t) does not; for 

(ao+otiZ) + ...)f’" = 4-..- + «,.»»(«»- 1)... 1 )*""'+ ..., 

and ii'Letrif converges like a geometric progression this series never converges. 

Most of the non-oonvergent series obtained by Heaviside were due to the fact that 
he never clearly distinguished p from J). 


12*12. Special contour integrals. The unit function cam be transformed to give 
am integral that is fundamental in the theory of Fourier series. 

We can replace JD by a path from — looto -td,andtdto«oo,oounectingthembyaBmaUi 

IMW >4 



Special definite integrals 12*181— 

^cit* of radius S about 0, ou tbo poaiKyo side. Tho Srat tu-o paths giyo the 
Talue of a complex intesral: ‘^^epnncipal 


Talue of a complex integral; 

"-JT 

If”. dM 
= - smyt-^. 
^Jo y 

The smaU semieircle, in the limit, gives Hence 


Ilf*. dv 
2 + -JoSm3^^ = H(«); 


y 


I? 


^Binyt^^iTT (t>0), 

= (<< 0 ). 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 


k«!» the ««ue eigu is importaut- it 

followsd™oay.tor«>o,onpnttuigpi.,,„heu(4)roduoesto mP««nt. rt 


f, 


•“ . dll 
sin®—. 

»/ 


(«) 


For i < 0, however, the sign is evidently reversed. 

12*121. Another similar integral is, for real A, 

J = f" 1 f°° 

Jo 1+!C*“® 

/ = J.27ri~ = 

^t“ “ ‘'■* -^te diraetton. Iberasidueatthispolei. -et/gi; 

which is the «ra« as (7) smoe we ara cow using the negative value of A. 

12*122. This integral can also be written 


re^dx 

®W>0) 
(3('f)<0).J 


( 9 ) 
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12*123. Take again 



cos ax — cos 


dx 



pihs 




dz. 


( 10 ) 


For i» > o > 0 we take a large rectangle as in 12* 121 , indented by a small semicircle about 0 ; 
there is a simple pole of residue i(a — ft) at the origm, and the integral is 

-i9i{{-7ti)<{a-ft)} = ln{a-b). (11) 

12*124. For real a we know that 



(1) 


But if we take a path going to infinity in any direction such that — i7r< args < \n the 
integral will be the same; for we can complete the contour by an arc at a large 
distance, on which | z exp ( - ^ 2 ®) | can be made arbitrarily small. Putting 


we have 


j: 


z — rexp la, 

) 

g**-*,*j«r* exp 




whence, separating real and imaginary* parts, 

J”g-»/aor*co8a*cos(^r®sin2a)dr = cos 

J cos 23 gin gin 2 a) dr = sinaj 


• J7r<a<i7r. 


( 2 ) 


(3) 


It can be shown that at the limit a = In the integral still converges and is continuous 
for I « I < In. (Cf. note l*123a.) Hence 




(4) 


These integrals are the basis of the methods of steepest descents and stationary phase 
for the approximate evaluation of complex integrals, used especially in the theory of 
dispersion of waves and the theory of probability, including statistical mMhanics. 


12*125. The theory of the factorial function makes use of the integral 


■j; 




0 (1+2)*’ ' ' 

where a may be fractional or complex but 
l>9i{o)> —1. Then there is a branch i>oint at 
2 = 0. Take 

around the path shown, ze^” being taken real and 
positive between -1 and 0. The large arcs oontribute 0 in the limit since 9t(a)< 1. 
Urn pole at 2 B - 1 contributes ( - 2m) ( -a) in the limit, since the residue is -o, and 
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the paths from and to — oo give contributions cancelling in the limit, since - 1 is not 
a branch point. The small circle about 0 gives 0 in the limit since 91(a) > — 1. Thus we 
are concerned only with the integrals between 0 and + oo. But these sure 


(e- 


-*£370 gfn'OJ j 


" !fldz 
0 (1+*)* 


— 2isin7ro 



zf^dz 

(!+«)"’ 


since arg (ze^”) is —w on the upper line and 4-ff on the lower. Therefore 

f" zf'dz rra 
Jo ( 1 + 2 )®" sin wo* 


(3) 


12*126. Next consider the integral,* possibly for fractional m. 




= if 2»-= 


2m J: 




(1) 


which converges ifm<l. If»»>l the integral along L does not exist. But if we modify 
the path to so that L' has asymptotes in the third and second quadrants, not parallel to 

the imaginary ads, the integral will convert for t real 
and positive without restriction on m. We therefore con- 
sider the int^al along L'. Now this is equivalent to an 
integral along Jif , which consists of a small circle about 
the ongin and two lines from and to — oo. In the frrst 
place we take m>0; then the integral about the small 
circle tends to 0 when the circle is made arbitrarily small. ^ 

We take » to be /le*" and on 01) and A B respectively. 

Then on CD 

2’'*~*e^dz = (2) 

and on AB similarly it is e~^fi^^trf*dii. Hence 



1 

2m 





27ri 




ss -sin mwf 
n U 

_ 8mm?r(m— 1)1 

~ ir ' 


e~^dft 


But by a known identity (15*03) 

ainwur 1 
wwr 


(3) 

W 


for 0 < m. But both sides of this equation ore analytic functions of m; hence it is true 
for all m, fThe shugularity at 2 as 0 does not affect this statement. It is proved for 
0<«n when the eorole is arbitrarily small; it is therefore true for 0<m for any siw 


* Gbaptar IS sfachld ha read before this wetioa. 12*13 and later aeotions are indepeBdoai ef 

dapSar It. 



12-126 


Fmctional m 


ot the circle; and with a non-zero radius of the circle the question of divergence at 0 does 
not arise.) Changing m to - w we have therefore for all ??. if / > 0, 

(«) 
if . 

if the left side is determined by an integral on U ov M\ and this i> also tnie for the path 
£ if > — 1. In particular, since 

(J-)! = (-i)! -2,^77, (-g)! = §.f ... 

and in a special sense mitus I*"*" *■ rr 1 




If n is a negative integer n ! is infinite and = 0. 

Operators with » < — 1 are not valid in the strict sense that they can be Interpreted by 
integrals on the Bromwich path. They require modification of the path to X' or Jf to 
give them a meaning. They do not arise directly in the solution of physical problems. It 
often happens, however, that operational solution leads to an integral valid on the 
Bromwich path, but the easiest way of evaluating it is first to modify the path to X' or ilf 
(subject to there being no singularities between the paths) and then to expand in ascending 
lowers of z on X' or M. The integrals on L conesimndi!^ to »> — 1 will then, be as 
stated in (6); but if » < — 1 this formula should be regarded simply as an aid to memory, 
as a shorthand for 


If t" 

n! ' 


If we differentiate this under the integral sign with r^ard to n we get another uniformly 
convergent integral. If n > — 1 it convei^es on X. Then we have 

= ( 8 ) 

or, in operational form, /d , , , A 

2>-"logp£r(<) = j (8) 


In particular, if n » 0, 


logpia'(«) “(-y-logO 


where y is Euler’s constant (of. 16-04). 

Specially important operators are exp ( — and exp ( ~ op'^), where a is a positive 
oonstant. Interpreted by integrals on X they are significant, since on X the aigument of 
is between ± \it aind the-integrand decreases exponentially at the Umits. Then 


exp ( — ap^) H{t) a= dz, 

exp{-apy»)H(t) - 
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These can be eTaluated in two ways, both of which have many other applications. 
First, we notice that the integrals are unaffected for f> 0 if we use the paths L' or M. 
Also exp ( — oz*^) can be expanded in an absolutely convergent series. Hence we can re- 
verse the order of int^ation and summation (note 1‘126) and write 


1 /* / ® 

1 «5 r 2Va(a-l) 

= o^S(-ir a^^-T-dz 
23rt„t^o jv »! 


in the sense of (7); then all terms with odd n vanish, and if » = 2m 


Mn+l) 


<->A(n+n 


»!{-J(n+l)}! - (2,»)1{-1(3™+1))] . 


Then for i>0 


= ( — 2)’"2.4... 2m>Jn = ( — 4)”‘w!«y/W. 


(14) 


1 00 




The effect of removing the factor p'*> is that it is now the terms with even n that vanish, 
with the exception of the first; we have now 




If we define 
we have 
and hence 


“ m mn od _ 

exp(-a^‘fa)H(f) = S (-)“o’*^-r- = 1- S 7^-— 77 , 7 TTi 

nmo nl „t:o(2m+l)!(-m-i)! 

2 r* 

erfar = -r- j e"^*dM, 

vWo 


exp(-ap'i»)S(t) = 1-erf 


2^' 


(16) 

(17) 

(18) 

(19) 

(20) 


Alternatively, return to (11) and write 

\ 2t} 4t 

With a and t > 0, o/2« is positive and we can take a path for through it parallel to the 
imagioaiy axis. Put then 




then 


i)Viexp(-op‘A)fr(<) - i J*^exp^-g-<S»jdC 


( 21 ) 
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Also if (12) is differentiated with regard to a we get (11) witii the sign changed. Hence 

exp(-fl/fe)J?(f) = - (22) 

But if a = 0 (12) is simply if(f). Hence 

exp(-»j,'l)a(«) . 1- I” 

(23k 


12*13. The generalized principle of superposition. The operators just inter- 
preted do not satisfy our original rule that F{z) shall be expansible in powers of sr^ when 
[ z I is large enough. The question is whether the interpretations wiU still satisfy the 
principle of superposition. Let 



( 1 ) 


Then it can be shown that under suitable restrictions 



e-'^f{t)dL 


( 2 ) 


Take dt(u) greater than c; F{z) is onalj.'tic for 9i(z)>c; and let the integral of F{z)/z* 
around an infinite semicircle to the right of L be zero. Then if we may invert the order 
of integration 




-<00 


J_ ro+<« uF{z) , 
2nije^i„z{u~z) 


1 rc-n« F(z)^_ r* 
2jriJc_iiio z Jo 




(3) 


But 9{(tt} is greater than c; hence if we deform the path L into an infinite semicircle to the 
right of L we pass over the pole at u, and over no other singularity. But by hypothesis 
the integral along this semicircle is zero. Hence the last integral is — 2m times the residue 

at this pole, and therefore* uj dt = F{u). The justification of the inversion of the 

order of integration wiU be carried out later when we come to the Fourier-Mellin theorem, 
which is really the conyeise of this. 

Now suppose that we have two operators F{p) and 0{p) satisfying the conditions just 
imposed on F(p). Then g(« — t) s* o if t> and 


But 

hence 


j^fiT)g(t-T)dT - /(T)flr(«-T)dr « •^* 

/(T)e~*«’dr » F{z)lz; 

J‘/(r)g(«-r)dT = 0(z)fi * 


(*) 

( 6 ) 

(«) 


* This arguzxxesxt is dus to S. Qoldstom^ Froc* Z^ond. Soe. (2) S4» 1931, 194. 



Abd's and Poisson's integral equations 
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If we differentiate we have 


F{p)G(p)m)^^J(r)g'{t-r)dr+mg(0), 


which is our previous rule of superposition, extended to a much wider range of conditions. 
Thus again the result of the successive application of two operators whose interpretations 
are known can be reduced to a single integral. 

12*14. Integral equations of Abel’s and Poisson’s types. If 


JV(5)/(*-l)<^ = 9{«)> 


where/and g are given functions, and we wish to determine so that (1) will be true for 
all X, we introduce the operational expressions indicated by capital letters and apply the 
principle of superposition. Then (1) is equivalent to 


~<t>{p)F{p)^G{p), (2) 

(3) 

whence is found by substituting in the Bromwich integral and interpreting. This is 
Abel’s type of integral equation. 

Poisson’s type ^{x ) + ^(^)/{« — |) = g{x) (4) 

is treated siinilarly. We get 

0(p)+i<l>(p)J’(p)-(?(p), (5) 


4>(p) = 


pG{p) 
p + F{py 


whence the solution follows. Examples are given by Gk>ldstein.* 

12*15. The staircase, parapet, and saw-tooth functions. CSonsider the series 

If P/A] denotes the integral part of </A, all terms witti » < tfh are 1, all with n > t(h are 0, 
and tte number of the former set is [tfh]. Hence the function is equal to p/A]. It is equal 
to 0 for 0<f <A, and rises discontinuously by 1 at « *= A, 2A, 8A, .... It behaves like the 
date, given as a function of time. Now if we translate this by Bromwich’s lateral p is 
replaoed by z, whose real part is the positive quantity e; then the series is a convergent 
geometxieal series, and 

+e +... = 


Hence 


"n _1_ f 

_aJ 2mji,2ei 


sinhj^zA z 2ednh|fiA 


* Joum. Lond. Math. Sae. 8, 1931, 883-8. 
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Similarly the series (3) 

is equal to -r a if [^, A] is 0 or an even integer, [ — ^-J if [< . A] is an odd integer, and may there- 
fore be written as The series also can lie summerl like a geometrical progression 

and gives 

= (.Uanh.’p//)H(/) = («>oj, (4j 

These two functions are fundamental in the oi)erational treatment of waves. 



rn n I 

0 ll l2 


4 


•^tanhipA H (t) 


<-[<]- i 


The aver^e_of tjh for t between wA and nJt+k is « -1- ^ = |^j^J -t- J. Then the 
-^is — ^att = 0, increases uniformly to ^ at t = A, drops discon- 


function 


h u 


tinuoasly to — and then repeats itself peiiodicsdly. Its operational expression is 


Now the first stage of the Euler-Maclaurin formula of integration could be written 

J^"*/(0dt-i/(O)-h/(A)+/(2A)-H...+/{(«-l)A}-Hi/(«A)-J^"‘[^^ (6) 

and the operator - -i- ^AZ) — 1 (7) 


occurred in the operational derivation of the Euler-Maclaurin series. The similarity of 
the two expressions suggests an intimate relation, but the operator (5) acts on H{t) and 
cannot be developed in ascending powers ofp, whereas (7) must foe developed in ascending 
powers of D. A relation probably exists, but it does not seem likely to be rimple enough to 
teplaoe the development of the Euler-Maclaurin formula by integration by puts. 

12*16. Fmllaiii’s integrals. Consider 

{/(««) 

f(x) satisfying certain conditions that will appear as we proceed. Break up the range of 
int^ration into 0 to ^ and ^ to oo, where i is arbitrarily small. Then if the integral I 
converges at the lower limit the integral over 0 to ^ is arbitrarily small. Then 

/.Urn r {/(ax)-f{bx))^ 
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provided the two iategrals converge; and this is 




aS “ 


But i£f(u) tends continuously to a finite limit as 0 this approaches 


a 


Then 


I =/(0 + )log-. 


/•oo dx /** dx & 

In particular I (cosa* — cosfta:) — =1 e”*®) — = log-. 

Jo * J 0 X a 

Neither integral can be treated by contour integration. The first integrand is an odd 
function and the integral obtained by changing the range to ( — oo, oo) vanishes identically. 
The same method can be extended to many integrals of odd functions. Take, for instance, 

/ — f* sin^g j^ _ 1 f* 3sina;— sin3a; ^^ 

~Jo ** *“iJo * 

1 dx 

= lim - I (Ssinat— sin3x)-5 

- Pog3. 


EXAMPLES 


1. Evaluate the integral 


/: 


or+^’ 


O oi. XT. J. r*sm*a!:, r« sm*a? , , ,, 

2. Show that | — —dx^ | dx, I = i7r(l + e-*). 

Jo ^ Jo ® JoJ»*(l+»*) 


3, Find the principal value of 

4, Prove that as X tends to infinity 

r-^oosaar— cos6a; 

' 0 

5, If B,. are Bernoulli’s numbers, prove that 

— rr: + -- + 


J* tana? 
0 ^ 


dx. 


j: 


<&= a)+0! 


& 


(a>0, 6>0). 




I!(r-l)I 2!(r-2)! 


(r-2)121 2(r-l}!"^r! 


+ _=:0. 


6. Provatbat 




7 * a and b are real and positive and iinequal constants. Find 

dx 


Xa the lesuh valid also when a s 6T 


j: 


0 (»*+o»)»(**+6»)** 


(M.T. 1948.) 


(M.T. 1938.) 


(M.T. 1985.) 
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S. Prove from Liouville’s theorem, by considering z^'f{z)^ that any poljTiominl J{z) of positive 
degrc*c n has at least one zero. (M.T. 1035,) 

9. Show that the roots of the equation 

12^2+ 14=0 

lie between the circles | s ! = 1 and j s | = How many of the roots lie inbide the circle [ s | = 2? 

(M.T. 1939.) 


10. If/(3) = (z — — ff„), prove that all the zeros of/'(3) lie. within any polygon with no 
re-t*ntrant angle that includes all the zeros of/(z). 

11. If j /(s) I is constant on a closed contour on whieli /'(s) nowhere vanishes, show that if f{z) is 

analytic within the contour it has one more zero than/'(s) within the contour. (Macdonald.) 


12. If 


^5(z) = + + 


where bi =1= 0, the root of ^{z) = 0 nearest the origin is the coefficient of - in the Laurent expansion of 

t 


= -l 


-log 2:^ = _log|5j+i*+{6,<-f,..)|. 


(W. R. Andress, Mn£h. Gaz, 27, 1943, 92.) 


13. Show that 


/ * sin(aT+o)sin(a:“a) 

.CO 


2a 


sin 2a. 


14. If /(z)/z is unifonnly bounded on a set of contours defined as in Mittag-Leffier's theorem, tending 
to infinity and /(z) has sample poles of residue prove that 

/(2) «»/(0)+^'(0) + S t^ ') • 

f ® sin mx 

16. Evaluate the integral 1 («i>0). 

J 0 x(x*4'U*)* 


6 

16. By integrating the function ( — 1 <o< 1) around a rectangle of breadth 27jr, prove that 

1 4"®* 



TT 

1 + e* ^Binan* 


and derive an alternative proof that z !( — z) ! = nz cosec ttz . 



Chapter 13 

CONFORMAL REPRESENTATION 


Plus 9 a change, plus c’esb la mSme chose. 

ALPEONSB EABB, Les Chiipea, 1849 


13 * 01 . Conditions for conformal mapping. Let ^ and z be two complex variables 
' related by 

( 1 ) 

where /(^) is an. analytic function. Then if ^ moves along a curve in the plane of 17, 2 wiB 
move along a curve in the plane of x, y. Every value of ^ that/(^) is defined for will identify 
a point in the x, y plane, and conversely if the inverse function exists for a value of 2 a 
value of ^ win be identified. Thus (1) can be regarded as a transformation, enabling ns to 
map at least a part of the y plane on the x, y plane and conversely. 

The importance of this type of transformation rests on the &cts that it is, in general, 
coniinwms and conformal. For, in the first place, take y a small complex number and 
consider »+c =/(C+7). We have 

c*=/(C+r)-/{a = y{/'(0+»}, 

where v tends to zero with 7. Hence if /'(O exists both the real and imaginary parts of c 
tend to zero when those of 7 do. Thus the transformation firom ^ to 2 is continuous. Con- 
versely, that firom 2 to ^ is continuous provided that d^jdz = l//'(p exists. But in the 
neighbourhood of a point where /'(Q or its reciprocal does not exist the transformation or 
its inverse may not be continuous. 

Now take two small complex numbers 7 and 7' and consider the behaviour of 


/(g+/)-/(g) y m+v' 

C " M+y}-M) 7 


where now v tends to zero with 7 and u' with 7'. Then when 7 and 7' tend to zero, in any 
specified ratio, c'jc tends to the same ratio, provided again that/'(^) has a definite vahie 
different from zero. If it were zero, the limit of c'/c would of course depend on the limit 
of the ratio of v’fv, about which we are not yet in a position to say an3rthing. Apart firom 
these special oases, then, we have 

lim£: = Km5^:, 
c 7 

which is the same as the pair of rations 


lim 


c 



lim(argc'— argc) = lim(arg7'— argy). 


That is, if we take a small triangle in the ^ plane its vertices will determine those of a small 
triangle in the z plane, and if we take a sequence of triangles of the same riiape in tbe C 
plana, the size tending to zero, the oonresponding triangles in the 2 plane will tend to the same ' 
shape, stwsfys pocoviding/'(Q + 0. Tlufyis what we mean by saying that the transformationis 
confomtA. For any two interaeoting curves the an^ of interseotiou is unaltered by the 
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transformation, and to pass from one to the other we must travel around the point of 
intersection in the same sense. In particular since the axes of ^ and 9 are at right angles, two 
curves in the z plane on which ^ and 9 are respectively constant cut at right angles. Corre- 
s])onding to straight lines parallel to the ^ axis we have a family of curves in the z plane, and 
corresponding to straight lines parallel to the 9 axis a family of cun es intersecting the first 
family at right angles. We shall refer to these as the familie.s respectively of 9 constant and 
I constant and rj respectively of course varying along the same curve). 

The transformation is therefore conformal and continuous except i>o.ssibly at places 
where /'(O or does not exist. We have therefore to consider what happens at 

singularities and stationary points of /(^). First take a branch point. Since /(^) does not 
retiun to its original value when ^ makes a circuit about the jjoint, more than one point 
in the z plane will correspond to a given point in the ^ plane unless we restrict the region 
in the f plane in such a way as to prevent such circuits. Similarly for stationary points, 
if m is an integer > 1 

/(0=/(&,)+a(C-?o)“ + -. 


^ will not be uniquely determined as a function of z. For a map to be useful it is clearly 
necessary that there shall be a one-one correspondence between the place on the ground 
and that on the map. Simple poles of/(^) do no harm in themselves. But if /(f) has a 
multiple pole or an isolated essential singularity anywhere for given 2, will take a 
given value more than once in the neighbourhood. This applies equally if the singularity 
is at infinity. Apart therefore from unisolated essential singularities, which would be 
difficult to treat either in general or in particular, the transformation can be one-one 
over the whole plane only if /(^) is a rational function with at most simple i>oles and no 
stationary points, and behaving at infinity like either a constant, or 1/^. This limits 
os to functions of the form 


/{0 = a + 6 ^+ 


n 

S 

r-l 






b- 


n 

s 

r»l 


«r 


f'(C) fias n double poles in a large circle O. But 


1 fr(g) 





gf 





gr \] 

-brfli 




*0 if 6 + 0 

2 if 6 =* 0, Sa^+0. 


Hence/'(£) has 2n zeros if 6+0, 2»— 2if 6 « Oand Sa^+O. Hence for it to have no zeros 
6 + 0 , ft » 0 or 6 s 0 , n 1 . If 6 « 0 and also So, = 0,y(^) — a behaves at infinity like 
where m ^ 2, and the transformation from z to is again not single-valued. The only 
ways of avoiding stationary values are therefore to have 6+0, » » 0, or 6 =» 0, n = 1, 
Sa^+O. Thus 

/(0-g+6C or 

which are therefore the only transformations that need no cuts to give a one-one ooiie- 
spozMienoe over the whole planes and do not involve unisolated essential singularities. 
The first is trivial, being merely a combination of a displacement and a change of scale. 
The second is intweeting. We shall consider it in a rimplified form. 
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It -will be foixad that successive application of transformations of these forms yields only 
a transformation of the same form with different constants. 

In other cases cuts must be made so that zeros of /'{£) and all singularities of /(g) Jig 
on the boundary or outside it. When they are made the departure from conformality at 
the exceptional points is found to provide a means of transforming simple boundaries 
in the ^ plane into an extraordinary variety in the z plane and thereby arriving at solurions 
of apparently very complicated problems. 

We gbftll speak of any point in the z plane or the ^ plane, such that/'(g) has a limit other 
than 0 and 00 when the point is approached, as an ordinary point of the transformation; and 
any point such that/'(g)-»- 0, | /'(g) 1 -»-oo, or/'(g) has no definite limit on approaching the 
point, as a singular point of the transformation. That is, we call a point a aingniUr point of 
the transformation irrespective of whether z has a singularity when considered as a function 
of g, or g has one when considered as a frmotion of z, j ust as in considering multiple int^rals 
we called a transformation singular if the Jacobian tended to either 0 or oo. 


13*02. Transformations : scale factor. If now F(Q is an analytic function 


w is also an analytic function of z. Therefore when ^ and ^ are expressed in terms of x 
and y they satisfy Laplace’s equation in two dimensions. If one of them is constant over 
a curve in the g plane, it will be constant over the transformed curve in the z plane. 
Therefore if we can find a solution of Laplace’s equation in a region of the g, 7} plane, 
which is constant over a given boundary in that plane, then the same function expressed 
in terms of x, y will be a solution of Laplace’s equation in the transformed figure and wiU 
be constant over the transformed boundary. Consequently the method of conformal 
representation is capable of solving a great variety of problems; any analytic function 
will yield a new set. 

If do* is an element of area in the g plane and dS the corresponding one in the z plane, 


d8 = 


d{x,y) 

m,v) 


dor = 


dz 

dg 


2 

d<r. 


by the Cauchy-Biemaim relations: | dz/dg | is called the modndus or scale factor of the 
transformation. 

If g describes a curve, points near the z curve will be on the left or right of the z curve 
according as the corr^ponding points in the g plane are to the left or right of the g curve, 
in cohsequence of the fact that rotations retain the same sense on transformation. Also 
the normal distances are multiplied by { dz/dg |. 

If w has a logarithmic singularity at an ordinary point g^ of the g plane. 


ti, = illog(g-g„)+p(g) 


where and Q{z) are analytic; hence w in the z plane also has a logarithmic singularity 
with the same coefGlcient. If ^ is a singularity of the transformation the coeflfioient wfll 
bedifiGavint, or the eang nlar ity of to may not be logarithmic at aB, We must however always 
arrange fiw moh aingolariUes to be on the boundary or outside the region, and spedal 
ittantion mnit be paid to them to make sure that the physioal conditions oorreepondi 
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13*03. Interpretations of complex potential in electrostatics and hydro- 
dynamics. 

Hydrodynamics. 

+ blr, 


where {5 is the velocity potential and ^ the stream function. Then 

dM_r,^ .ci^ _c^ .c^ _ 

dz cx ' cx ~ cx c y ~ ’ 

where u, v are the components of velocity, and 

the resultant velocity. If we take a curve joining P and Q 




so that is the flux across the curve, measured per unit length of a cylinder with its 

generators perpendicular to the plane of x, y. The directions of ds and dn must be oriented 
as shown. 

A line source at Cg that emits fluid at a rate 2n'm per unit length has the complex 
potential 

mlog(a-2o)- 


Electrostatics. 


u ' « ^ + i^. 


where ^ is the electrostatic potential and ^ the charge function. Then 


dw 

dz 




'dw\ 
! dz ! 




Eji,E„ being the components of electric field intensity. If a closed conductor connects 
P, Q and dn is the normal outward from the conductor, the surface density <r is 


and the charge on PQ is 




w 


per unit length perpendicular to the plane. Moreover, if z » /(O and if P', Q' and the curve 
joining them in the ^ plane correspond to P,Q and PQ, ^ and ^ are the same for both planes 
and the charge on P'Q' per unit length perpendicular to the plane is the same as that on PQ, 
although the sur&ce densities at corresponding points are different. Hence the capacity of 
a conductor in two dimensions is invariant under conformal transformation. 

The sign is most conveniently checked by physical considerations. 

A line charge at Zg of density e per unit length has the complex potential 


-2elog(z--Zg). 

Current dectrieity 

We consider steady currents flowing in a sheet of thickness t and specific conductivity 
0*; if ^ is the electrostatic potential and/ the current density, E the field. 


/ *= <rE a* — trgrad^^. 
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The flow of current across an electrode between two points P and Q is 



The complex potential corresponding to an electrode of small circular cross-sectiou, 
leading in a current J at Zg, is 

If there is a source of fluid or current, or an electric charge at a point where the trans- 
formation is conformal, then there is an equal source or charge at the corresponding 
point in the transformed plane. 

Suppose there is a soturce on the boundary at a point where it has a comer of angle a. 
If we consider the source to be entirely inside the boundary all the flow will go into the 
region. If on the other hand it is a point source actually at the comer only a fraction a/27 
will go into the region. If at this point the transformation is not conformal and the angle 
between the corresponding lines is ^ we must on this second supposition place a source 
alfi times the original one at the corresponding point in the transformed plane. 

We proceed to consider some special transformations. 

13*04. z = Aj^ {A real). This gives 

A^ Aij c _ Ax Ay 

a;*+y®' 

It therefore resembles an inversion, since |z{lC| =” M|>a. constant. But unlike an in- 
version, it does not make the directions of {x,y) and {^,7f) from their respective origms 
coincident. If ^ describes a circle about the origia, z also describes one, but in the opposite 
sense, the outside of each becoming the inside of the other. But it stfll follows that, 
in general, droles transform into ciroles, unless, they pass through the origin, when they 
transform into straight lines. 

As an example, consider a circular cylinder of radius a 
lying on its side on a plane. We take the axes as shown. 

Inoompressible fluid is flowing parallel to the axis of x 
with velocity 17 at a great distance. The boundary con- 
dition is that the stream fonction ^ is constant over the 
solid boundary and therefore has the same value over the 
plane and the circle. For large | z | the complex potential 
w must approximate to Uz. 

Putting z at All^, -we see that the axis of x transforms into the l-axis. The circle will 
transform into a liue parallel to the axis of which is identifled by taking z » 2ia, which 
gives ^ ao — iAJfta. It is convenient to take A so that is eqnal to and therefore 
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For z large iv approximates to Cz = —naUj^, which represents a doublet source at the 
origin. We must add extra terms to make w purely real on the boundaries 7 = 0 and 
tf = {in. For 1 / = 0 this is already satisfied, but for tj = {in it is not, but can be adjusted 
hy adding a term — na U /(^ — in). This is analytic when 0 < ^tt, and therefore admissible, 
but it disturbs the condition over 5 ; = 0 and a further term — naU^^-r in) is needed. 
Proceeding in this way, and using 12*06, we have 



+ 


1 

^—in 


+ 


1 

X-rin 


X—'2in ' f-f 2i7r'^"7 


= — naU coth^ 


= 7ra!7eoth— . 

z 


To verify that this satisfies the conditions, notice first that it is real for z = x and approxi- 
mates to Uz for j z I large, as it should. On the circle the radius vector is 2a sind, and 


z = 2asinde^, 


^ = —^JT cosec de~^ = — i7r(cotd— *), 
w = —naU coth {{ni — {n cot d) 

= naU tanh {\n cot d), 

and this is real. 

We are interested mainly in the velocity g and the pressure. We have 


dw\ 

Un^^ 

dz 1 ~ 

|z®8inh®3ra/z 


When z-^0 through real values g-»*0; thus the velocity vanishes on the line of contact. 
At the top point z = 2io, f = {in, 

2 — 1 cosec^i^Tr [ = \n*U. 

The velocity at the top of the cylinder is therefore about 2*6 times that at a large distance. 
The pressuxe at the top is correspondingly lower. This implies that a stream tends to lift 
objeotslying on thebottom and is ooimected with the theory of the transpcHctof sediments.* 

13*05. z <s (n real, n 4=1). The transformation is not conformal at the origin. 
Since \z\ >= axgz — naxg^, lines through the origin in one figure correspond 
to lines through the origin in the other, and circles about the origm to oiroles about the 
origin. This transformation is therefore useful for problems relating to pkme boundaries 
meeting in a line. If the ^ figure is apair of lines meeting at n, and therefore inolndmg the 
upper half of the ^ plane, the Imes in the z plane will therefore meet at nn. n cannot be 
greater than 2 for this Cfigui^ because argz would then exceed 27rfor some values of ^ and 
the representation would not be unique. The transformation covers planes meeting at 
angles <2w. 

* For the lesoliant force on the oylinder, of. Proo. Oamb. Phil. doc. 25, 1929, 27^5. 

JKF 


*3 
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Consider a line source of fluid at z = Za> between planes meeting at ntr. The complex 
potential due to the source is 

Wo = -Slog 


and that in the ^ flgure is accordingly — ^log (£— ^o)» since Zq is not a singularity of the 
transformation. The stream function is 


wi 




V-Vo 

i-io' 


We require the complete stream function to be constant when ^ = 0. does not salaafy 
this condition, but if we add on the result of changing %to — i/o it will. Hence 


w = -^log(S-i„-i'>fo)(S-io+iVo) 
satisfies all the conditions. Therefore 


tff = _ ^log (sV® — 4^) (zVn — 

is the solution, where sj = XQ— iy^. 

When n is the reciprocal of an integer this result can be found by the method of images. 
Otherwise the latter method fails because it leads to images, and therefore new singu- 
larities, within the region of flow. 

The conjugate velocity vector is 

dw dw [dz 

dwfd^ is anaijitic at 2 =: 0; but dz/dC behaves like which tends to 0 if »> 1 

and to 00 if »< 1. Hence the velocity will tend to 0 or infinity at the comer according as 
n < 1 orn > 1 , that is, according as the angle occupied by the fluid is less or greater than s. 
In the latter case the classical theory fails to give a good approximation to the motion 
of a real fluid; it breaks down near a projecting comer for reasons connected with viscosity. 

13 * 06 . z oet (a real). Since ^ = log (z/o), ^ is a many-valued flinction of z and z « 0 
is a branch point. We have 

05 = 06 * 008 ^, y — a^tmri 

and therefore every pair of values of *, y except (0, 0) is obtained by letMng y vary over a 
range Sw and ^ from —00 to -f-oo. The whole z, y plane is therefore mapped on <m infimte 
etrip between 17 = 0 and 7 =* 2jr, or if more convenient for the particular problem. 
—vKn^ir, Half the plane is mapped on a strip of width ir. The circle | z | = o oone- 
qponds to the line § s: 0, 0 < 7 < in', the interior to the semi-infinite strip to the left of the 
7 aads and the exterior to the right of the 7 axis. In the z plane the curves of constant | 
ace circlee with the origin as centre, and the curves of constant 7 ace straight hues through 
the origin. 

i 3 *< 17 . Gooxal circles. For simplicity we take a and e real. Then 

£-f-*7 » 
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Coaxal circles 


387 


Here — <?2 is not unique and to make >/ one-valued we must prevent it from varying 
Ity more than in. This can be done either by making cuts along the real axis from — co 
to —a, and from +oto -rx, or by making one from —a to 4- a. Wetaketheformerca.se. 
Tlien and 0^ satisfy 

0 dj < 2ff. — TT < ^3 sS n. 

The fanuiy of curves = constant are a set of coaxal circles through A{ -fa) and B{ —a), 
•while the family i = constant is the orthogonal set of coaxal circles with ..1 and B as the 
limit points. 




For the part of the circle C above the real axis 

0^-6^^ APB ^ 3L, 

the angle in the segment APB. For the lower part 

{27r—d{i + 0^ = TT— a, 


that is, 


6, — dn = n-ha. 


Thus 0j — 02 changes discontinuously by ± w when P passes through A or B. For 0 < a <7r 
it is always equal to the angle .4PJ3 on the side that faces downwards. 

As we take all such circles with a from 0 to tt, goes from 0 to 2e7r. Straight lines ^ = ca 
with 0 < a < nr correspond to arcs of circles in the upper half of the z plane, while those with 
7r<a<2iT correspond to arcs in the lower half of the z plane. 7 » ctt gives the straight line 
BA. for points approaching the x axis outside BA from above, Tj-^^cn for points 
approaching it from below. 

Xow take the orthogonal system . ^ ^ 

For any point P take the circle APB and draw the tangent to it, catting the axis of a; in AT. 
The triangles KPA, KBP are similar, and 

r-y _ AP PK _AK 
r^~ BP’" BK~ PK’ 


Then 


AK 

BK 


a 




Therefore for given AT is a fixed point. Also 

KP* « KA.KB, 



and therefore is oonstant. Hence the points P with ^ven g lie on a circle. If rjr^ is small 
tite ekde is a small one .enclosing A; if it is large we get a small diele enoloeing B. Thus 
the curves of f constant are the coaxal circles with limiting points A , B orthogonal to the 
intecaeoting circles of constant ij. 
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Analytically, 


r| (a:+a)®+^® ’ 

t±t±^ = _!j±l = -cotli^ 

2ax e^£/c _2 ^ 

£ 

a;^+y^ + 2aa;cotli-+a2 = 0. 
c 


Thus there is a one-one correspondence between the whole of the z and the 
i nfinit e strip of width 2m parallel to the £ axis on the ^ plane. 

This transformation is extremely useful in solving problems on coaxal cylinders. Tor 
example: 


13*071. A Jong JuMow metal cylinder, whose equation i8r = a,is divided into two yartt 
by tJie plane sind = 0. The parts are sUghdy separated and charged to potentials 
two thin sheets of meted at potential 7^ occupy ihe regions r>a,d=sQ omd r>o, d = ?r. 
means of the transformation ^ = log(z—a)—log(z+a), or otherwise, show that the surface 
density at a point on the inner surface of die cylinder is 


47r®o sin 

and find the surface density on die outside of die cylinder and on both sides of die ptaaes. 

By means of the transformation the upper side of - ooB and Aoo becomes ^ = 0, and 
the lower mdes become y = 27r. SPA becomes ly = Jjr and BQA becomes rj = 



The problem is thus reduced to one of parallel plate condensers. C!onsideiing the faiiwr 
condenser between ^ Jjt and we have the soifiice densities in the ^ plane as 

i(K— l^/dar.TT. 

Hence that at a point on the inner suifece of the cylinder in the a pTn.r.ft is 

, Fx-F. dg 

“471* dz' 

But ^ = ^ 

dz z-a z+a (z-o)(a+a)’ 

^ _ _ 2o 

dz ~*'ir,“4a*8mJ^ooBid’~JSn^‘ 
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Hence the surface density is 


Non-concmtric cylinders 
Vi-V^ 
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43r%isin<?’ 

Similarly, that on the outside of the cylinder Is 

Vi-y, Jiri 2 _. 

2n'^sin(y’ 2n^sin^’ 

on the upper side of the planes it is _ Ti — T3 a 
and on the lower side 


^2 /«2 ’ 
7r“ — a“ 

To To ct 


13*072. Capacity of a condenser formed by two non-concentric circles. Let 
t wo circles of the system, with c = 1 , have radii a and (a > /?) and let the distance between 
their centres be d. They can be written 

{x+a eoth g)® -f- y® == cosech® 

and therefore a = a cosech = a cosech 

d = a(coth^i— cothlj) 

sinh(g3-gi) 
sinh^i sinh^g* 

Thus sinh(|a-|i) = ^. 

xp 


2n 





If OCi as X, 0(7* X+d, then since a is the length of the tangent from O to all the 
iircles 

a® = 2r®-yff* == (.T+d)®-a®. 


lence 


2dX = a*-/P-d\ 


o* 

coeh*(g,-gi) 


4d* 


o*tf* 


-f 1 




(«• - d*)* - 4d*^ + 4a»/?» 

4a*yS* 

at^^-d* 

2ay? ' 


cosh Si) 
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If now we have a condenser formed by two conducting cylinders in the z plane it 
becomes a parallel plate condenser in the ^ plane, the separation being ^2 ~ Si* The capacity 
per unit length is j 

477 i ^3 -111 “ 2cosh-i{(a2+/?2_d2).2a/?}’ 
and this therefore gives the capacity in the s plane. 

13*073. Another form of the transformation is 


that is. 


z—a 

z+a 




z _ 

a ~ 1 — 



The restriction of a and c to be real is unnecessary; a more general form is 


I = clog 


3 — 2l 
Z-Zi 


Taking c as a pure imaginary is equivalent to turning the axes in the | plane through a 
right angle. * 

The transformation is related to some of the most fundamental problems in two dimen- 
sions. Thus, in electrostatics, if there are charges A per unit length along two parallel wires 
the complex potential is 


w = — Alog 


z—a 

z-Ko’ 


and it follows at once that the equipotentials are coaxal circular cylinders with the wires 
as limiting lines, and the lines of force are the orthogonal set of circles. Similarly, in 
hydrod 3 naamics, for parallel lines of sources and sinks of equal and opposite strength, 
the coaxal cylinders about the lines give the surfaces of equal the orthogonal surfaces 
the stream lines. Analogous relations for the flow due to a pair of line vortices, and the 
magnetic field due to a pair of electric currents, will suggest themselves. 


13*08. Gonfocal conics, z = c cosh | (c real). 

» + iy = c(cosh I cos ^ -r i sinh | sin 9 ), 
x = c cosh I cos 7 , y s c sinh I sin 7 . 

Then the curves of | constant are 

These are ellipses with foci at ( ± e, 0 ), axes c cosh |, e sinh |. 7 is then the eccentric angle. 

If 7 M constant 2 -,b 

^ ^ y ^ j 

c*oo 6*7 c®sin* 7 ” 

» 

These are hyperbolas with the same foci. 

It must be noticed, however, that a particular value of 7 does not give the whole 
hyperbola. If 0 ^ 7 <^77 and | ranges firom -00 to 00 , we get the right branch; if 
| 7 r< 7 ^n' we get the left. On the other hand -f*| and — where 0<7<27r, give the 
same ellipse. 

Frobtoms jrelatiDg to elliptio boundaries are much more frequent than those for hyper- 
bolio boundaries. Watberefrune make the reetriotion an 4 then get the whole eHipee 
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by taking 0^jf<2n. But now with | positive we do not even get the whole of one branch 
of the hyperbola for a particular value of 7 ; in fact if /; is an acute angle the parts of the 
hyperbola in the four quadrants are given by »/, n—rj^n->rii,27r—y. 

With the restrictions made, the semi-infinite strip of width in in the ^ plane transforms 
into the whole of the s plane. The function co.sh~>^ (2 c) is many- valued, but we have made 
it single-valued by making a cut in the 2 plane from ( — c. (») to ( 00 , 0 ). The upper half of 
the 2 plane transforms into the semi-infinite strip ^‘> 0 , 0 < 7 ;$ n, and the lower half into 
^>0,n^i}<2n. With ^ = 0 , s travels from (c, 0 ) to ( — c, 0 ) and back as 17 increases firom 0 
to 2n. The transformation is not conformal at 2 » ±c, and the angle n between adjoining 
parts of the x axis from these points transforms into an angle at the corresponding 
points in the ^ plane. 

Suppose now that we have to solve = 0 in a region hounded by an ellipse of tlie 
system. The solution must have period 2n in order that ^ may be single-valued; for if 
not we should be in the situation of having a waistcoat whose buttons did not come 
opposite to the buttonholes when it was put on. This condition is satisfied by any linear 
combination of e”^ and for integral n. If we are concerned with a region containing 
the line of fod a further condition is needed. The cut in this case is not a ph 3 mical barrier 
but a mathematical device, and must introduce no discontinuities in the physical problem. 
Not only therefore, but d^jdx and d^jdy must be continuous on crossing the line of foci 
and thereby changing 9 into 2n—it. But the normal to the line of foci, on either side, is 
the direction of increasing f , which is that of increasing y on the upper side and decreasing 
yon the lower. In fact 


S^dx d^Sy ( • x. r , u c • 

— _ c^ — cosh fain37“-fsinh^ cos 


dy 


dxdrj^ dyZTj 




and i£d^ldx, d^jdy are to have the same values for g ^ 0 on replacing if by 2n—y, 
and d^ldtf must either be 0 or reverse their signs. The admissible solutions are therefore 
cosh n| cos wtf, for which d^/d£ s 0 at ^ = 0 and d^ldif reverses its sign, and sinh sin ny, 

for which and reverses its sign. The solutions cosh sin ny and 

siohn^ cosn^ are not admissible for a complete ellipse. They would enter if the line of 
fod was occupied by a barrier, for then d^/dx, d^fdy need not be continuous across it. 

For eztenud problems the data will include infonnation about the behaviour of ^ 
for large The disturbance due to the presence of the elliptic boundary must then tend 
to sero for large i, and the admissible solutions are of the forms e’^(oo 6 n 9 , sintu;). 

For the scale of the transformation we have 


Also 




esinh^, 

c*(sinh* S COB* y -f- cosh* £ sin* y) 
e*(ooeb*S-~eo8*y) »• Jc*(ooBh2 £— oob 2 i 7 ). 


jj!*j « c*(ooeh*|oo8*i74-Binh*£Bin*i7) 

<m c*(oosh*{— sin *?) » |e*(ooBh2g+oos29). 
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13*081. Conducting elliptic cylinder in a uniform field of force parallel to 
the major axis. The potential of the undisturbed field is 

— Fx = —Fc cosh £ cos rj + constant. 

Suppose the conductor to be given by ^ a. Then the extra term due to the presence of 
the conductor must be of the form Ae-^coaij, for this tends to 0 as ^->00, and it must 
cancel the variation of Fz over the surface ^ = a. Thus 

^e-«_2?>ccosha = 0. 

Hence ~ constant — Fc cosh | cos ^ + Fee*-^ cosh a cos 7 

= constant — J’cc* sinh (g — a) cos 7. 

The corresponding ^ is 

^ = constant— J'ce* cosh (S—a)sin7. 

The charge induced on the part of the cylinder on the positive side of the y axis is ' 


13*082. Elliptic cylinder of dielectric constant .ST in a uniform field parallel 
to the majjor axis. Let be the potential inside the cylinder and that outside. The 
only admissible forms are, apart from a constant, 

^0 = — i^'ccosh^ oos74-.4e~£cos7, = jBcosh| COS7. 

The boundary conditions are ^ at ^ = a, since d^jcn is continuous. 

Hence 

j4e“*— jp’coosha = JScosha, — — jPcsinha = JTHsinha. 


Then A ^Fc 


JT-l 


cosh a sinh a 


cosh a sinh a 6“, B = —Fc 


e* 


cosh a+£ sinh a' 


13*083. Rotating elliptic cylinder filled with fiuid. Let o) be the angular velocity. 
On the boundary the velocity components of the cylinder are ( —(oy,(i)z). But if ^ is the 
stream function 

■ drlr 

3y “ a» “ 

arid therefore on the boundary 

— edx) « — Jo ] z j* 

= — Joc‘(oosh 2a + cos 27). 

The first term is an irxdevant constant, and we can take 


o 




Tl^iia at points in the interior («, v) 


o 


cosh 2a 


(y.*)* 


We have ako, sinoe 


tanhaa^, oosh2a — 2ri^. 
a a’— 0* 
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Thus, as we should expect, there is uo motion inside if the cylinder is circular. In case 
there is any doubt of the truth of the result, one may take a teacup with a floating leaf in 
it on the side next one’s mouth. On turning the cup round the leaf is found to be still on 
the side next the mouth. The result is of coxnrse true only for fluids of small viscosity. 

13*09. Generalized Joukowsky transformations. Suppose that we are given the 
equation of a closed curve in the s' plane in the form fix’, y’) = 0. Tlien we cannot at 
once give an answer to the question: what is the transformation that will transform the 
closed curve to a circle ]z \ — a and the region outside the curve to the outside of the circle 1 
We have rather to examine various transformations and see what cun’e in the z’ plane 
corresponds to | s | == a. It has, however, been found that many of the transformations 
important in mathematical physics belong to a very general cla.ss. and we first consider 
this generally before proceeding to special cases. Let 


2' _ . V ?r 
r «=0 


( 1 ) 


where the a, may be complex and «„ + (). In practice we asually take Uo = 1. Suppose 
further that the series converges for 1 2 1 > a and that dz'jdz has no zeros outside the circle 
C defined by ] z [ = 0 . Then the transformation is conformal for all z outside the circle. 
When 2 travels round the circle C, z' wiU describe a closed curve C. If dz’idz has a simple 
zero on C, the curve C will have a cusp at the correspondiiag point. Further, a large 
circle in the z plane with centre at the origin corresponds to a large closed curve, approxi- 
mately circular, in the z' plane and conversely. If we proceed inwards from a point on 
the large circle in the z plane along a straight line to the origin, the curve in the z' plane 
corresponding to the part of the line outside C will have a unique tangent at each point, 
z is therefore also a single-valued function of z' and will be expressible by a power series 
of the form 

if z' is sufBlmently large. 

With the fiirther transformation z = oeC we have that the part of the z' plane outside C’ 
is represented on the semi-infinite strip ^^0, 0 < 7 < 2 ;rof the ^ plane. Hence if a closed 
curve in the z' plane can be represented parametrically by 


x’ + iy' = ae*» S (a real, a. complex, 0 #+ 0), 

r-ofl 

we can at once infer that it is the curve corresponding to ^ » 0 of the family 

z'-oeci: 

r-0 ^ 


(2) 


( 3 ) 


13*091. EUip8e.T8ke 


Partievlar emea 
2(0 z 


With z >» oe*t (the circle 0) we have 

z' *' +• iy’ » -f" 6) — h) 

»aoo69+»68iny. 


( 4 ) 

< 6 ) 
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JouTcowsky aerofoils 13*092-13’093 


and the curve C' is an ellipse with semi-axes a, b, and 7 is the eccentric angle. This 
transformatiou is also often taken in the form 


s = zH , 

z 


( 6 ) 


so as not to alter the scale at infinity; then to the circle \ z\=‘ a correspond the two sides 
of a line fixim {2a, 0) to ( — 2a, 0) and back. This can also be written 


z'-t-2a /2-i-o\® 

z'~2a~[z^) ' 


(7) 


13*092. Joukowsky aerofoils. Take 


dz' 

dz 



Sz, = 0, 


= a, 


Then C has a cusp at z^; for near it we have 


dz 


g{z){z-Zi), 


|zr|,+i<a. 


( 8 ) 

( 9 ) 


where g{z) is analytic and not zero at z = Zi‘, and therefore 

2 ' - zi = ig{zi) (z - Zi)*-f . . . . (10) 

Hence as z travels along the circle and passes through z^, z' approaches z{ and then 
recedes along a curve with the same tangent. 

TV- o - dz' , a® , a® 

If»«2,Zi = a,Zj = -o, _ = z' = z+_. 


and we recover (6). But if, now instead of the circle C we take a slightly larger circle 
passing through -f a but a little beyond —a and transform it, we diall get an Indian club- 
shaped figure with a cuEfp at z' == 2a and a rounded end at z' a little less than — 2o. If 
further we take the centre of this circle a little off the axis of x the z' fiigure will not be 
symmetrical about the «' axis. Thus two terms are enough to give a fair representation 
of the form of an actual aeroplane wing. The most serious departure from actuality is 
that all Joukowsky aerofoils have a cusp at the traiUng edge, whereas the actual angle is 
not a cusp. This can be remedied by a further modification due to Glauert, as follows. 

13*093. Region bounded by circular arcs. We take now 


g'— (2— »)acoB>d _ / z— oe~*A *~* 
z'-t-(2— «)acosyd"’ \z-|-ae*^/ ’ 

where n and are small and positive. This is evidently the 
result of applying two transformations of the form 13*07 with 
different values of e, but now we are interested in the external 
region. We write 

aig(z-oe-</») » 61 arg(z'-( 2 -«)aooSid) » 

aig(z+ci^} s-d, aig(2'-f ( 2 -n)aoos^) » ^ 



■white $ 1 , axe jdbfined to be zero when z is on BA {noduced, and vary oon- 

as g tnaveb on a oarve ontdde the circile. 
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13*094 


Exterior of a polygon 


Then 




for points z outside €. At P, 0^ — 0^ = ht—fi. If P tranafoniis to P\ P' is on a circular 
arc through + (2 — ??) a cos/?, ■H'ithanglc {2 — «)(l 7 r — ^)at the (‘irenmferenw?. But if P pro- 
ceeds to near B and then travels round a small seuiicircle about B. inn eases by n and 
therefore — becomes 

{2-»){-’7r-//)-(2-w)7r « -(2- w)(J7r-/y}, 

This is negative; ive add 27 t to give a positive angle, which 
■will be the angle facing downwards as in 13-07. Then thf* 
lower arc gives an arc in the z' plane containing an angle 

27r-(2-»)(j7r4-/?) = (2-}-w) .j7r-(2— w)/^. (2-i-n)Jar-{2-n)j8 


(2-n)Gw-iS) 



If this is less than n the lo'wer arc in the z' plane will be con- “ -ptene- 

cave doumioards. The z' figure consists of two circular arcs intersecting at an angle rtn. 

If instead of C we take a circle through A but passing a little beyond B we get a rounded 
leading edge. This is Glauert’s transformation. When z is large we find the first few terms 
of the series development to be 


z' = z-t-tasin/?-i- 




13*094. Closed polygonal boundary. Consider 


dz' 

dz 



(1) 


where A is constant, and | z,. | = a for all r. Take 

z =* aef't, z, = ae^’r. (2) 

dz' » 

Then =» JJcW-Vs&v'ir) jj /sin 1 (^ — •^ 7 ,)}*^’', ( 3) 

where B is smother constant. Therefore if SoCp = 27r, Bxgtfiz' jdTfi is constant. Thus as z 
describes the arc between z, and %' proceeds along a straight line. On passing half way 

round z„ however, 7 — 7 , changes sign and arg(dz 7 <^ 7 ) changes by +«,• The curve C 
is therefore a polygon with external angles ± 01 ^ 



We take first the external problem. Then z can travel positively about z,., and aig (z ~ z,) 
tNcreeues by w; thus the curves are oriented as shown. 

The oondition £ 0 ;^ * 2fr is satisfied by the external angles of a <doaed polygon. If 
(1) is developed in powers of 1/z, it is seen to contain a term in "Za^Ttflz, and therefore z' 
wffl not be single-valued asaless we have also £ 0 ^^ ** ^* Subject therefore to this eon* 
dxthm and £ov'* 2ir the outside of a eixcle C is transformed into the outside of a polygon. 
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The same transformation will not do for the inside of a polygon. For if we took the inside 
of the drele, then we should have to pass round z, in the negative direction, and arg {dzfjd'^) 
would decrease by a,. Thus we should not get the inside of the same polygon, but the 
outside of its mirror image. 

On the other hand, (1) determines z' as a function of z, which could be continued into 
the interior of C by paths between any pair z,, But then we should have to Tna^ A a 
cut along the whole of C except between these two in order to make z' single-valued; then 
this cut would have to be traversed internally and we get the same result as in the last 
paragraph. 

13*095. But consider the transformation 

z' = 21 6,2?-. (4) 

r«l 

(There is no loss of generality in droppiog a constant ho on the right.) Suppose that the 
series converges for | z | < a and that all zeros of dz'/dz lie outside or on this circle. As 
before, C corresponds to a closed curve O' in the z' plane, but now a small circle about 




C 


C' 


z sa 0 oorceqtonds to a small curve approximating to a circle. Thus the interior of is 
mapped on to the interior of O'. The transformation of this type for a polygon is known 
and is of considerable Interest. Take 



where A is constant and [ z,. | = a. As before we get 
dz' 

^ n { — 2i sin (6) 

and axgidz'fdij) is constant for each arc provided == 27r. But now as z describes a 
semicircle about z^ on the inside aig (z — z^) decreases by n and arg {dz'jdrj) increases by 
Thus the are again the extezioal angles, but the interior of O corresponds to the interior 
of <7'. 

13*096. These transformations axe due to various writers.* 

The transformation of the outside of a oirde into the outside of a general dosed curve 
can be seen to be unique. For we can imagine the curve C' to be occupied by a conductor 
oazxying a given charge per unit length. Then the extmmal field is determinate and with a 

• W. 6. IKeUey. PM. JVaiw. A. 2*8, 1#2», 2SS-74| R. M. Morris, Pno. Comb. PM. Soo. 88, 
mn, JMiSa. Ann. ll«^ IMtt, *74-400. 
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suitable adjustment of the charge we can arrange for the potential to behave like logr' 
and the charge function like O' for large r. Then 

^i + tV^logz' (r' laigp). 

Xow if s' = /(s) transforms a circle C into the curve C", log s is a function of s' whose real 
part is constant over C and therefore must be equal to ^5 proA-ided that s' — s-»- 0 for | s [ 
large. Hence logs = + s = 

which is uniquely determined. In fact the external transformation is determined if the 
jmtential problem is solved, and conversely. The outstanding advantage of external 
transformations of this tj’pe is that they turn the outside of a closed curve into the 
outside of another, leaving the scale and orientation at infinity unaltered. Hence if the 
form of the complex potential is known at large distances it can be adapted to the 
transformed problem by simply Avriting s for s'. In the internal problem if is constant 
OA’er a closed curve and = 0 in the interior, 5! is constant in the interior and tells 
us nothing about s. A variable ^ can be arranged by taking ^ » lQgr'+^' within C', 
where r' = [ a'— c | and c is within C", = 0 AvitUn C', and ^ = 0 on C. Then if 

s = exp(^+i'^), z4‘Z*—c for z'—c small, and j« j = 1 when s' is on C'. Hence the 
transformation represents and its interior on the imit circle and its interior, an 
arbitrary point c within O' corresponding to z — 0. 

In both problems the existence of a solution of the potential problem is physically 
plausible; the analytical proof is difficult. 


13*10. Another class of transformations, closely related but somewhat better knoAvn, 
is due to Schwarz and Christofifel. We take, keeping z' for the transformed figure, 


dt 




( 1 ) 


where the points lie along the real axis, which is taken as the path for t. The region taken 
is the upper half of the t plane. Then when t travels, necessarily in the negative sense, 
around arg (dz'/dt) increases by a,* If interior of a closed polygon ; 

if it is —inwe do not get the exterior, because when t describes a large semicircle atgz' 
will increase by Sn. If S a, = w two sides are parallel and extend to infinity. 

To see the relation to 13*095 we put 


2o* 


t+ta 


z+ig = 7 —. --, z — —ia - — 

f-w t-ta 


( 2 ) 


We get 


dz' 2a‘A 2ia(t — tf) 1"*"* 


(3) 


since Zo,. » Zn. This is of exactly the same form as (1); the only difTerence is that the 
are on the real axis and the z, on the circle. 

Theextemaltransformationl3*094(l)behaTe8difFerently. Wefirstputz a o®/^to trans- 
form the outside of the circle into the inside, and then take ^ instead of z in (2). We thus get 


dz' 2a*A „/ 2w{f~f,) 


(4) 

( 6 ) 
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With S a, = 277 this has double poles at f = + ia. Consequently there is a singularity 
in the upper half of the t plane and z' will not be single-valued as a function of t unless the 
residue vanishes. Thus we again require an extra condition as for the transformation into 
the outside of a circle. The presence of a singularity not on the path of integration probably 
makes this transformation less useful for external problems than the transformation into 
a circle. 

To transform the inside or outside of a given polygon into the upper half of the 
t plane, we take the equal to the external angles, but still have to find the to 
make the lengths of the sides right. This is always possible, but the proof that it is 
possible is difficult, except for a triangle. 

In the Schwarz-Christofifel transformation for a given polygon the points tf for three 
comers can be chosen axbitrarily . For if we take, with a8~yfi ^ 0, 

as+fi dt aS—yP {a8—yfi)(s—Sf) dz' D — /s—sA -^^ 

~ys+8’ ds~ (ys+S)^’ (y8+8){y8f+$)* ds ~ (ys+S)^ ’ 

and the factors y8 + 8 cancel, leaving the form unaltered. But a, /S, y, 8 can be chosen to 
put three of the 8f anywhere we like. It is usually convenient to take them at some of the 
values 0, ± 1, and 00 . Evidently the same will be true of the internal transformation into 
a circle. If the polygon has more than three vertices the choice of the values of 8, for three 
of them will fix those for the others. 

The external transformation is unique and no similar simplification is possible. The 
relation S ce, 2 y 0 is equivalent to two relations between the and a factor of modulus 1 
in all the z^ will be cancelled by another in the factor A . 

A theory of the extension to curved boundaries is given by J. G. Leathern.* 


EXAMPLES 

1. A straight dit of width 2a and of great length is cut in a large coaduoting sheet. Show that, when 
the sheet is ohaiged, the field in the nei^bonrhood of the ifiit, not too near the ends, can be deteimined 
by a complex transformation of the form to s 0 ( 2 *— a*)’^. Show that the socfhce density o’ at a point 
distant x from the cmitral line of the slit varies according to the law 

0’«o’,(l-oVa:*)-’*, 

and that the equation of the equipotential mufooe of potential V is 

Shaw that the leeiatatioe betweem two oitcular eleotrodes of equal ladius & in aa infinite plane 
uniform sheet of material of two-^imensiopal conductivity cr is approximately 



when the Ai s t a gi oe o between the eleotKodes is lar^ oompared with 6. 

The linee OA^ OB of unlimited leongth form the bouQDkdaxy of a oondiictang (dieet, which ocoupses 
the betwewu theme At P on OA and Q on OB aemicuroular electrodes of radius h are let into 


pm. Trom». A, 215. 1215. 
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il.f! ‘•lii-ct, b U'ing =mall coBarjared witli PQ. Tlie uiiglc AOB = a. nnd OP s: OQ — a. Show that the 
ri.^istanco between the olectrode.s ii approximately 


77<r Trb 


(ALT. 1941.) 


3. Electric charge ib distributed ^ith density f along line ^ = o. and th^* rccrions defined 
by , ;f pa arc occupied by conducting matter at zrro potential, V^Tify that in the space between the 
conductors tiie potential ^ iA> given by 

= — 2elogTanh^- , z s= 

4*1 


Prove the charge induced upon unit length of the strip of surface defineti bj" y == a, 0<ar<6 is 

f’ , ^ nb 

--turi-itanh — . (Prelim. 1937.) 


4. Show that by means of the formulae 


TTZ 


2a 

mr 


= “ 1 ) — eosh-^ ^ + iff /, 


the solution can be found for the problem of the dow on one side of a stepped boundary consisting 
of //=: —a for aj<0, y = a for a:>0, and fltr= 0 for — a<y<a. 

Show that if the pressure at infinity is zero the force on unit width of the transverse portion is 
2SeF0. 


5. Sketch the transformed curves of the axes in the z plane and of the trisectors of the angles 
between them, under the transformation 

w = (l.C, 1942.) 

Z+l ' ' 


6. By considering the transformation w = exp s® in the area A defined by ^ 1 <; < 1, j?* — y* < 1, 

2 *^ 0 , show that 




(l.C. 1936.) 


7. Find a system of curves orthogonal to the curves of the family jr* — Zxy* = c. 



Chapter 14 

FOURIER’S THEOREM 

*1 musti go in and out.* 

BBBKABD SBAW^ BeoT&rec^ Souse 

14*01. Harmonics fitted to n equally spaced values. Let the values of /(x) be 
specified for n equally spaced values of x, namely, 


X = (r = 0 , 1 , 1 ). 

n 

Denote /(x,) briefly by/,; we wish to determine coefficients Cg so that 

fr = iOge^\ 

#-0 


( 1 ) 


( 2 ) 


These are n equations in n unknowns. Multiply the rth equation by exp ( — irmX), where 
m is one of 0, 1, 1, and add for all values of r. We get 


n— 1 »— 1 

2 = S S Gge^»-^^. 

r —0 r— 0«=0 


Nowif «+«, 


1 —/><«(«--»») A. 

5,*^* = 1-<^A - 0. 


S 

r-O 


since nX 2w; if a = m each term is 1 and the sum is n. Hence 

r-O 

To show that these satisfy the original equations, we have, replacing m by s, 

»-l 1 »— 1 »-l 

S Oge^^ = - S S 

9«i0 


(3) 

(4) 

(5) 

(6) 


and the sum of e^*^)**- with regard to a is 0 unless r = t, when it is n. Hence the sum (6) 
is ff, and (5) is the solution. « 

1 it-1 

For a = 0, U, is simply- S /<• If is a value of a and not zero, » — m is another. Hence 
apart from a » 0 we can take the terms of (2) in pahs; and 


®r— 0 
2»-i 

= - S/rCos(i-r)aA. 

«r -0 

If n is even, a » ^ is one possible value and occurs only once; for tins 

Wr-iO «r*0 


(7) 


( 8 ) 


sufoe 


sin 4n(t--r) A * 8in(t--r)7i’ = 0. 
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Tlmri /( = /iaSinAtW, (9) 

wlitTO the Hummations include a = 0, 1 , up to or .]l(n — 1 ) aeeonling as n is even or 
o«ld; and 


1 «~t 

*■!„=- S/,, 

r.“«» 

2 n-1 o M-1 

= - S /,coasrA, /,sm«r/< (0 < « < hi), 


r=‘ li 


U r~n 


and if » is even 


1 »-i 1 »-i 

= - S /,eos iwrA = - v ( _ iff^^ 

” I'Sf'- I) ” I* - 0 


( 10 ) 

(H) 

( 12 ) 


the sine terra vanishing since sin rn — 0. 

An alternative method is to assume the form (9) directly anil eMiliiate il/,. S/,cos r«A, 
S/,8in ruA. The summations are, however, slightly more ilifticult by this method. 

In this way we represent the n values exactly as the sums of a constant and « - I 
trigonometrical terms. The method is known as karman'u'. amli/dx and is extensively iiswl 
in the study of observational data. In meteorology, for instance, the pressure, tem- 
jierature, humidity and so on are recorded at int<>r\'als of an hour. From the hourly values 
a harmonic representation can be found for each day, including tenns of jR'rifsls 24, 12, 8, 
6, 24/5, ... hours down to 2 hours. But for the last the data will det(*rmine only a cosine 
term, since the corresponding sine term vanishes at all the times where there are obser- 
vations; to find it we should need a shorter interval between consecutive observations. 
If we extend (9) to fractional values of t we can regard it as an interpolation function. 
Analyses can be carried out for all days over an interval and the results compare<l to see 
whether the harmonic terms repeat themselves and can therefore be made the l>asi8 of 
inferences over longer intervals; for instance, the 24-hourIy ja'riwl in temperature is 
obvious, but its amplitude and phase are found by harmonic analysis, while diurnal and 
semidiurnal periods in the pressure are noteworthy features of the climate in many 
regions. 

Useful two-figure tables for harmonic analysis have been published by H. H. Turner* 
for 9 to 21 intervals. His r is the present r-i- 1. 

14*02. Fourier series. Now suppose that f(x ) is given for all values of x from U to in. 
We can increase n indefinitely and thereby make our interpolation function agree with 
/(«) at more and more points, and the interval is in/n, while rA a: x. Then if the coefficients 
tend to definite limits these will be 

Alo=*J-f f{x)dx, j 4, =»-f /(x)coBS*dr, B, * f f(x)mnsxdx, (1) 
^ 7 T J 0 ^JO 

provided that the integrals exist, since the method of subdivision used is only one of the 
ways that must give the same limit if the intf^pvds exist. It is sufficient that/(x) itself 
shall be int^prable; this will imply the existence of all the other integrals. 

Let g^ix) be the interpolation function obtained as in 14*01 for n intervals. We ahtmld 
expect that, when » increases indefinitely, the interpolation function tends to a limit /(») 
for every value of x. Unfortunately this is difficult to prove directly, and is not oven 
always true. Clearly if f(x) is one of the peculiar functions that intereet pure mathe- 

* TabUtforfaeiiUaiing tAetmof Uarmmit Anai/f/tit, ISIS. 

•* 


jar 
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maticians, such as one that is zero for all rational fractions of 27r and 1 for all irrational 
ones, then since we sample it only at points of the former set the coefficients in will 

always be 0 and the limiting series will vanish for all a; it will therefore disagree with/(*) 
at every irrational fraction of 27r. The integrals ( 1 ) then do not exist in the Riemann sense 
in this case, but they do exist in the Lebesgue sense, and then the series represents the 
function at irrational values of xl2Tt and not at rational ones. Even if /(a;) is continuous 
we cannot infer that gjje) unless we can also show that the limit exists, and this 
is not always true.* 

It is easiest to proceed to direct study of the series of sines and cosines 

.4, + S {A^ cos 7KC+ jB„ sinwa:), 

where and are defined by (1). This series is called the FovH&r aeries of /(«). We 
recall that if /(a;) is of bounded variation in an interval (a, 6), it need not be continuous, 
but/(at— ) and/(a; + ) exist for every x within the interval, and/(o + ) and/(6 — ) also exist. 
Then we shall show 

(1) Iff(x) ia of botmded variation in (0, 2?r), tJte Fourier series off{x) converges to 

K/(»- )+/(«+)} 

for every interior point of the interval, and also for the end points if fix) has period 2jr. 

(2) A^, tend to zero as n increases, at least as fast as 1/n. 

{3) If fix) ia also continwous at aU points of the inteival, the sum of the Fourier series is 
egnud to fix) at dll points of ^ interval. 

(4) If fix) is differerdiable at aU points of iJie interval andf'ix) has bounded variation, 
the coefficients decrease at least as fast as n~^, and similarly for higher derivatives. 

When several derivatives have bounded variation the rapid decrease of the early 
terms makes the series useful for computation. We have had an example in the case 
of the Bernoulli polynomials, for which the expansions given in 12*07 are the Fourier 
expansions. For P^^t) the fourth term of the expansion has an amplitude 1/256 of that of 
the first, so that a few terms of the series give a good idea of the general appearance of 
the frmotion and can even be used for computation if three-figure accuracy is sufficient. 
The Fourier series also has important applications in potential theory; these are 

CO 

shared by what is called the aUied seriesfj^ iA^aianx— Bf^eoanx). Somewhat more 

severe conditions are needed for the convergence of the allied series. 

To prove the above statements we need a lemma. 

14*03. Riemann’s lemma. If^ix) is non-deereacirsg and bounded in the range a fob, 
and A is large, 

I ^ix)<ioahzdx and | ^{x)(dnhzdx are O 
J« Ja 

For f {((d;)oosA;Bda; s r^^8inA;ir| — yf BmA*<l^(aj), 

Jo L ^ Jo 

* satiBfiflB a Lipeohitas ooaditioa tbe statements suggested can be proved: of. D. JaokBoa, 

S>l« mmrjf At^nmeimation. 1930, 130: A. C- Offoid, Dtike Math. J. 6, 1940, 60S-10. 
t We use bera tits name introduoed by W. H. Young. The term oonjagate aeries is also used. 
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thf* integral on the right l»eing a Stieitjes integral if changes discontinuously at any 
value of r. All elements are > 0. and ' sin 1 ; hence if , < A 

4 *1 

fl>{r)Qo^Ax(lr i ■ 

J a >* A 

4 A 

Also, similarlj^ : . 

J rt A 

If we change (}>(x) to — 5 i(.r) the result is seen to be true also if ^4(:r) is non-inerc*a.sing in 
tlie interval. 

We know that if f(x) Ls of bounded variation in the range n to A, it can l>e expressofl 
as the sum of a non-increasing and a non-decreasing function, l>oth l)ounfled in the 
interval. Hence /or any functio7i nf bounded variation 

J f(x) cos Xxdx = O I ? I , j J\^x) sin Axdx = 1 1 . 


14-04. Summation of Fourier and allied series. We can write 


cos Tix 4- J5„ sin nx = ~ 

TT 


/(t)coaw(f— 


1 

AnSinna" — 5„co8»jr = — I /{t)Km«(t— ar)df. 

n jn 


( 1 ) 


(2) 


We denote the sums of the Fourier series and the allied scries, up to the terms in nx, by 
S„(x) and T^{x), and. take/{*) to be of boimded variation in 2n). Then 


Saix) + iT„{x) = ^ /(<){4 + c ~'*'-"+ ... 


JL .cos jr) — coH(wi- 1) U— jr)) 

2?rJ() i sin iff- jr) * sin|(f— j-) ~ j 


dt. (3) 


This reduces SJx) and Tn{x) separately to single integrals. W> have to study their be- 
haviour as n tends to infinity. We notice first that the integrands are finite at ail points, 
even at f s, ar. For Sjipe), first exclude an arbitrarily small range r-i<t<x->rS. Then in 
the remaining ranges /(<) cosec is bounded, and has bounded variation if /(I) 

has. Therefore by Biemann's lemma the contribution to fi^(x) firom these ranges tends 

to 0 with increasing «. Also in j^y' yjl bounded 

variation. Hence 

Since 9 is arbitrarily small it follows that that if the series converges its sum depends 
wholly on the values of/(t) near i => a?. Also, on putting 




a / » 1 /*<■+'/»)* ./ « \sinu , 

— I /!'*+ ‘TtI — 


<«) 

(«) 
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As B -soothe limits tend to ±qo. But as <->• a; from larger or smaller values, /(f) 

OTf{x — ). By our choice of S we can make the variation of the values of /(f) on each side 
of a; as small as we like. Hence, by du Bois Reymond’s form of the second mean value 
theorem (1-134), putting 

,, , siuB j, V ./ \ 

m — 

we can make the integral as near as we like to 

/o “ M/(® +)+/(«-)}. (7) 

and therefore +)+/(*"))• (8) 

The series is therefore convergent at any point x such that /(f) tends to definite limits as 
f approaches x on each side. If these limits are the same and equal to /(a;), the sum is/(a;). 
If they are different, as when/(f ) has a finite jump at x, the sum is the mean of the limits. 
If a; = 0 or 2)r, (4) must be modified; makiog the appropriate changes we find 


-Sn(O) = ;Sf„(27r)^i{/(0^)+/(2^-)}- 

Now consider 


(9) 


This is convergent, but the convergence is only saved by the term in cos(»+i)(f— a?), 
which we wish to treat as a remainder term. We can, however, proceed as follows. I'irst 
exclude a range of length 2^ about x as before; outside this the part depending on 
cos (n+i) (t—x) tends to 0, Then T^ix) has the same limit as 








sin-J(f— a) 


and the last portion 




(11) 


Now if {/(a + «) —/(a — »)} cosec is bounded for 0 < e < ^ we can again apply Riemann’s 
lemma and say that the term in cos (b + ] f) u tends to 0. But then, if the upper bound of 
this expression is j3f , 

jj {/(a+»)— /(a— t?)}cot^<i»| < J Jf cos^vdv = 2Af sm^j, (12) 

which we could make arbitrarily small at the outset by a suitable choice of d. The con- 
dition assumed is true if /(f) is differentiable on ea.ch side of a; the inference would remain 
valid if the derivative was itself discontinuous at a. Then we have the result that if /(f) 
is differentiable on each side of a, the allied series is convergent and its sum is 

-ste[jr +/“,]/«)<»*«'-»)■“ m 

P dedwting the psindpal value. 



403 


14'041-14-05 Compl^.x thaocy 

14*041. The Lipschitz condition. If for some i»ositiv<‘ M and *. ami i < 
f{r~r v)—f(x) ! < J/ ' <' it will still Ik* true that 112) can lx* marie arbitrarily small by 

a suitable choice of S. With this conditir>ti the truth r.if (s) follows iiiiiiiediatelv from {<>) 

1*-' 

and the fact that j sin >i(lu m eonver'j:f*s. 

J II 

If a function satisfies this conrlitioii with sc — i. and srane .1/ indeiHjndent r»f x, it 
also follows immediately that the function is of Ijoumb'd v ariution; iVrr thr* total variatirm 
is the upixT bound of 

:/{^i)-/(0) : -r i/<Xa)-/{ari) j + ... - 7(27r,-/UJ ’ < d/i: i jv-.**,., : == 2;rJ/. 

Hence a sufficient condition for the Fourier series to converfre to f(x) ami the allied .series 
to (13) is that/(ar) shall satisfy a Lipschitz ormdition of order 1 uniformly; this take.s in 
its stride the condition that the variation shall Ije bounded. 

14*05. Complex theory. We replace x by 0 and t by ,y. rmd regard 0 Uf, the ai'guinent 
of a complex variable z, of modulus a. We shall show that in suitalde eoiidit ions the Fourier 
series has a simple relation to the .solution of a potential ])roblem, where the lurtential ^ 
is given over the circle ] s | = a and is required in the interior. We have se«*n from Laurent 's 
theorem that the supposition that ^5 + iji* is analytic in a zone containing the circle leads 
to the Fouxier expansion. We shall now see that the condition is not necf*s.-ary. 

The Fourier and allied series of f(0) can be written together 

8+iT = ~ r7(d:)«2.v+^ 2 (1) 

Put t = ae<'(, z = re*‘> (r<a), (2) 

and consider the series 

When r->o the terms reduce to those of (1 ). If we can invert the order of integration and 
summation we shall have 

where the integral in the last expression is taken around the circle 1 2 1 » a. This function 
is defined subject simply to f{x) being integrable, and provides us wdth a precise starting 
point. We wish to study its properties, and in particular to see whether, when | z | -♦■o, 
^#’/(^}* separate the real and imaginary parts. We get 




( 8 ) 


e 

(•> 


As they are the real and imaginary parts of a fimetion of the complex variable z, these 
fimotiona are solutions of Laplaoe’s equation in two dimensioDB everywhere within 
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the circle, and we shall expect to be the potential and the charge function, given that 
ip takes the values /(d) on the boundary and that there is no charge inside. We theiefoie 
proceed to examine .the behaviorir of ^ and ^ when r tends to a. Suppose that when x is 
near 6, f(x) tends to limits f{6 — ) and f(d+) as x tends to 0 through smaller and larger 
values respectively. Then for any w we can choose a quantity 8 so that 

l/{d+^)-/(d + )l<6> ( 0 <‘»^ 8 ),]^ 

\f(e+&)~f(d-)\<(0 (-8^^<0).j 

( riir-s /•O 

Then ^4' -[I 

When r-^a the first integral tends to 0. For the third, 


(7) 


( 8 ) 


i2_/2 


■2(M'OOS'd+r® 


A8. 


Now, if 


Joa®— 2oi 


2_y2 


2orcos^H-r® 


tan^ = u, 

Jo (o— r)® + (o+r)®«t® (o— r ^ )' 


(9) 


( 10 ) 


•r)® + (o+r)®«t® 

which tends to ff as r -i- o. Hence as r -> a we can make the second integral in (9) lie between 

w{/(d+)±a>}; and by the type of argument already familiar in potential theory p has 

a limit as r->o equal to .. 

hm9J==i{/(d-)+/(d+)>. (11) 


We break up the range for \[r similarly. The range d to 2w— d gives 


and the range — d to d gives 


I /*2»— ^ 

•sj. J 


/(d +t^) cot Jd’dd', 


(12) 


aru&u 


(l + «*) {(a — r)® + (a + r)® a®} 

The first part on the right of (13) is independent of r. The second is less numerically than 


1 ftan-»w ^ 

ijo (1^) 

which tends to 0 with 8 if /(d) is differentiable at d = 0. (Actually a Xipsohitz condition 
would do; it would be enough that {/(d+d)— /(d— d)}a~“ should be bounded, where a 
is any positive number.) Then both parts tend to 0 with 8, and 


J*V(^ +^> oot Jddd, (IS) 

which was found for the sum of the allied series on the cirole in 14'04. If/(d+^)-/(d-d) 
behaves like l/(--log j « j) the integral (14) will not tend to 0 and the principal value will 
not exist, but snoh oases do not seem physically unportant. 
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Thus the procedure of introducing the factors (r ay anri letting r tend to a gives the 
same values for the series as direct summation doc*H. IJy AIm* 1V theorem this would be 
expected, since we know that if a power series ttonverges at a point on the circle of con- 
vergence its sum there is the limit of the sum on apjiroaching that point from within. 
But the present results are true under somewhat wider conditions, for the argument 
merely assumes that f{0) is integrable, not that it has homiide<l variation. It may 
therefore give a meaning to the series on the circle even though the latter may not 
converge. Our theorem then takes the form : 

lff{6) is int&grabh, and 

^0 = I f{6)dd, i f f (ft) con. aft do, B„ = ^ I f(ft)iAnvOtl/f. 

-trjo jrjo nj„ 

X 

iJit tt the Fourier series = -4o -i- S (-dn cos 7i0 4- sin nft ) 

or 

and the allied series = 2 (-*1 « 

H 1 

if summed by Abel's method, give 

«;J = i lim {f(0-t8)-rf(ft-7})\, 

4,9-»-o 

xrhere 9 > 0, at any value of 6 where this limit exists, and 

•iW \ <1 

for any value of 6 where the principal value, exists. 

The use of Abel’s theorem can be justified immediately in a large class of caaes. The 
conditions in 14*04 are sufficient for convergence on the circle. 

Without previous knowledge of the properties of f(0), something can still be said 
about the convergence if the coefficients in the series are known. By a theorem of 
Tauber the Fourier series converges if the Abel sum exists and and nB,^ tend to 0; 
by an extension due to littlewood it is sufficient that they should be bounded. 

So far as this theorem relates to ^ it bears the name of Fourier.* Study of the alfie<l 
series is modem.f The present form of the theorem seems to bt' the one with the most 
direct physical applications. It is known that a Fourier series is always summable, even 
if not convergent, by a method of CSsaro known as (0, 1), which is less drastic than Abel 
summation, at all points where /(<?-!-) and /{ft— ) exist; but in potential problems the 
trigonometrical factors are associated with powers of r in such a way as to make Abel 
summation arise naturally, and then the functions ^ and ^ are determined at all internal 
points by the integralB (6) and (6), given the values of ^ over the surfaoe. It would be 

* For no very obvious reason. The problem of the vibrating stru^, with twice dlfferentiablo initial 
ditqplaoement, was solved by d’ Alembert and Euler in 1747. D. B^ouUi got tbe solution as a sine 
aerial in 1763. If tbe solution is unique the two forms must be equivalent and the Fourier sine tbeoten 
foQows. Fourier, in his Anaiytieal Theory oj Heat, 1822, gave an alleged proof, which is a mathenatieal 
nij^tmare. The book is an excellent work on boat conduction. Tlie first proof of the theorem under 
zeaaonably general conditions was due to Diriohlet in 1839. 
t Sea Hardy and littlewood, Fnw. Land. Math. Hoe. (3) 24, 1926, 211-340. 



408 Cosine and sine series 14*051 

equally valid, since ^ is the function allied to ijr, to take Bsf{6) the values of ^ over the 
surface provided rjr is differentiable; then (5) will give ^ at internal points and (6) will give 
If there are local concentrations of charge, rjr will have finite discontinuities and ^ 
will not be determinate there, since the principal value of the integral giving it will not 
exist there, and ^ will tend to infinity logarithmically as we approach a discontinuity 
in ijr. If ^5 is discontinuous at a point it would correspond in the electrostatic problem to 
a doublet with its axis tangential, and the charge locally will be indeterminate. Hence 
the special eases that arise in the summations correspond to physical difficulties also. 

The inixoduction of Abel summation is due to Poisson. 

We have seen that a function analj’tic within a contour can be determined entirely in 
terms of its values on the contour. The real and imaginary parts, however, satisfy Laplace's 
equations separately, and therefore by general potential theory each is determined by its 
values on the contour. Further, by duchy’s theorem the real and imaginary parts are 
cozmected even on the contour. The present result shows what this relation is when the 
contour is a circle. An additive constant could be included in either <f> or without up- 
setting the Cauchy-Riemann relations. We have arbitrarily taken the constant term in 
as zero. This is physically unimportant because we are not usually much concerned with 
the absolute values of 0 and but only with their differences from place to place, so that 

the constant is usually irrelevant. 


14*051. The cosine and sine series. Suppose that/(aj) is such that/(2w— *)=/(*). 
Then 




(i) 


1 r®* 2 f' 

A„ * - I f(z)eosnxdx = - I flx)cosnxdx, 
njo njo 


Hence the Fourier series 


1 f®" 

— ~ \ f(x) sin nxdz — 0. 
TTjo 

Af,+EA„cosnx 


( 2 ) 

(3) 

(4) 


will represent /(») from 0 to w, and/(27r— a;) from n to 27r. 

On the other hand, if/(2jr— a:) — —/(«), 

Ao = 0 , A^ = 0 , ( 6 ) 


= - f /(*) sin »*<?», (3) 

TTJo 

and the series S sinna;, with determined by (6), will represent /{») firom 0 to ?r, and 
— /(2»r~*) from jr to 2n'. We thus have two representations of the same function valid 
from 0 to »■; but they represent 4iff<^nt functions from w to 2w. This property is very 
different from that possessed by power series. It can be regarded as a method of con- 
tinuation; but if, for instance, /(*) =» » from a? = 0 to w, the analytio continuation is * 
in tr < « < 2^, the continuation by (4) is 27r — a, and that by (5) is — (2»r — a). All are correct 
Su their proper places, but the decision between them depends on the particular problem, 
yMtih win itself indicate if the function is analvfci«. nr aim*win43n'ft«i «,»• 
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al>out X ==7i. Iffi —X) =fU) = /(2rr— a')and ftn—x) = — /(a-), .>o that the function is even 
but is anti-symmetrical aI)out In, 

in which the first and second integrals cancel, also the third anrl fourtli, 

2 

= “ I f(x)itO}iuxdx =1 0 for n eveii, (8) 

0 

4 

- ” I /lJr)cosinxdj* for « cwld, (9j 

= 0. (10) 
» 4 (•tua- 

Hence /(*) = 2 -cas(2>H-i-l)x| /(J')cos(2Jrt-^I)3■rfJ‘, (11) 

m^O”' Jo 


Examples. Take f(d) *= 1 for 0 < ^ < w; then the constant tenn in the cosine series is 1 
and the rest are 0, and the function is eveiywhere 1 ; as it should be since the function 
represented bj* the cosine satisfies J{2n—d) =^f[d) ^f{'2rr-i-0). But for the sine series 
we have 

8in«/9«W as -^(1 — cos^^7r) = 0 or (12) 

TTjo TFU Tin 

according as n is even or odd. Hence 

1 aa ^(sin0+-|sin3<iH- J-sin5(9-l-...) {0<6<n). (13) 


To carrj’ out Abel summation on the series we have 


m 


=a lim — :{tanh~^{re**)— tanh“^(re"*^)}. 

r-*-i n't 


But 


tanli(a:— y) 


tanhx— tanhy 
i-tanhjrtanhy’ 


and 


S 


lim -vtanh*^ 

r-^l at 


2frsin d 
1 — r* 


lim - tan-* 

r-*.ia 


2rsin<9 

-f ."fa • 


(14) 

(15) 

(16) 


(17) 


tan -* z being many-valued we must take the value that tends to 0 with r, since the series 
on the light of (14) do. Then if 8ind>0 the limit is 1, which verifiee the result. But if 
ain^ < 0 the limit is — 1, as we should expect since the sine series represents a function 
antisymmetrical about n. 

If 6 m 0 or n, the series vanishes. This agrees with ovr result that at a point of dis- 
oontinuity the sum of the series is the mean of the limits, here + 1 and - i, on opposite 
aides of it. 
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Cosine and sine series 


14*051 


The allied series is 


= — (cos 4 cos 35+ ...), 

7t 


{?5 + *i>)r<i = tanh-Ve*" = _|logi±^ 

__ 2i 1 -f rcosfl-l-irsin^ 
n ® 1 —rcosS — tVsin^ 

2i/l- (l + rcos6)^ + r^siii^d - rsin^ ,, - rsin^ \ 

zr \2 — r cos0)2 + r^sin25”^^ l+rcos^"^^ 1— rcos0/ 

2i/l l-fcos0, .5, - • /j T 

= 1— ^logoot 

We recover the previous value of ^5; and 

2 

•dr = — log cot 45 , 

7T 

which is infinite at the points of discontinuity, as expected. Changing the sign of 6 does 
not alter rjr, which is therefore in general ~^log [ cot 1. 

The points of discontinuity of 5 S are seen to correspond to the points z = rc“ = ± 1, 
where 4>+iir has branch points. The behaviour of and ilr at such points is connected 
with the fact that near z=: 0, the real part of «Togz changes by ± 7 r as we go half-way round, 
but the imaginary part is logr, which tends to infinity logarithmically. 

Next, take 

/(5) = 5(jr— 5) Q<6<it. 

For the cosine series 

J 5(ff-5)cosn5d5 = -^{1 + ( - 1)“}, 


/(5) = ^TT* — COS 26 ■ 
Notice that 8ince/(5)->- 0 at 5 =* 0, 


cos 45 cos 65 
■4 9 ■ 


1 + P+P+-* 


a relation that we have found in considering the Bernoulli numbers. 
The sine series is 


5(71-5) = |(8i 


. n sin35 sm65 

8Xn5H : :: 1- . 

3» 6* 


Notioe the much more rapid convergence the sine series. Three terms give an aocttra<7 
of under 0*3 % of the maximum, whereas three of the cosine aeries give errors reaching 
oyer 4 % of the maximuTn. The opposite feature was found for the function /(5) a 1, 
wbece one term the cosine series was enough but convereenoe of the sine series was elow. 
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Generally speaking if the function tends to zero at u terminus, «»nv<*rgen«' ia faster for 
the series all of whose terms vanish there; if its flerivative is zerc». it is hotter to use tlje 
series whose terms have zero derivatives there. 

Note that if we put 0 = In in the sine series we get 




The allied series is 


s 1 eos HO I 

cos//----. 


which converges for all values of 0. There are, however, singularities on the unit circle, 
otherwise the combined series „ j. 

would converge for some values of | s | > 1, and it does not. From the fact that the sine 
series represents n6+0^ for — 7r<<?<0 we see that the first derivative with regard to 0 
is continuous, the second discontinuous, and may suspect that ^-r i^ contains terms of 
the form (z— l)*log {z— 1), and analogously (z+ l)*log (s+ 1). 

14-06. Integration of Fourier series. We know that a uniformly convergent series 
of continuous functions represents a continuous function and also that it is integrable 
term by term. The terms in a Fourier series are continuous functions, but we have seen 
that they can add up to a discontinuous function. Hence the series in such cases are not 
uniformly convergent. It may therefore be asked whether the other characteristic pro- 
perty of uniformly convergent series, that of being integrable term by term, also fails 
for such series. The answer is that it does not. A Fourier series eart alvcays l>e integrated 
term by term, not even needing to be convergeni, and gives the integral of its defining function. 
Let/(x) have the Fourier series in the range 0 to 'In 


Then 


Oo + S (a„ cos 71* -I- 6„ sin nx). 

F(x) 


exists, because the fact that f{x) has a Fourier series implies that it is integrable. Also 
if f(x) is integrable F(x) is continuous; and if f{x) is bounded F(x) has bounded 
variation. Then F{x)—a^x has a convergent Fourier series, say 

F(a!)-aoa! s* Ao-f-S (A „ cos nj; 4- sin war) (3) 

and 

raw rj n** j raw 

arA„=J {F(a;)— flroa!}oosna:d* ■* 1 - {F(x)—aQar}Bmnr I 8in>Mr{F'(x)— o,}<ic 

“~“f f{x)aio.nxdx (n+O), (4) 

» JO ^ 

r%ir r 1 nu I fU 

nS,^ww\ {F(a;)-o,*}«n»wr(fa:®»i -"{F(x)-<»*a;}cos»M: 1 +"j^ ooB»x{F'(»)-o,}ito 


-^{F(27r)-2iro9} + ^, 
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Differentiation of Fourier series 

1 n 


1 r™ 

and the first term is 0 bv the definition of «« as I f{x) dx. Hence 

F{x) — a^x = ^0 + S sin ^ cos na:j . 

But Fi'O) = 0; hence 

F(x) = aoa; + s|^sin«a:+^(l — cosma;)|, 


14-061 


( 6 ) 

(V 


■which is the result of integrating the Fourier series o£f{x) term by term. 

Even if f{x) is unbounded, but if f{x) and l/(a;)l have improper Eiemann integrals, 
the theorem remains true. 


14-061. Differentiation of Fourier series. The corresponding proposition for 
differentiation is true provided that we understand that the differentiation is to be carried 
out within the original circle; this is valid because <f> + is analytic -with regard to 
within the circle; and the argument may be repeated to show that the limit of the deri- 
vative as 2 g approaches the circle is the derivative on the circle, and is equal to the derived 
series on the circle at any point where the latter converges. But what usually happens is 
that the first or some later derived series converges nowhere on the circle, even though 
the derivative itself may exist at almost all points. Thus the function equal to 1 for 
0<^<7randto —1 for ff<0<27r gives the derived series 

4 

- (cos d -I- cos 30+ cos 6^ + ...), 

It 

which has no obvious meaning, though it is summable by Abel’s method; yet the deri- 
vative of the function exists and is 0 except at 0 = tt. In a special sense ■we may still speak 
of the Fourier series of such a derivative, for even if the simple definition of an mtegral 
fails we often define an ‘improper’ integral as the limit of a sequence of integrals 'that 
exclude the exceptional point. But this process can be applied to such a derivative as the 
last; we take ranges that do not include the value it where the derivative does not exist, 
and then let a terminus tend to it. In this case all the Fomder coefficients calculated in 
this way ■will be 0, and the Fourier series ■will be 0, thus agreeing with the derivative at 
every point but one. Let us suppose, then, that /(a;) has a derivative except at isolated 
points, and we want a Fourier series that will represent this derivative at all other points. 
We take for 0 < « < w 

/(a?) = Ao+SA„oo8na: ' (1) 

and assume that /'(«) satisfies the conditions for having a Fourier expansion except 
possibly at 0 and it. Then suppose 

/'(a) •= S6„8mn«. (2) 

2 f' 2 r 1' 2n f 

We have 6* = - J /'(a:)sm«a:da; = -|^/(ar)8infMf J — — jf{x)ooBnxdx 

*» — i»A„. (®) 

THkaa, if /'(a;) has a Fourier sme expansion for 0 < a; < w, it can be found by differentiating 
like oosine esqpaasion of fix) term by term. 
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If for 0 <x<n 

f(xi = 2 B„ hin wx. 


we as.sumc 

/Vi = flr„ cos H,r. 

(j) 

Then 


(fi) 

«« = 

2 2 r “Itr— 

- I /'(j')co.sw-rV = - /(.rlcosj/r — 1 flx) ■fin ixiix 

^Jo' ttL J(*- 7rji,' 

)-/(«)* 

(7) 


Thus the Fourier series of the derivative of a sine series is not to iie found hy term-hy-term 
differentiation unless the original function tends to zero at both limits. But if we have the 
limitH of f(x) as x tends to 0 and to n we can find the correct coefHeient.s. If we put 

/(0+)-f/(7r-) = 

= B, 

we can write 

«o = - B:n, 

a„ = nB^ — 2A n n odd, 

«„ = nB^i — '2B;ir n even, 
and (5) will be correct except possibly at 0 and n. 

14*062. Fluid heated below. This r<*Kiilt can .somc»tiru#N bt* ustni in the nuiivrifal solution of 
diffprf»ntial equations. When a thin layer of Ii<{uld is hootwi below, it dews not uiistabh* ini,- 

tnediately, viscosity and lioat conduction togethf^r tending to annul any difFert^ncts f»f vt‘locity and 
temperature. But when the temperature gradient is large though asci^nding currents form in some 
places and descending ones in others, giving a cellular pattern. The temperat un* is no lonpfr constant 
over horizontal surfaces, being of the form fiz + -2/ costeoos my in the simph^t typi>> of solution, w’hero 
z is the height, x and y the horizontal coonlinates, and Z a hinetion of z. It is found that, when tho 
instability first arises must satisfy a differential equation of the diinensionlesto fcrai 

( 1 ) 

where £ in proportional to 2 and ftUt fi, the undiaturbetl tem^xsrature gradient. The tMJiuidary con- 
ditions for two perfectly conducting solid boundaries an« 

ZwO, 2' = 0, r"-6*Z' = 0 (f«=0.ff). (2) 

We want a vtdue of ft suoh that the differmtial equation can bo satisiioi 1 subjtvt U» the»«* six boundary 
conditions with Z not zero ever 3 rwhere. Since 2 s 0 at the boxmdarieH it is natural to assume a sine 
series 

Zzz'S. Aiming. (S) 

Then Z' =s Sn^lnCoang (i) 

by U-061 (7); and then by 14-Oei (3) 

But 2* = 0 at the termini. Hence 


Z" as — SnMaSinng. 
Z" as — SnM,co.fi^, 
ZM « XnM.sinnf. 


(5) 

{«) 

(7) 
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There is no restriction on at the boundaries. We therefore put 


14-062 


and 


-{Z^*'>(0) + Z'-«{7t)]=A, 

T! 


-{Z(‘>(0)-i?«(7r)} = B, 

7T 


2^}^ + £ {n^A^- {A, B)} cosTig, 

TT 


Aot B being taken according as n is odd or even. 

!Finally» 

^(6) — — S{n®-4„ — (-4, J5)w}sin3^f 


and 


(S-)' 


Z-\-fib^Z = — S(n*+6*)®.4„sinn|+S{(4, B)w+/fi6*^„}sinng = 0. 


(8) 

(9) 

(10) 

ill) 

( 12 ) 


(13) 


This is the Fourier series of the zero function on the left and therefore the coefficients of all terms 
must vanish; thus 

^nA w odd | 

= nB n even J 

Also we have the third pair of boundary conditions 

Z"‘^b^Z' = 0, 

whence S (n® + 6*) nA^ = 0, 

S(-)*(n*+6»)riul» = 0. 

]|Cence the sums of terms with n odd and even vanish s^arately; and by substitution 

»*(»* + 6 *) 


(n*+6*)«-/«6» 


A = 0 n odd, 


B = 0 n even. 


(14) 

(16) 

(16) 

(17) 

(18) 


There are thus two distinct types of solution, those depending on odd values of n being S 3 rmmetrical 
about the median plane f s: Jw , the others antisyxnmetrical. W© wish to find the least value of /* 
for each type. Computation is conveoadent for the following reason-^^e variation of any term due 
to a change of is by a factor decreasing like and the terms thems^ves decrease like n"** Hence, 
if we can compute the series obtained by putting /& = 0, the correcting series depending on will 
consist of terms that decrease like n*^, and will therefore be very rapidly convergent at the start. 
Taking the odd solution first, we have 

tanh|7r& = — f: 


1 1 

TT l6»+l'''6*+9'^ 


...| , 


(19) 


whence 


«Sd(n*+6»)* “ U'^6^) 

= -jar tank iTri + jTraeoWJwftj = T(J>) say. 


( 20 ) 


This oaa be eon^puted dlieotiy as a fuao<>io& of 6; and by subtraction 

V ”V»&* 


{n»+6»)«{(»*+6»)*-/i6*} 


+ !r(6)«0. 


( 21 ) 
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Th»? second term in the sprica Ixiing -.mull w»* ran wTilr thi'> 



A’ = *'• 

i'22, 

whf*re 

K _ V 

(2,1) 

or 

^ " i p. ; ^ r :t \ />. - A' ‘ 

<24) 


We first negk»ct K, assume a fcM?ries of trial vaiu**^ of f#, and work out /# for oar^h, Tli** n .-suits an^ 


b 


A 

i* A* 

f 'orrr*ct**d ft 

0*90 

17*836 

-184 
- 43 
S2 



0*95 

17-6.52 

+ >•** -Iti 
+ 125 

+ 11^ ~ ' 

17*587 

1*05 

MU 

17*609 

17*601 

17*891 

17*537 

17*613 


We now work out the first two terms of K for h = 0-9o nmi u-sing »nir approximate values of /i. 
They are 0*0014 and 0*0016 respectively, T(h) bf^ing 0*»'5I77 and 0-loSI. Allowing fur them in (221 
anrl interpolating for the mmizaurn wo liave /< = 17-r>;!36 at h = 0*995. The ]>anfcmf^ters a anti A used 
in other treatments are nb = 3*14 anti ir^pi = 170H-2 n*?sjM«*tivt*ly. St>uthwell and Ptillew, solving 
<linetly in complex exponential functions, gttt A = 1707*8, 

The lowest mode with even n can be fount! similarly; starting with 


S 

nevcn + 


6 * , 1 
— *ijrfOthi;r6--> 


we 


get T(b) = S— -^pjji = ia-^^+^|cothl7rfc= j7r(jcothJff6-lffcosech*iff6). 


and, procoeding as before, wc find 


/»d* = 


(4 +«»•)* 


where 


K = 


l_4.'{4+6»;*{Tlh) + /Ci’ 

4" ."A 


( 10 + 6*)* U * « + 6*)» -- ptb^ ( 30 + 6*)* I (36 + 6*)» - fib*\ 


■"“rirk + •••• 


(25) 

(20) 

(271 

( 20 ) 


Solutions neglecting K arc^ 

b 

1*5 

1*55 

1*0 

1*65 



b 

A* 

186*9 

1*7 

182*8 

185*1 

1*75 

183*0 

183*9 

1*8 

183*5 

183*0 

1*85 

184*4 


For 6 =s 1*70 the correcting terms K are 0*0040, wliile T{b) in 0*2213, The oorreou»il /i is then 180*8, 
The iatereet of ©vtm n, tinted out by Southwell anti P<*Iltw, is in the fact that in thc’we solutions 
the conditions 0 are satisfied at £ = j3T,withihti further condition — 6*Z^ ^ 0* which is the 

condition for a free surfao0«roplaoing ZT *** b^Z' ^ 0, Hence this solut ion is the solution for a liquid with 
a perfectly conducting rigid boundary at the bottom, and a dt*pth Itulf tliat utwHi in the timt caas. We 
get 6 and for a layer with the sanae depth as in the first case by mult iplying by 2 and 18 rwiM*ctively, 
Restoring also the factor w* we have A « 1 100*6. Southwell and Fellow get A s 1100, 

The problem has a considerable literature.* The possibility of using the rules for finding the Fourier 
series for the derivatives of a function with no singulariticB within tlie range was suggested by Dr S. DoW* 
stein. It will be seen tliat the rapid convergence depends on the fact that the terms of the seritM S n*** 
decrease extrorndy rapidly at the beginning, and on the possibility of wmbining tlm par^ not involving 
^ into a Imown function of b. It is fjuite convenient to use considering that the solution d«q>eiMis on 
a sixth order equation with two adjustable parameters. 


* JetUxxfyB, FhU. Mag. (7) 2, 1926, 833-44; Proc. Boy. 6’oc. A, 118, 1928, 190^208; A. Pellew and 

R. V, Southwell, Pvoe. Roy. $oe. A, 176, 1940, 312-43. 
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The Gibbs phenomenon 

14*07. The Gibbs phenomenon. This is a peciiliarity of the sum of a finite number 
of terms of a Fourier series when the function has a simple discontinuity. It is sufficient 
to consider the function that is equal to 1 for 0 < a : < tt and to — 1 when n<x< 2 it. From 
14*04 (3) the sum of the terms up to those in nx is 


S„{x) 


sin^(t—x) 


_ 1 r"sin(H + ^)(i— a:) , 1 f*”8in(ft + ^)({— ») 

27rJ - 

■u 


n sinj(«-a:) 27irJ, 

| sin(ra+|)(f-a;) _ sin(7t-f ^)(^+a;) ) ^ 
ot sin.J(«— a;) sin|(i+a:) J 


dt 


-M. 


'"-^Bin{n+l)d 1 r"+*sin(»+i)^ 

—hiW~ 

= _L/ r _ r^1 sin(»+^)(? ^^ 

2rr\J-x sin ^61 


We may regard the first integral as representing the effects of the discontinuity at 0, the 
second of that at tt. For x small the second will be small, since sin is about 1 when 6 
is near TT. For the first we write 

n + \ = m, md = 


0^1 r”» singdg 
** ' n-Jo msm^l2m’ 

This is 0 when a; = 0, and increases till mx = it. The maximum value then is 


1 C” singdg ^ 2 f* sing ly 

?rJomsing/2»i ” ff Jo g ^ 

when m is large. If the upper limit was oo the integral would be \it and thus give the 
limit 1, as we should expect. But 





sing 


dg+.... 


and every term after the first is negative. Hence 




1. 


Itisactuallyabont 1*179.* Henoeneartibedisoontinuity ata; ^ Othesumofafinitenumber 
of terms of the Fourier series ovmshoots the mark appreciably. Increasing the number 
of terms does not remove this peculiarity; it merely shifts it nearer to the discontinuily. 

The explanation is easy. The sum of a finite number of terms of the series is a con-* 
tinuous function, and the difference between it and/(x) is orthogonal to all the trigonometric 
terms up to cos ti® and sin nx. But for some distance from 0, ^{x) is less than /{*) because 
/(®) jumps to 1 immediately and does not. This difference will make a negative 
contribution to sin mxibs {m < n), which must be compensated by a positive 

oontribuiaon somewhere else. But it can be compensated approximately for all m not too 
large by having S^{x) >f{x) in an adjacent range. 


* The nunerioal value is given wrongly in several hooks. 
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This scries conid hardly be used for computation, and the Gihits phenomenon is only 
another warning that Fourier series are not of much use for dire<jt computation unless the 
coefficients decrease at least as fast as w-‘*. 

14*08. Weierstrass’s theorem on approximations by polynomials. // a func- 
tion continuous in aniffinits inkrval, at the ftids uf trhich it has the same mine, a finite 
number of harmonic terms can be fonwl such that their sum differs from the function by kss 
than e at every point of the^ interval; and a jmlynotnial can he found with the same projKirly. 
The proof of Fourier’s theorem given in 14-04 assumed the function to have bounded 
variation; in a certain sense we shall see that this assumption is unnecessaiy. Evidently 
by a linear transformation of the independent variable we can make the interval 0 to 2n, 
and the function will also be continuous wdth regard to this variable. Then the con<litions 
on f(x) are that it is continuous for 0 < a* < 27r and /(f)) = /(2n). Now, since a continuous 
function is uniformly continuous, for a given positive m we can choose a set of points of 
subdivision 0, x^, x^, x„, in such that the upper and lower bounds off{x) in every 

interval differ by less than at. In each interval to i take the linear function that agrees 
with f{x) at X, and Then this function differs from /(x) by not more than at, since it 
always lies between the upper and lower bounds of /(r) in the interval. We thus have a 
function g{x) defined for each interval, continuous at all points, including the points of 
subdivision, and of bounded variation (<(?»+ !)<(>) between 0 and 2n’. It therefore 
can be expressed as a Fourier series, and it nowhere differs from /(x) by more than w. The 
introduction of g{x) cots out small but rapid fluctuations such as those of xsin l/x near 
X s 0, which could make f{x) have infinite total variation without being discontinuous. 

Now consider the contributions to the Fourier coefficients from the range Xf to *fHi* 
We have in this range 

1 1 r a r 

“ J ff (®) n^dx = — + 6) sin narj + |^cofl norj 

= ^if(^r+i) sin»»,+x -/(®r) 8“ ^x,} + (cos7»ar„+i - cos nx,), 

- 1 glx)^nxdx 
J Xr 

“ ooBnXr+i--f(Xr)eoRnx,}+f^^^'^}^^{antix^ 

When contributions for different intervals are added, the terms in the curled brackets 
all oanoel, those firom 2n canoellmg those from 0. Hence 

rum 0 

n-irmo (®^+.i — X,) nrn 

where <« 0, » 27r. The tenus after the oonstant are all less than some constant 

mnltiiile of Hence the series is uniformly convergent. It is therefore possible to 
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choose 71 so that for every x tlie sum of terms up to those in nx differs from g{x) by less 
than 0) and therefore from f{x) by less than 2 u). 

We thus have a finite set of harmonic terms. But oosnx and sinwa; can be expanded in 
uniformly convergent power series. We expand each harmonic term up to such a power 
of say that the total error committed in neglecting terms after a:* in all terms is less 
tlian 0), Then collecting terms in like powers of x we have a polynomial in a; of degree a 
that nowhere differs from /(a;) by as much as 

Bor a given e, we can take (o — then the harmonic series up to terms in nx nowhere 
differs from f(x) by as much as fe, and the poljTiomial nowhere by e. This proves the 
theorem. 

For the polynomial approximation it is unnecessary that/(0) = /(2;r). For we can take 
/(®) = ^{«/(27r) + (2?T-a:)/(0)}+a(a;), 

in which the first expression is a polynomial and the second satisfies the conditions imposed 
in the main theorem. 

This theorem is important partly because it makes it possible to replace functions that 
are continuous but have not bounded variation by functions of two of the simplest 
possible types, with a known limit of error. But it wiU also replace a continuous function 
that is not differentiable by one that has derivatives of all orders, and if this is done many 
proofii can be simplified.* 

The Fourier series £otf(x) and g{x) are obviously different, but will a^ree closely in the 
early terms. The polynomial expression will not in general be identical with the inter* 
polatloh polynomial found fTOm/(0),/(ari), ...,/(27r) by divided differences, since the neg- 
lected terms wiU not vanish exactly at the values in question, and to obtain the requisite 
accuracy it may be necessary to keep more than m + 1 terms if /(a?) fluctuates rapidly. 
In the latter case niunerioal interpolation might fail owing to large higher derivatives. 

r2ir 

14*081. Extension of Weierstrass’s approximation theorem. // f(x)dx exists, 

{he upper and lower bounds off{x) differing by M, then for any e,Sa finite nwniber of harmonic 
terms can be foimd stick that 0ieir sum differs from f{x) by less than e at every point of {he 
interval, except possibly toUhin a set of svbinterodls of total length 8, toWtin wMoh Ike sum 
nowhere differs from f{x) by more than M +e; and a polynomial can be found with Ike same 
property. 

Weuse Du BoisBeymond’8nece8saryandsufElcientcoudition(l’1011)for the existence of 
the Biemann integral. For an arbitrary <!> we can enclose all discontinuities o£f(x) where 
tihe leap is > within a fiboite number m of subintervals of total length 8, each discontinuity 
being at an interior point of the subinterval, unless it is 0 or 27r, when we take the dis- 
continuity as kn end point. Call these intervals (7. As in 14*08 we divide the remainder of 
the interval (0, 2rt) into n subintervals in each of which the leap of the function is less than 
er, and construct a continuous function ^(a;) by linear interpolation. g{x) is of bounded 
variation, < no + mM. In the m subintervals 0, j g{x) —fix) } < If ; in the rest, 

|g(*)~/(»)l<o. 

Then we can find a sum of a finite number of harmonic terms, nowhere differing from 
by more than o, and a polynomial nowhere differing from g(x) by more than the 
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sum of harmonic terms therefore differs from /(.r) nowhere hy more than Jf -j- 26), and 
except in the subintervals G it nowiiere differs frora/(a5) by as much as 2(o. For the poly- 
nomial we need only replace '2tii by Se). Taking w = \e or J« (which is independent of 8) 
we have the required results. 

Corollary. Let T be a sum of harmonic terms with the property stated in the above 
theorem, and consider the integral 

/ = I {fijr') — T\^dx. 

This exists if/(aT) has a Riemann integral. Then 

1 < (df (2)r — d)6®. 

If 7 is an arbitrary positive quantity, we can choose c so that 27r6* < Jj;, and then 8 so that 
(Jf-l-e)®5<^s;; then I<tj. Therefore if/U) ha.s a Riemann Integral we can find a sum T 
of a finite number of harmonic terms such that the integral I is arbitrarily small. 

14*09. Approximation by least squares: Parseval’s theorem. L(‘t be any 
finite sum of the form 

* .di + S(AJ,eosrjr+ /JJ.sinrj;). <1) 

r-l 

n 

and let S„{x) = Aq+ S (^,cosrar+if,8inrr), 

r~l 

where B, are the Fourier coefficients off(x). Then if/(Jf) is integrable 

J 2*r P2n (*2w /•2jr 

{/(a;)-5;(x)}*dar= {f(x)}»dx-2 /(x).%U)dx+ {SU^)}»dx. (2) 

0 W 0 W U V 

Now all ];HX)dact8 of the form cos ra? sinsa; have zero integrals; so have all of the forms 


cosKT 0O83X and sin ra: sin ax with Hence 

r’iS'„(x)}‘dx - 2;rAS» + tt S (A'/+ B?). (3) 

J 0 

r2jr P2w 

Also I f{x)dx 2irAg, I /(x)co8rxelx = wA,, | /(x)8inrxdx = 7 tJ5„ (4) 

Jo Jo Jo 

andtherefore f /(x)iSJ,(x)dx» 2/rAoAo+?rS(A,AJ+Hp£^) (6) 

Jo r-l 

and /„**{/(*) - * J*^{/(*)}*‘** + 2»- (^ 0 * - 2A,A') 

r-l 

But A;*-2A,A;»(A;-A,)*-A?, B'*-2B,B',^(Bi-B,)*-B^ (7) 

•ad r'{/(*)--S;(»)}’d»^ - f*'{/(x)}*dx-2»rAS-:TS(A«+^) 

Jo Jo r-l 

-(.2;r{Ai~ A,)«+ A,)*-KB;-. B,)*}- 

P — I 


91^ 


( 8 ) 
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But the terms involving A[. and B’,. in the last expression are all ^ 0 and vanish when 
Af = Af, B'f = J5,. Hence: ij we measure tiie discrepancy between ihe function f{x) and a 
trigonometrical expression of the form (1) by ike integral ofihe square of the difference bet/ween 
them, the discrepancy is least if the coefficients are taken to be the Fourier coefficients up to 
A„, B„. This result may be compared with that of our original method of determining the 
coefficients so that the trigonometrical expression would agree exactly with/(a;) at equally 
spaced points. Here we do not attempt to give an exact fit at any specified points, but ainn 
at the best fit with the function as a whole, measuring the discrepancy as a whole by the 
integral of its square. We find that the best fit is the Fourier expansion up to any order 
we choose. Results of this type are found for all expressions in terms of orthogonal func- 
tions, and are not confined to Fourier expansions. 


Again, let S'nfx) be a function T defined as in the corollary to 14*081, so that for an 
arbitrarily small e 



f {/(®) - dx<€. 

J 0 


(9) 

Hence 

f {/(«)- 'S„(a:)}®d!»<e 

J 0 


(10) 

and therefore 

1 f 271 n 

ifix)y‘dx-27rAI-n^iA‘+B^) 

<e. 

(11) 

Hence 

n 

^2 + i S iA?+ {f{x)}^dx. 

r«l J 0 

(12) 


This is Parseml’s theorem. 


Note that if fix) has a Biemann integral and is otherwise unrestricted, it may be of 
unbounded variation, and its discontinuities may not be simple; then its Fourier series 
may not converge or even be summable by Abdi’s method for some values of x. 
llfix) and {/(a:)}* are int^rable, even by improper int^rals, (8) still follows, and 

f {/(») - = j* {/(»)}* dx - 27rA§ - v S (A® -f- B^). (13) 

Jo Jo r"“l 

The left side is not n^ative, and by hypothesis I {fix)Ydx is finite. Hence the sum of 

n Jo 

positive terms S cannot increase without limit as » increases. Thus: if a function 

r-l 

amd its square have improper integrcds, the sum of the squares of its Fourier coefficients is 
convergent. 

As a corollary, if /(a;) and {/(a)}* are int^rable firom 0 to 2jr, evm by improper integrals, 

rSn cSw 

I fix) cos nxdx and f{x) sin nxdx tend to zero. Ibis fact is made the basis of some 

modem treatments of Fourier’s theorem and ilie trigonometric interpolation poly- 
nomials.^ 

14*10. Harmonic analysis: correction for averaging. In a modification of the 
problem of 14*01 that often occurs in practice the data are not the actual values affix) 
at » rA, but means of fix) over ranges centred on x,. In studying the diurnal variation 
of atmospheric pressure, for instance, it would be natural to read the barometer at hourly 

* Pnnham Jaekaon. The Theory oj Approximation, 1980; Fourier Series emd Orthogonti Fofy- 
m m i a lt, 1941. 
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intervals, and we should then have the conditinns of 1 4-01. But in studying wind the data 
would be the runs of the anemometer in each hour, and therefore the mean wind for eaeii 
iiour. The same formulae could be fitte«i to such <lata, but would not give the best deter- 
mination of the harmonic components of the wind itself. In fact if we take the mean of 
over the range (r— .J) A to |r-f ?,)/!, it i«i 


1 




2 >in M 


■ f: 




and harmonic analysis applied to the mean values will underestimate the coefficients by 
a factor (2/«A)sin ^«A. The coefficients found from mean values must therefore be divided 
by this quantity to give the harmonic development of /(at). 


14-101. Empirical periodicities: the periodogram. The method of 14-01 tits a 
set of harmonic functions exactly to a finite number of values of a function. Tf the solution 
is to be used outside the original range {e.g. for prediction) it will be perifxlic, all fe^n^ 
l)eing periodic in the interval used for analysis. But the function may be a periodic one 
with a period that is not a submultiple of the interval used, and we nuiy wish to determine 
its amplitude and phase and possibly even the [jeriod itself. In the theory of the tides, for 
instance, we know from general theory that there must l)e harmonic com})onents with 
periods calculable from the rates of the earth’s rotation and revolution and the moon's 
orbital period, but the amplitudes and phases cannot be calculated on account of the 
complicated form of the ocean. What can be done, however, is to instal a tide gauge in 
each harbour where predictions are required. This records the tide height at regular in- 
tervals, often hourly. The amplitude and phase associated with each period can then l>e 
determined so as to fit the observations, and once these are known they provide a basis 
of prediction. A yearis observations suffice to make predictions as far ahead as we like 
(unless of course the harbour silts up). This semi-empirical method, the ptmoils being taken 
from astronomy and the amplitudes and phases from direct observation, was introduced 
by Sir G. H. Darwin and is systematically carried out at the Liverpool Tidal Institute 
' under Prof. J. Proudman and Dr A. T. Doodson. 

If only one period was concerned the calculation would be simple; the coefficients in 
an expression of the form a 4- A cosyf + jBeinyt could be found from only three observa- 
tions, though more would be combined by the method of least squares for greater accuracy-. 
Actually the tide contains 7 lunar and 7 solar components of incommensurable periods, 
and a method of successive approximation has to bo used. The inten-al is chosen so as to 
be as nearly as possible a multiple of the tm periods with the largest amplitudes, and the 
coefficients are estimated from the formulae 


A S cos* yt * S/{() eos y#. B S sin* yi * !S/(0 sin yt, 

summation being over the times of observation. With this choice of interval the terms in 
/(() arising firom one pair of components will produce a negligible effect on the estimates of 
those from the other pair. The contributions from the largest terms are then subtracted 
from the observed values, and then the residuals are analysed for further terms. Sinoe 
these will not in general repeat themselves exactly in the original interval it may be 
neoessaiy, after determining all the terms that should be possible theoretically, to return 
to the start and determine oorreotions to the largest terms from the residuals. 
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When a period is suspected but not already known, the estimation is much more 
difficult. Suppose that in 14*01 

/(a;) = Cex-pi(yx+a), 

where C and a are real and y is not an integer. If we work out 0^ from 14*01 (6) we get 

w— 1 (2i7riy 1 

«C7„=C'e‘-Sexpj^(r-m)j 

= Cc*. l-exp{2?ri(y-m)} 

1 — exp {27ri(y — m)/«} 

Evidently | <7„, [ is largest when m is as near as possible to y . If m is taken to be the integral 
part of y , and therefore «&+ 1 to be the smallest integer greater than y , the corresponding 
terms in the harmonic analysis will be revealed by having the largest coefficients, and 
their phases will be nearly opposite. Taking the real part and now taking /(«) to be 
O cos (yx + a) we shall have for the largest terms 

The ratio of the amplitudes then gives an equation for y, and G is determined. The phase 
of either term then determines a. 

This kind of analysis is most used for the detection of natural periodicities, of which 
perhaps the best-known is the sunspot period. In practice it is complicated by irregular 
disturbances, so that the actual variation is not simple harmonic though the greater part 
of it may be represented by a few harmonic terms. If there are » observed values y, with 
mean J.0, let 

S(yr--4o)*= (»-l)a*. 

But any harmonic coefficient or (m > 1) would contribute ^.45, or to the mean 
square, and there are « — 1 of them. (It is easy to verify that all product terms cancel.) 
Thus the average of J.45, or is «•/(»— 1 ). This would be true even if the y,. were a wholly 

random set. Consequently a set of harmonic coefficients by itself gives no evidence that 
the periods can be used for prediction unless some of the amplitudes have squares much 
greater than 4s*/(»— 1). In the method just described it is best to rely on the largest 
coefficients because these are less affected proportionally by any irr^;ular variation that 
may be present. 

The best way of estimating the uncertainly introduced by the izregnlar variation 
depends on the circumstances.* One that often succeeds is to divide the range up into 
equal stretches and do a separate analysis for each. If eadi stretch contains nobsmrvations 
tixe phase of a harmonic with period n/y will inoretase by 2uy from one stretch to the next, 
sad if we take the terms in cosmx and sinnia; in the axu^ysis together the phase wffi 

* or. JeSrejw, TWy pp. Ml-S; jrjy.fi^.5. 100, 1940. 13»-«6; CMomi$ Btilr. t, 

58, 1988, 111<«». 
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increune by 2.n{y—m). Hence the rteterminati(>n.-i nf tin* jilmse for several stretehes >{ive 
a .set of linear equations for y and x, whieli can la; .-iolved i»y the methotl of least iaiuares. 
and the residuals lead to an estimate of uiid-rtainty. Without .some such prtjcautiou 
periofii cities found by hannonie analysis and not predieted by previous theoretical coii- 
siderntions should be mistrusted, as maiiv- eoniplieations an* capable f»f giving spurious 
periods ; not more than a tent h of t hose t hat have I)een a>sert e( 1 will bear a pri t])r*r statistical 
examination. 

14*11. Fourier’s integral theorem: preliminary discussion. In Fourier's 
theorem in the form 

/(*) “ I /(«)rfK-^ S i I /(M)eo8n{a-*)dj! 


(1) 


(subject to certain restrictions already stated) put 

a? = X.T, u = r.-T, f(r) = F(X). 

Then W) 

This extends the theorem to an arbitrary interval. Now take T very large, and put 

n/T = /c. 


(2) 

(3) 

(4) 


Then the values of x for consecutive terms differ by 1/T, and the first term will tend to 
zero if I F{V)dU converges. Hence we may expect that 


TO 




HU)coaK{r^X)dU 


(6) 


for values of X where F{X) is continuous, and that at simple discontimuties of F{X) the 
repeated integral will be equal to + ) + F(X — )}, This is Fourier’s integral thsorem. 

But we may also expect that the occurrence of a repeated infinite integral will introduce 
new problems of convergence. The seriousness of these may be seen from the example 

F{X) = cosaX. (6) 

Here the integral with regard to 27 is infinite for x = oc and indeterminate for all other 
values of k, and the repeated integral is meaningless. This breakdown in the simplest 
possible case may serve as a warning against the common belief among physioists that 
Fonrier’s integral theorem is eai^. 


Even if 


F(Z) = -jainaX, 


f" 


(7) 

although I F(X)dX exists, the integral with r^ard to C/ i* infinite for x^a. 

J -m ft 

Convergenoe of I F{X) dX is therefore not a snfiSoient condition for the truth of the 
J-t ' 

theorem. 

If, however, j** | F{X) |dX exists, the int^ral with regard to (/will oonveige uniformly 

for aUir; and as for the aeries theorem, ifthe repeated integral is to have a definite vahse 
for all X, we ahall expect to need a farther condition, sueh aa fhat F(X) has bouiided 
variation, and ihesefore that ita diaoontinuitiee, if any, a«e sim^. 
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Potential given, over a 'plane 14‘111 

14*111. A related potential problem. We have seen (6*093) that if a potential 
function ^ is given over a plane and z is the normal distance of a point F j&om the plane, 
all charges being either on the plane or on the side of it remote from P, and if ^ satisfies 
some suitable condition at large distances, 

:= jj^zdS. ( 1 ) 


If Q is (0, Q, and P is (*, g, z) and if is a function of ij only, sayfig), 


Also 


fiv) 


J_ „ ® {a;* +{g- yf + (g- 
= 2j“ 




Poo 

J e~'^<iOBK{i^—y)dK 


z 




( 2 ) 

( 3 ) 


and therefore (2) is equivalent to 

1 r®® r** 

4>p = -\ f(v)d'>}\ e-'‘^oosK{7]-y)dK. (4) 

If we reverse the order of integration and then put a; = 0 we get Forurier ’s integral theorem 
again. But we clearly cannot put a; as 0 before reversing the order of integration. On the 
other hand if a;>0, 14*111 (2) exists in much wider conditions than 14*11 (5); it exists 

if/(^)isintegrableoveranyfiniteintervalandif FexistssuchthatJ ■^^(i57andj ^^dy 

converge. In fact/( 9 } might be ^ cos ori;^ sin a^, so far as we can see at present. If then 

(2)‘ tends to a limit /(y) when z tends to 0, we shall have a much more general theorem. 
This approach is of further interest because 


«‘“cosA:(y-y) = ailexp{-x{»+ty-iy)} (6) 


and therefore there wiU be, in suitable conditions, a function •^p allied to so that 
^P+i^P is an analytic function of the complex variable z+iy, and if jSjp is a potential 
^p is the corresponding charge frmotion. We therefore consider also the function 


Clearly ^p may exist in cases where ^p does not. The analogue of 14*11 (6) will be the 
repeated integral 

^Jo 

The ellied function was introduced by Titchmarsh;* besides its applications in two- 
dimensional potential theory, it is needed in the disousaion of the linear response of a 
recording instrament ^4*15). 

* Proo. Land. JUaA. Soo. (S) 1926, 109-^. But of. Lamb, PM. Ttvm. A, 203, 1904, 26. 
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14*112. Proof of Fourier’s integral theorem. // /(y) is of ftouruied rariation, and 
\filf) i is inteijrnblf' from - x to x. thm 

1 r*' i*" 

In the conditionRi stated 1 /(>/)cosa:(/;— i.*^ uniformly convergent by the Jlf te.st, 

J - r 

and therefore for any finite A 

,'v 'TC 


i i ' . TC 

1.4 “ /( 9 ) MV -- u) dt] = /( ?;) tllj cos K{l^-tj) flK 

Ji> J - i - T. J l( 

.-x» , 




( 1 ) 


The rest of the argument is substantially the same as for the summation of a Fourier 
series. We write 

Ij » (** (/(y+*9)+/(y--'/)}-5— (2) 

where ^ is independent of A. Then since is of hounded variation in ^ < x the 

U 


second integral tends to ssero as by Kiemann's lemma; and the first tends to 

i^if(y+) +f(y— )}. as in the proof for the series theorem. Hence the theorem follows. 

The corresponding theorem for the allied integral is os follows. Jff{y) satisfies the same 
conditions as in Fourier's integral theorem, and in addition satisfies a Lipschitz condition 
for all valines of y, then 

W dA /(v)ainM9-y)d9 = ^P j /(V)-“y* 
irjo j - * J -« g-y 

We have similarly 

FA 1*00 FA 

•^.4 =‘1^ /(v)sinMv-V)<J^V = J y(V)<*V 1^ ainAr(V-y)flfM 

==f* 

v-y 

By the lipschitz condition, for every y, for some Jf and x (possibly depending on y), 
where 0<a^ 1, 

|/lv)-/{.y)l<M|v-yi». (4) 

Then 

<^4 » J'{/(y+<?)-/(y-<?)} --®y--<W+ J J/{y+0)-/(y-(?)>i~‘y— (W. (6) 

The first integral has modulus less than 4if^/a; choose S so that this is less than ei. This 
choice of ^ is independent of A. Then wA-*-<xi, 


■dtj. 


(3) 


JJ {f{y+&) -/(y -0)} 

and therefore by choosing A suitably we can make 


(6) 




<2cii. 


(7) 
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14*113 


Use of Abel summation 

1 i’® /■* 1 r* ^0 

Hence - J ^ dKj _ J{ii) sin k(7) - y) rf?/ = - J ^ {f{y + 9) -f{y - 9)}^ 



In particular this is true iffiy) is differentiable a,t^ — y. 


14*1 13. Extension of Fourier’s integral theorem, ///(y) is bounded for all y and 
integrable in any finite r<mge of y, the integral 


1 

^(®. y) =* - I drf\ f{ij) e“*® cos k{ii — y) dK 

7TJ —00 J 0 


is a solution of Lagilace's equation for »;> 0; and when x tends to 0 Ote integrcd tends to 
iif(y+)+fiy— )}/<w otny value ofy such that the latter eaqiression exists. 

The integral is equal to 






fiv) 


xdrj 




( 1 ) 


Tliis is imiformly convergent, by the M test, in any inteirval of x and y such that a: ^ c> 0. 
The integrals obtained by differentiating once and twice under the integral sign are also 
uniformly convergent, and therefore differentiation under the integral sign is permissible. 
Carrying out the differentiation we show that 


' 

ay» (»>c>0). 

(2) 

Next, put 

ij SB y+atan^. 

(8) 

Then 

1 r%» 

^{x,y)<=>~\ /(y+a;tan0)d0. 

Wj-3Ai» 

(4) 


It follows immediately that i£f{y) has upper and lower bounds M and m, then for all 
positive a?, m < ^{x, y) < Jf , 

Suppose that /{?/) is continuous on both sides of 7 = y, but not necessarily at y. W© 
can choose a range 5 of 7 such that for 0 < a; tan0 < S 

|/(y+a;taji^)-/(y+)|<(u, \f(i/-xtaa9)-f{y-)\«o, (6) 

where oi is arbitrarily small; and 


J rtmr'Six 

y) * {/(y +»tan 9) +f(tf-xUii9)}d9 

1 Ulv 

+Z I {f{y+xisixx9)+f(3/—xtajx9)}d9. (6) 

The first term is k{/(F+)+/(y-)}+2Aft>]tan-i-, (7) 

7T SG 


'where | A | < 1; and when a;-»-0 this tends to 


i{/(y+)+/(y-)} 

'whih an error < Au, which is arhitranOly small. 


( 8 ) 
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Abt.l summation of allied integral 
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The Hecond term in (U) tendn to 0 if /(>/) is ijouiuled. >iiit*e the lower limit tends to \n. 

rf' — • If 

The corresponding theorem for the allied function is: if fig) is fjnundcd for all y, and 

integrable over any finite, range of y, and >f, for some positirc Y, I '^■^'■^dy and I dy 

J y y J y 

ccmvcrye, then for x>() the integral 


1 C'- 

- dy\ fi)})< ^'MnK[g-y)dK 
Jit 


is the imaginary part of an analytic f unction of x-*- iy^ of wh ich ^{x, y) is the real pari : and 

when z-*0 , , 

^;rlx.yy.Jp\ 

^ J--r< y-y 

at any value of y where /{ 9 ) satisfies a Lipschitz condition. 

We have for *> 0 . _ 

w'hich is convergent in the conditions stated; and 


( 10 ) 


which is an analytic function of 2 + iy- 
Choose a small quantity d such that 

r* . 




j: 


,df) 


l/(y-i-«')-/(y-0)F^ <w; 

this can be done because /( 9 ) satisfies a lipschitz condition. Then 

I <ti} 


and 


IJ* {f{y+e) -f{y - 

r* G r* 


(H) 

( 12 ) 

(13) 

(14) 


since the conditions of Abel’s test for uniform convergence are satisfied for all « < A 
The theorem follows immediately. 

The conditions stated for these two theorems can be appreciably relaxed. If 


/(yl-ycosay or y sin ay 

it is tae^ to show by contour integration that the results for ^^{ 2 , y) lemaiu true. But the 
most important extensions are probably to the oases where /(y) tends to finite limits as 
y->±ao. If /(y) » A, we get ^{a>y} A, and the allied function is a constant by the 
C>mohy>Bieinann relations. If/(y) *» A (y>0),/(y) » - A (y<0), 

^{«,y)-“tan-'*^ 

2A 

and the allied function is log (o^+y*)**. 

If 
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Hence if and I -- — -dy, I — ^ — ~dy con- 

,! r y j - 3- y 

verge for some positive Y, we can still find an allied function by applying the method to 

g(y)^S(u)-c (y>0) 

{y<0) 

and adding i{C + D) + - — —tan~^'-iiO —— — ^iog(a:®-|-y®)’- to 

TF X 7T 

14*12. The cosine and sine transforms. If f{y) is given from y := 0 to x and if 
f(~y) =f(y)) have, subject to convergence conditions as in 14*112, 


Similarly if /( - y) = - /(y ), 


2 ^CO ^3C 

fiy) = - dK\ f{y) cos KIJ cos Kydrj. 
^Jo Jo 


2 rx> 

fiy) = - dK\ fiy) sin Ary sinArydy. 
^Jo Jo 


These rules can be stated as follows. If 

r« 


If 


&M = 

h(K) = 


TT/Jo 
2 


.^/Jo 


/(y)cosA:ydy, then /(y) = 
/(y)sin/cydy, then /(y) «= 


2 \ r* 


TT/Jo 
2 ) 


g(K) cos KydK, 


WJo 


li(/r) sinArydAT. 


( 1 ) 

(2) 

(3) 

(4) 


These results show a complete symmetry between /(y) and its two transforms ff(K) and 
A(ac). The latter are known as the Fourier cosine and sine transforms; they constitute two 
of the earliest solutions of integral equations, and were given as such by Laplace. Fourier’s 
integral theorem in its general form can similarly be written: if 


rao J /•to 

»(/f,y)« /(y)cosAc(y-y)dy, then /(y) = - v(K,y)dK, 
J -X « J 0 


( 6 ) 


or, more synunetrioally, if , , , 1 f* , 


then 




14*121. Parseval’s theorem for integrals. By (3), 

fi{y)My)^y * J (j) 

^00 

Vi{K)gtiK)dK, 

on replaoing y by y and reversing the order of integration. Similarly 


( 6 ) 


( 7 ) 
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=/a(7/) =f(y) ve have 

Jo Jo Jo 

This is the analogue for integrals of Parseval's theorem for series. For a vibrating 
dynamical system both theorems have the physical interpretation that the total energy 
of the system is the sum of the energies in the noimal modes. 


14*13. The Fourier -Meliin theorem. If /f(f)i8the Heaviside unit function the sum 


/(’’i) Tj) - Hit- Tj)} -“-/(Ta) {Hit - Tg) - if (1 - T3)} + . . . +/(T,) {Hit - r,) -Hit- 

( 1 ) 

where Tj < Tg < . . . < t^i, is equal to /(Tj) for < t < Tj, /(Vg) for Tg < f < Tg and so on. Pro- 
ceeding to the limit when the values become indefinitely close, if /(f) is continuous, we 
get the Stieltjes integral 

m = - SiT)dHit-r). (2) 

J <x 

We can suppose that /(f) = 0 for f < 0. Now substitute for Hit — r) in terms of Bromwich’s 
integral. j-, 1 /•c 4 i«c^ rx. 

/(<) = - nr)d^\ ^dz\ zfir)e-=rdT (3) 

Jt« 0 ix ^ tx ** Jo 


assuming that we may invert the order of integration and then differentiate under the 
integral sign. Then if for some c> 0, and 3ll(s) s; c, 


J 3/(T)e~"dT = F(s), (4) 

F{p)Hit)^Sit)Hit), (6) 

This gives a rule for deriving an operator for any function /(f) such that the integral (4) 
exists for 9fi(s)>e. (4) is called the Laplace transform of /(f); this name is often given 
to i’(s)/z. 

To justify this, put 2 = c+iy. Then the second integral in (3) is 

e‘*dyj /(T)c-"c**t‘~’^dr « I^J dyJ^/(T)c“"'coBy(f-T)dT (8) 

and (3) is equivalent to l /•« /•« 

/(f)e-«‘=s-j dy\ /(t)c-" cos jf(f-T)dr. (7) 

But this is Fourier's integral theorem applied to the fimotion that is 0 for f < 0 and equal 
to /(f) e"** for f >0. If this function satisfies the conditions for the theorem for some 
positive value of c, the operator corresponding to/{f) can therefore be found by (4). The 
result (?) is true for all e large enough for the integral (4) to converge absolutely, 

that is, for j [/(t) | 6~*>*dT to converge. F{z) found by this method will be analytic 

for %(z) > c, but will not in general satisfy the rule of our ftmdamental operators that it 
shall have an expansion in negative powers of z for all z with sufficiently large modulus. 
Consequently it has been held by some recent writers that the operational method should 
be abandoned, or indeed that it has been already abandoned, and replaced by the Fourier- 



Harmonic oscillation oj finite duration 14*14 

Mellin theorem.* This, howerer, seems to be a fundamental mistake in method. The 
operational method considers the state of a system given at time 0, and obtains a solution 
for its state at time t depending at no point on any information except about its state at 
time 0 and the disturbances acting between time 0 and t. The equation (4) is meaningless 
unless we know the function at sdl times up to infinity. It is true that the values at times 
later than t wiU often not affect the state at time t. But if/(0 = exp (o<®) with a positive 
the integral diverges whatever c may be; and we are never in a position in an actual 
experiment to verify that this does not happen for t large enough. Even without such 
disturbances, it is a common occurrence for second-order terms neglected in the equations 
to rise into importance if the time is long enough, and it is not justifiable to adopt a 
procedure that assumes the equations to be linear for all time; the whole theory of equi- 
partition of energy rests on this fact. The operational method avoids aU such complications 
by making the procedure depend directly on the data up to time t and on nothing else. 
The Fourier-Mellin procedure makes the validity of the solution depend on the superfluous 
extra condition that future disturbances are not of such a character as to make the 
integral in (4) diverge for every c. It is a valuable method in its proper place, as has par- 
ticularly been shown by van der Pol, since when we know that the solution of a differential 
equation satisfies the conditions for the applicability of the method it can often be 
obtained in a form immediately adapted to contour integration. The use of p as a notation 
for a complex variable in this method is however to be deprecated. The method is not a 
substitute for the operational method, since each is valid in conditions where the other 
is not, and nothing but confusion can arise ftrom mining the notations. The usual symbol 
z for a complex variable is available, and so is Bromwich’s A, and there is no occasion to 
use the preoccupied p. 

The practice of denoting what we have called JP(z)lz by F(z) is to be especially depre- 
cated. This function differs firom/(f) in dimensions, and gives rise to needless trouble in 
checking. The point has been made explicitly by McLachlan. 


14*14. Harmonic oscillation of finite duration. Let 

f{t) =^coayt {-^T<t<iT), 

= 0 (t<-lT,t>iT). 


We wish to express /(f) as a Fourier integral. We find 
^00 

I /(f)COS*{T — f)dT = I COSyTCOaK(t — T)dT 

J -00 J -JftiT 

* I Binj^(y+ic)r \ 

y-K y+K j 


OOBKt 


.nd /(«) . 1 r crifc. 

fl’jo \ y-K y+K / 

dx 

* Fromrmuwksofaoxiaeenthiisiasteoneini^tiikf^rtibAtif a«kad to solve 006^, they pax^ 

Of 

as follows: fintfcxmthelAplaoelawQsfacmttfooet; nralt^plyl^. 1 /s; sohstatuts tbs result for jP(s)/s 
ia tbs Broosiwioh integral, and evaluate by oontour integratioau 
Xf /iO is uaboonded near t a: 0 , but has an impn^per Bienoann integral, the opecsti<mal method 
needs no special justiftoatfam. The proof of the Fooior-Hallin theorem, on the otlwr hand, m ea t s 
. with iMw dilBealtiaa whan thafimalkn ia unboondad. 
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Thiis the Fourier representation of a liarmrmit' oj>cillation of iiiiite duration includes an 
infinite range of frequencies. If we take 7 jMjsitive the second term will l»e small eomjjared 
with the first for values of *r near 7; the fir.-t ha> a maximum equal to JT for a' = 7, and 
vanishes first for a-— 7 = ± 27r T. There is a jiair fif minima at 7 ± Stt T, about —0-2 of 
the first maximum. Thus the larger amplitudes aie concentialefl about a' = 7 provided 
that yT is large; but for any finite T therc will he a finite range of k and 7 such that the 
amplitude is not negligible, and this will be shown, in the fjjttitid ease, by a broadening of 
the spectra] line. 


14-15. Response of a recording instrument. Instniiaents have u-sually to be 
tested to find out whether their actual behaviour is in accordance with that intended. 
A common method of testing an in.strumcnt for recording vibrations, such as a seismograph, 
is to apply known harmonic disturbances of different xieriotls. For each period the lag 
and the magnification are recorded when they have become steady. The instrument to 
be useful must be stable and damped; its response may satisfy a differential equation of 
the second order, but need not do so, but if solutions of the form are possible in the 
absence of disturbance, all the values of A have negative real parts. If a disturbance is 
cosy*, the response is nco»{yt—e), where // and e will be functions of 7. Tliis may be 
written by sa;v'ing that the response to is + or tliat for all y, 

/tc"** is a function of 7, /t being an even and e an odd function of 7. If we take iy — A, 
/ip-** is an analytic fimction of A when A has a positive real part, and the two functions 
/( cos e and — /< sin e are related in the same way as the electrostatic potential and charge 
function. Hence by 14’ 112 (8), 

-/< sin e = - J ^ {(/< cos - (// cos e)y.,} . 

and since i/ce^^ is another analjiiic function 


/I cos € ' 


1 

Trio 


9 ■ 


These are relations between observed quantities and can be used either as a check on the 
hypothesis of linear response or to use the observed values of p and e to improve each 
other’s accuracy. As a rule ju-^0 with 7 (very long period). For 7 very large // may tend to 
a finite limit /tg as for a damped pendulum, or to 0 as for a Galitzin seiamc^raph. It can 
be shown* that if the disturbance is ff(t) the response is 0 for ( < 0, and for f > 0 it is 


- f /tsm(yf-e)^ 
JTjO 7 
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EXAMPLES 


1. Show that if 0<x<;ir, 

2 4 /eoaSx oob4x coH&r \ 

sinji's I**,— ;“+-«■■«- +-* »- + ••■ I* 

TT ir\ 1.5 3.5 S.7 / 

What fimotion does tho series Tepresent in the range •> ir <« < Of (Prelim. 1936.) 

2. Show that the series Ea*aoa6*irx, where | o | < 1. represents a continuous function of x, but 
that its dsrivativs, if sny, has no Fourier expansion in 0<x< 1 if 6 is an integer and | a4 1 > 1. What 


* JeAsys, PM. Uag. (7) 80, 1940, 166-7. A term -pgsin yf has been omitted {ram eqnatioa (29) 

ofthepapsr. 
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can be inferred about the derivative from this result? (Actually this series, though continuous for 
all real ar, can be proved by other methods to have no derivative for any value of a; in the conditions 
stated. Cf. Hardy, Tram. Amer. Maih. Soc. 17, 1016, 301-25.) 


3, Find the cosine and sine expansions of cos and sin J j? in the range 0<x<n, and verify that 

they satisfy the rules for differentiating Fourier series. 


4. If 





where C is the circle 1 s 1 = I, find/(a), (i) when ^5(8) s= 1/s, (ii) when ^{e) =s SR(s). (M.T. 1940.) 

5. is given for every positive or negative integral value of n, prove that (1) subject to suitable 

convergence conditions the function 


g{x) = ^ S /(»)— — i j* I S cos /t{x-n)f(n)\d/i 

is equal to f{x) for a; = n. 


( 2 ) 


rco 

J -« 


6. If 


show that 
7e If 


= 2/8(71). 

3 -CC 

(Whittaker, Free. R.8. Edin. 36, 1915, 181-94.) 

f(x) = Ao + SA„cosna:4-SB„sin7iar (0<a:<27r), 
f'{x) = Oo + ^®n®os7ia;+S6«sm«x (0<«<27r), 

A=/(27T-)-/(0 + ), 

Ai AL 


f(x) = AQ+HlAf^coanx-hB^smnx), 
g{x) = (7q + S(C„ cos na:+i^,> sin na;), 

prove that ^ j ^ S(x)g(x)dx = Ao(7o+42:(AnC'n+B„j:>J, 

under conditions to be stated. 

8. Prove that if gipa) is the function fitted to/(ar) as in 14*01, then according as n is odd or even, 

■•(-?) ■ 

and eacplean how this could have been inferred from the theory of the complex variable. 

9. Find a series of sines and oosines that will represent e* in the range — 7 r<a;< 3 r, and draw the 
graph of the sum of the series outside this range. I>educe that 

XU 1.2/1 1 1 \ 

“*”';+;(riT.-^r75+iTii+-)- 

10. Find a solution of the integral equation 


, , l«-i /2nT\®“ 
\ W / 


smi 


(l,C08i(x-— 


<I.C. 1939.) 


j: 


nix) cos ctxdx 3s/(a), 


where 


/(a) 3s 1 - |a* {0<ei;< 1) 

s 0 (c> 1). 


{I.C. 1843.) 



Chapter 15 

THE FACTORIAL AND RELATED PCNOTIONS 


‘There* are thr«»e hiinclrtd and W'venty-two ;it rendrhn^s of a \*'r.se of one of the 

more (*rj"ptic Odes, and it iia*^ het*n aptly elaimer] that even thn afip^ araiift* «.f a (ifirafTe muHt bo 
rapablo of .some rational explanation/ ' muamaii, T/ie f>/ MwJ, 


15*01 . We de6ne the factorial fuvetinn* by 


where 9 i( 2 ) > — 1 . * 

It follows immediately by integration by parts that 

(s+l): = (3-rl)s!, 

and hence for 2 a positive integer, since 

o: = 1, 

Also 2 ! is an analytic function because its derivative is 

d r® 

T-z! =* I t/* log It. c~“d«, 

dz h ^ 


( 1 ) 

(2) 

(3) 

(4) 

<5) 


which convei^ uniformly in any bounded region of 2 for 31 ( 2 ) > — I, 

Now since z! is analytic we may expect that it will have an analytic continuation into 
the region where the integral (1) is not convergent. In fact if 31 ( 2 ) < - 1 we can choose 
an integer n greater than 3{( — z), and define 

,t + /fiV 

(2 + 7l)(2 + »-l)...(Z+l)’ ' ' 

By the relation (2) this is true for 31(2) > — 1. For Si( 2 ) < — 1 the expression on the right is 
the ratio of two analytic functions and therefore is an analytic function for all 31(z) > — n, 
except for poles where z is a negative integer. For its meaning to be unique it must be inde- 
pendent of the choice of n, subject to 3l(a+ z) > — 1 ; but if m is an integer greater than n. 


(z+m)! I (z-hn) ! (z+ot)! ^ 

(z+m)(z+m-I)...(z+l)/ ( 2 +»)( 2 +»-l)...( 2 +l) ’’ (z+M)!(z+n+l)...( 2 +i>»') 

* This function is usually denoted by r(z -1- 1) in mathematical writings except when s is a positive 
integfNr. The F notation seems to have arisen through some idea that n 1 is defined in the first plaoe only 
for n a positive integer, and that when wo extend the domain of application we need a new notation. 
This is oontrary to usual mathematical practice. Ordinarily if a definition is applicable only in a 
reebricted domain, and another is found that is applicable in a wider domain and is equivalent to the 
first in the restricted domain, the second is taken as giving a meaning to the (fid term in the wider 
domain. is origitufily defined only for x a positive integer and then extended in turn to rational, 
negative, irrational and complex numbers, sin x is originally defined for real argument and exteodsd 
to oonq>l^ numbers by means of power series. Weierstrsas’s theory of analytic continuatkxi rarta 
on the same prinoipls. There is no reasim why the factorial function should receive excepiiooal treat- 
ment in this respect. The extra 1 in the definition of r(s) is a minor but continual nukanee. As the 
fisotorisl notation has been adopted in the JBritisk Aasoeiotjon which am the fullest tsbtas of 
the fhnotiott, thm seems to be no reason why the F notation should be perpetuatecL Qaaas’e n(s) 
is often used and is eqaivslent to s i i hut it is liable to oonfhiion with tile gen^ notation for a pcodnet. 
rnr at 
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and therefore the definition (6) is unique. It therefore must be the analytic continuati 
of z ! and can be taken as completing the definition. It follows at once that z ! has sim] 
poles at all negative integral values of z, and no other singularities for finite z. 

We have already had (6-04) 

{-^)! = A I 

whence {hV- = = — > I 

= ^ = = .... (1 

15*02. The Beta function. For 9i(») > - 1 put 8l(m) = /t, Si(n) = v; then 

Aco /“OO 

wi!»l = I e-^x"'dx\ e~vy^dy y\ 

n A 

e-^+^3?‘*y”'dxdy. (1) 

9 

We take the triangles (0,0 )(j 4,0)(0,J[) and (4,0) (0,.d) 
separately. For the former, put a:+y = z and eliminate y; then 
z < 4, and the range of » is fi-om 0 to z, since y > 0. The integral 
over the triangle (0, 0) (4, 0) (0, 4) is then 



(4.0) 


J dzj e~“x^{z — x)^dx, 

and putting x >=tz we have 

= JV(l-<)“d<J^ z>»+»+ie-«dz 

-^(m+«+l)!jV(l-<)*cte. 

The integral over the triangle (4,0) (4,4) (0,4) of has modulus 


'/o J “ 




(/t+l)(»-+l)' 


and that of e-*a?»y» has modulus 


e-a4/i+^+8 
< 7 — ■ r : -»0. 


(/*+l)(>'+l) 


Hence for 8i(«*) > - 1, 9i(«) > - 1 

jV(l- 0 "d« = 


m!n! 


(m+n+l)!’ 


( 


t- 


u 


The intqgrai is usually denoted by j 5(#»4-1,»+1), but it is somewhat easier to wiaw 
pulate in the present form. 

In (5) put 
then 




!+«’ 


a (1 +»)•+*+• (i»+n+l)!‘ 
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15 *03 O n fUji n if. ion 

Again, fur — 1 <9t(=;< 1. putting /« = s, ?< •= ~s, u'c* iiiiv*- 

J ij {!—//)“ 

But this integral is ttscosccw;, by h*-n«.* 

.'iurr:* 


(7) 


1^) 


which i.s extended at once to all z other than pitMlive or negative integer.s by <«>n” 
tinuutiun. It is more conv'enient. than the- currc-sf)onding formula in the F not atiun. and 
easier to remember on account of the obvious clsci.-k at z = U. 




Aaain, for — I <91(c)< 1. TT -vri -- I y-il — ifdt. 

{zz—l). j„ 

Put 2/ = 1 - «; tlie integral is 

2-2--1 j ^ (1 = g -2= I \l 

J -1 J 0 

_ J il — ii '■ -dn 

(=+ i)! ’ 

whence sl{a+ J)! = 2-2*-‘7r’-(23+ 1)!, 

that is, zl(z- .J)! = 2-2-V'2(25)!. 

This is generalized by continuation. If s is a positive integer the proof is simple; 
(23)! = (23){2c-2)...2.(23-1)(2s-3)... 1 
= 22-’3!(s-|)!;(-i)!. 

15'03. Gauss’s definition. In (5) replace m by z and t !>y u. n; then 
a!n! 


(»t + 3+ 1) 

If n 00 the last integral tends to 




^CO 


» z! 


since (1— tt/n)”<e'** for 0<u<n and the M test is satisfied. 
Hence for fixed z and n tending to infinity 


(n+z+l)! 


-*■ 1 , 


tt! >!*•'■* 

irrespective of z. Since also (n+z-f l)/n-»> 1 we can write this as 

■n!n«“ 

This is an equality for all positive »ifza-i.lorsMiO. 


(»> 


( 10 ) 


( 11 ) 


( 1 ) 


( 2 ) 


( 3 ) 


{*) 


tS^ 
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Substitute (4) in 15*01 (6); then since we can take n as large an integer as we like 

nln‘ 


z\ = lim 


n->«. (s+ 1) (z+2) ... {z+n) 


(Sfl(s)>-1), 


(5) 


which provides a definition of z! independent of the integral, since n\ can be defined 
directly by the product 16*01 (4). (6) was taken by Gauss as the definition of the fimction 
and denoted by n(z). We have not yet proved that (5) agrees with 15*01 (6) for 3fi(z) < — 1. 


But 


But 


n w - Bm «•{(! +») (l +1) ... (l +i)P 

logn{z) = lim |^z^log|+log|+... -flog j^j-^S^log^l+^jJ 

«log^‘-Iog(l+5) 


( 6 ) 


(7) 


2mi® 


( 8 ) 


d 


The series for logn(z)i8 therefore convergent for all z. Also^logn(z) is a uniformly 

convergent series of analytic functions in any closed i^on excluding negative integers, 
and therefore II (z) is analytic in any region that excludes negative integers. It must 
therefore be identical with z! according to our extended definition. We can therefore 
remove the restriction 8i(z) > — 1 in (6). Gauss’s definition has the advantage that it is 
immediately intelligible for all z except the obvious poles; but in practice the function 
UBuslly arises through the integral. 

We verify at once from (6) that 


n(z) 


= lim 


nr 


= 2, 


II(z— 1) ~ ““n?'-^z-f n 
giving a direct proof of the inductive relation from Gauss’s definition. Also 

n!n! 


(9) 


zl(— z)! = lim 


(l-z*)(2*-z*)...(«*-.z*) 

_ 

~ sinfl-z* 

in agreement with 16*02 (8). 

15*04. The digaxnxaa (/) and triganuna (/*) functioiis. These are 

n») - iiog^i -to H'-rn-'-ili)- 


( 10 ) 


( 1 ) 


'^logzl 




*f ...+ 


(z-fn)* 


4- 


( 2 ) 
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If in (1 ) we put s = 0 we have 

."(()} = Urn ( log »> - 1 — ) = — y, (3) 

where y is Euler's constant, the numerical value of which is <>•.■>772150^5.... Hence 



These functions, for and are tabulated in the British Association 

Tables. A table covering the range 0<3<20-0 is given by E. Pairman.* The digarama 
function, also denoted by ^{z + 1 ), has important applications in statistics and in the 
solution of differential equations. Webster denotes it by 'I'ls), which avoifls the difficulty 
of distinguishing F from F in writing; but the latter does not seem to lead to confusion 
in practice. 

Xote that F(z} = F(z + w) ? ... ^ . (5) 

S + 1 


15*05. Asymptotic formulae. The series for logs !,F(z) andF(z) can be summed by 
the Euler-Maclaurin formula (9*08). Taking (2) we have for z not real and negative 


1 r* dar 1 1 1 

z~Jo {s+a:)*'“232’*’(g+i)2+(5 + 2)a''’'" 

Hence F'M = 1- J-+ ^4+ 4 --^^- + v f”""' 

Hence ^ ^ ^ + + (s+x)*r« 


(1) 


( 2 ) 


and since for e real and positive all odd derivatives of (z+a*)“* have the same sign, the 
function always lies between the sums of r and r + 1 terms of the series. The inequality 
is more diffi.cult to state if z is complex, and obviously breaks down altc^ether if z is real 
and negative. Similarly 

1 5, B, 


' ' ® 2z 2z* 4z* 2rz*^ (z+ar)*''^* 

and by integration , , « , , . n, , -B* , F* , 

* logz! « C' + (z+i!)logz-z+^^*f3-^+..., 


(3) 

(*) 


again in the sense that the function on the left, for real positive z, lies between the sums 
of r and r + 1 tcnns of the series. We have to determine the constant C. Take z large and 
use 16*02 (10) in the form 

logz! + ]og(z--i)i » -2zl<^2+41ogjr+log(2z)!. (6) 

Substitutibg from (4) and simplifying we find that the terms that do not tend to zero for 
large z give 

C»*ilog2zr. (6) 

Henoe &r large z 

logzl - il<>g2ff+(z+i)logZ“*a+ (7) 


* Tracts for Computers, no. 1. 
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This is Stirling’s form via, and is in continual use for approximations to high factorials. 
It should not be regarded as an infinite series for any given z; if so regarded the terms 
oscillate infinite^. For Tre have seen (12-07) that for large r 




2(2r)! 

{27rr^ 


and the general term of (7) is therefore approximately 




2(2r-2)! 

(2nrz^-^- 


( 8 ) 


Thus for any z the terms are unbounded above and below. Nevertheless the decrease of 
the early terms is so rapid that the series is of the greatest use for computation. Even 
for js = 1 the terms of (7) up to 2 ~® and z-’ lead to 


1-83730 < log 27r < 1-83849. 

The correct value is 1-83788, which is almost midway between the two approximations, 
which themselves differ by only 0-00119; a truly remarkable result to be obtained on the 
hypothesis that 1 is a large number. Legendre computed z ! for small z by using Stirling’s 
series for large z and working back by successive division. The series was proved divergent 
by Bayes.* The first proof of the asymptotic property is due to Cauchy (1843). 

Stirling^ actually gave the following series, with ^ = z + ^ and z an integer: 

1 7 31 127 

logs! * I log 27r + Slog 8.360^“ 32.1260^® 128.1680^’ ” ’ ' ' ‘ 

The form (7) usually quoted as Stirling’s series was found by de Moivre in consequence of 
a letter from Stirling. The coefficients in (9) are somewhat smaller but not so easy to 
calculate. The ii^enuity needed to obtain the series with the mathematical resources 
then available, not even the general definition of z! being known, is astonisbing. The 
usual form is most accurately described as de Moivre’s form of Stirling’s series, since all 
the principles used in finding it were given by Stirling. His method consisted in expressing 
log « as a difference f(n -f 1 ) —f{n). 

If we return to 9-08 we see that the formula can be written 


logzl » (z+i)l(^z-z4-iIog2?r- f . - dt, (10) 

J 0 z + t 

[{] meaning the integral part of t. The last term is the Bourguet-Stieltjes form of the 
remamdeT:^ — actually entirely due to Stieltjes; Bourguet found the corresponding expres- 
sion in a Fourier series, which Stieltjes saw to be that of <—[<]— 

15*06. It may be verified that 

j cos«d8in«dde = g j t’«'»~«(l-i)’«»^w<it 

Jo 

_ l {i(m-l)}l{i{it-I)}! 

2 {4{»n+n)}I 

When m and n axe positive integers, we can substitute the explicit formulae for the 
factorials and derive the usual elementary formulae for the integrals. 

* PM2. Tram. C8, 1763. 269-271. f MtAodm JDiffmntialie, 1730, Prop. 28. 

t J.ihs Math. (4), 8, 1839, 486-M. 



15*07-15‘08 Wallis's formvla for n 

15*07. Wallis’s formula for n. We have 




^0fl0> ■ f}d0> I ■ aln-"^ ^OdO, 


and therefore for integral m 

(2w — 2)(2») — 4 ) ... 2^ (2 j« — l)(2»t — ... 1 tt 2j//{2»i — 2) ... 2 

(2j«- 1) (2w - 3) ... 1 ^ 2 t2>/7+T)r2T« -1 i ... I ’ 

. 2»«(2w-2)2...22 (2»?)2(2 /m-2)2...2“ 

’ (2m - 1 f (2m - 3)2 '... 12^ ^ 12m ~ iy(2wi - 1)=“..' l^' 

m • iiwi 

The ratio of the extreme members of this inequality is ^ — j , and therefore tend.s to 1 
for large m. Hence ,, 


in =s lim 


(2m )2 {2m -2)2... 22 


■ „->»(2m4-1)(2m-1)2...12- 

This is Wallis’s formula, of historical interest as the first expression of Jjt as the limit 
of an algebraic function. It can be used to obtain the constant in Stirling’s formula as 
follows, and even to give the first term of the formula. Inserting the factor 

(2to)2(2m.— 2)2... 2® 

in both numerator and denominator we get 

»ifi(2M + Tr(2Ml)2- 

If m is large 

log(2in)!— logm! = log(in+l)+...+log2m = f W»da!+0(- | 

Jm+i/a W 

s= (2m + ^)log(2»n-|) — (m+i)log(»i + J)-m+0^^^j. (2) 

Use this to diminate log (2wi !) from (1 ) and drop small terms; then 

logoffs® lim|21ogm! + 4mlog2 

— (4m + 1 ) ^log 2m + + (2m + 1 ) ^log m + j + 2m — log 2m| 

= lim2{logm!-{m+ J)logm+m-log2}, (3) 


whence 


lim -5 —-Tj. — » 1 . 


This method of course succeeds only when m is a positive integer. In view of the amaaing 
ingenuity of many mathematioal writers of the period, it is surprising that the first term 
was not found in this way until Stirling got the complete expansion. 

15*08. Dirichlet intet^als. Take 

I * JJa:’"y" dardy (m,n> — 1) (1) 

over the range of integration a; > 0, y > 0, x+y sg o. Substituting y •= a - aj we have 

— x)"dsdar, 


( 2 ) 



15-08 
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since, if x exceeded z, y would be < 0, Put a: = rf; then 


= rp 

Jn Jn 




{m + n-\-%)\ ' 


If we vary a while keeping m and n fixed 

dl 


da (»i+?i+l)! 

Ifow take Jg = j j jz^yH^ dxdydz 

over the range a; ^0, ^^0, z^O, x+y+z^a. Then a; and y are restricted so that 

O^x+y^a-z’, 

and integrating with regard to them we have 

^"'Jo {m+n+2)\ * (m+»+p + 3)! 

by (3), In general if 

I = JJ...|a!?*‘a^...a^da:ida:jj...da:,, 
where all a;, > 0 and S a?, < a, 

(Sm+r)! * 


(3) 

(4) 

(5) 


( 6 ) 

(7) 

( 8 ) 


If we take m n = 0 in (1), and a » 1, we have the area of a triangle whose comers are at 
(0, 0), (1, 0), (0, 1); and the result is If we take TO = » = p = 0in (6), and a s 1, we 
have the volume of a tetrahedron whose vertices are at (0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1), 
and the result is 

The integrals are easily generalized to evaluate 



J — ff ...ff(Sxg)a^^a!S‘‘...a^dXidxa...dXr, 

(9) 

under the same restrictions. For from (8) 



da (Sw+r-1)! 

(10) 

and 

li 

(11) 

Hence 


(12) 


A proof in greater det^ is given by L. J. Morddll.* 

One of the most important applications of these integrals is in the theory of statistics, 
where we often want integrals of the form 

£ <= JJ ... J/(Sa!5)(l»jdic, ... dXf (13) 

sabject to Put (U) 


* JMjn. iradt. 8oe., Math. Ke$u U, 1944, 13-17. 



Ex2>onmtial hitnyrnl 


44-1 


15-09 

and take all Then 

L = iT... )7(S|)2--tx-‘-£2 

= 115) 

Tills is the integral through a generalized quadrant : if we allow all the variables to have 
negative signs we must multiply by 2''. 

In particular take/(s) unity; then we get the volume of a generalized /--dimensional 
sphere of radius a 

For r = 1, 2, 3 this has the values 2a, tto'-*, corresponding to the length of a line, the 
area of a circle, and the volume of a sphere. 

15*09. The exponential and related integrals. These are related to a case of the 
incomplete £a.ctorial function, which we shall denote by 


/*ae 

ei(z)«J^ -dt. 


( 1 ) 


The integral also converges if the upper limit is so exp ia, and is independent of a, so long 
as — Xowin , 

J^(l (2) 

the integrand is an integral function; hence by expansion and integration this integral 
is equal to 2-3 

(3) 


and therefore 


* 2.2!'^3.3! 


w 


The left side tends to a definite limit as Z-^ao; hence the right dde does the same. Then 


r® " df z* 2* 

where C is a constant. To identify it we have 

whence, ify is Euler's constant, 

-y » F(0) • J e-*logtdt. 


(6) 

(8) 

( 7 ) 


Now 


J e~<logtdl *■ |^-e"*log<J +J 

■■ e"*log2+ei(z) 

*■ C?— (I— e“*) log 2 + <?(*), 

r» _y_. J er*]ogtdt. 


Mid %iiK> 
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Hence, making z tend to 0, C = — y. 


and 


ei(z) = -7_logz + z-^+; 


2.2! 3.3! 4.4! 

If z is real and negative, and we take the principal value. 


Pei( — a:) = — y— logo;— a:- 


a;'® 


2.2! 3.3! ■■■’ 

which is denoted by - Ei(a;) in published tables. 

An asymptotic expansion* for large z follows at once from 17'01, with n — 

( 1 1 2t 31 yi \ /•« 

g • •• + (- r^i) - ( - r (>'+ 1 ) '• 

If z = where y is real and positive, 


ei( 


fv?. 


r® cosii , . /*' 

1 j 

Jiu t 

j« “ 

Jy ^ Ji 


and also 
Hence 




r 


COS'M 


du = -r-logy+; 


I + ..., 


t.2! 1.3! 


fl/® » 


whence 


2.2! 4.4! 

f® sin« , , 

J, — = + 

The asymptotic formulae foUow from 

ei{iy)^e-M -- + i 

\ y 

f®oos«, /I! 3! \ . A 2! 4! \ 

f"8inu. /I 2! 4! \ . /I 3! \ 

The tabulated frmotions Ci (y) and Si (y) are 

, peoau, 

= -J, 

J« “ Jo » 


If in (1) we put 
we have 


z«=~logS, t = -logw. 


15'09 

{») 

(10) 


( 11 ) 


( 12 ) 


(13) 

(14) 


(16) 

(16) 

(17) 

(18) 

(19) 


which is denoted by — li ((^), the priuoii>al value being taken if £ is real and greater than 1. 
* Tbk aeaUoa should be road 84W the begimuiig of Chapter 17. 



15-09 

Tlie intejn-al 


A t'elutfd inhqrul 

'“.Cf”?'" 
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cannot be evaluated directly by the luethod n^ed for tlu^ eorrc^jioiidinu integral in c<j.< W, 
since the integrand is an odd function of We Ctin. fiOwe\ cr, w r iti* it as 


t'.-i 


and replace the path by one from <♦ to /x, with a ^«*inicircle about t - L The ntsidue at 
tlus pole is and the semicircle therefore coutributc-> nothing to the imaginary part 
of the integral. Then 

f ir. g.Ul rx ^-/tt 

— Lilia 

Jt. \i/— 1 ?/-!/ 

“ J-i r 2ji r 

= — jr)+ Jf/ei(a:) 

1 2! 4! 

+ + 


EXAMPLES 

1 . Find the positive number a such that the product 1 . 2* . 3* . . . w*' is large or small in comparison 

with n*'*** according as a' is less or greater tlian x, (M.T. 1943.) 

2. Provo that the residue of 2 ! at s = — when? n is a positive integi^, ia ( — I (n - I ) !. 

3. Prove that if » is a positive integi^r 


(ns)! 


(Euler.) 


(Show that the ratio of the two sidos is unaltered by changing 2 to z 4 - i ; and that it is of the form 
1 4- 0( 1/z) for z large.) 

4. Obtain the same result from Gauss's deSnition. 

5. Prove that for 9{(2) > ^ 1 

(Cf. FniHani'a integrals.) 

4. If deootes integraticoi from 0 to x, prove from the Fourier-MoUin thoortcn that 

oi(x)H(x) St log(l+p).f/(x) 


and banoe that 


ai{x)+logx+y = *~~j,+jfj-- 
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Eoliamples 


7. Prove that 


/, 


u»du _ {K»»- Ift 1 


S. Prove that 

9. Prove that 


jo 2./b‘l>«-Vii 

Jo fi-1 Jo 


(I.C. 1944.) 


10. Prove that for positive real n 


i-.log-21_<o, i_iog^lti >0 
n °n~l n ® n ’ 

and hence show directly that the limit defining Euler’s constant exists. 

11* If f(x) = r-^d£ 

where /(O) = 0, 0 </k 1, and/'(®) is continuous, prove that 

*’ o(as— 

12. Prove that /^V*) v b / I I \ 

2\a: x+l/ (a)+l)»rj' 

and derive oorresiwnding esqpressions for /■(») and £ log®!. 

diSc 


(Abel.) 


(A. Lodge.) 


a,fi» 0 , but not necesaarifyiatugMe, audy-«/<t)H(t) is defined b, 

p-»0-»g{t) = er-»p-ag(t) 

where g{t) is any integrable function z«ro for negative t. 

14. Using 16*06(7) and 16>02(11), derive 15-05(9). 

pli'; “« >» entended b, 


show that 
and that for h>0 



Chapter 16 

SOLUTION OF LINEAR DIFFERENTIAL EQUATIONS 
OF THE SECOND ORDER 


A inerr\' niufl, a irmzy and niirh a^ (Ld tmid 
Tlio night w w<*ut to Birminghatti hy way of B+Nu’liy Hmd. 

0. K. f IIKSTKIITON, Thf' Fljihfj ItlU 

16*01. Wlien the coefficients in a differential equation are variable the chief methods 
of solution are as follows: 

(1) Direct numerical solution (Chapter 0). This is often laborious, but in many cases 
it is the only method. 

(2) Solution by power series. 

(3) Solution by substitution of definite or contour integrals. 

(4) Asymptotic solutions (Chapter 17). These can be obtained by several methods. 
Direct transformation of the differential equation triU often yield solutions in the form 
of asymptotic series; also a solution as a definite or contour integral can be approximated 
to by the method of steepest descents. 


1 6*02. Singular points of a differential equation. Any second order linear equation 
can be expressed in the form 

If jf and dyjdz are given at :r — x^, the differential equation in general determines d*y:dx* 
at X s aTg. Differentiating the differential equation we can determine d*yitbfi at ar s x^, 
and so on; the terms of a Taylor series for y can thus be found in tom, and if the series has 
a non-zero radius of convergence a solution exists. If y and dyjdx can take any pair of 
values at x = a;, without ma]j^d*y/da;* infinite we call ar, an ofdtnnrypotni of the equation; 
if not, we call it a singular point. For instance, if 



dr* 


SC 


-y* 


and y s dyjdx s: at r » r^, there is a solution 

y « y,co8(3!~Xp)+yjBin(ar-aro) 

whatever x^, y^, y^ may be; hence all values of x are ordinary points of this differential 
equation. But even with the first order equation 

dy 

x-r «■ y 
dx 


we eaanot assign y arbitrarily at x «■ 0; for if we take y anythiiig but 0 at x 
win be infinite and we cannot form the Taylor sedee. Similarly for 


d*y 






0, dyjdx 



Solutions about ordinary points 16*08 

if y is not 0 at a: = 0 either dyjdx or d^yjdz^ is infinite and we cannot form the Taylor series. 
The Talue a; = 0 is a singular point of these two equations. 

An important property of linear equations is that their aingnlnr points are fixed. With 
such a simple equation as <2 1 

dz ~ 1— y®’ 

dyidx is infinite where y = ± 1, and this is at the same value of irrespective 
of the value of y at a; = 0. In fact the solution is = a?+a, and y=^l where 

« = f- a = |- y(0) + ^[y(0)]8. It is this variability of the position of the singularities that 
leads to most of the additional difficulty of the general theory of non-linear equations. 


16*03. Existence of solutions about ordinary points. Consider the equation 




( 1 ) 


where/{a;) and g{x) are analytic functions of a: (which we may take to be a complex variable 
for extra generality) within a region including a: = 0. When a; = 0 let y = y», dytdz = y,. 
For them to be assignable arbitrarily /(a:) a nd g{x) must be bounded near a: = 0. Define 


Q(l>{x) =jy{t}dt. 


( 2 ) 

Perform the operation Q on the differential equation, assuming it possible, and integrate 
the second term by parts. Than 

dy 

^ + yf{x) -yj{0) - Q{yf{x)} + Q{g(x) y) = 0, (3) 

which we can write % = yx+yJ{0)-yf(x)-^Q{h{x)y}. ( 4 ) 

Int^rating again we have 

y = 2^o+yi®+yo/(0)®- Q{yf{x)}+Q\Hx)y}. (6) 

Va + + yM « = «!, ( 6 ) 

0{/(«) «i} + Q^h^x) ttj} = (7) 

“ W(») «r} + Q^h{x) 

and taie » s<®a%ht path from 0 to ». Suppose that on the path | f(x) | < ff, I h(x) I < T, 
Kl<^. Nowif|55(a;)l<Ala:l'onthepath 

\<i^ix)\<j^ A\xY\dx\<~^\x\^^l ( 9 ) 

also there is a quantity 17 such that 5 -i- ^ IT j ® | < (7 for aff pointa of the path. Then 

l«*l = |-W(»)%}+W®)«i}|<C^5|a!l+lc!r|»l*<C?171«l, (10) 

i«.l<c(i9P|*|’+j3S’P|»|*)<iop.|»|t (11, 

( 12 ) 


and in geoetal 
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Tlie series 


Power ■series solutions 
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T ?/a— (13) 
is therefore absolutely convergent; and if tlie inequalities bold for \x' <R and arga? 
witlun a given range, the series is al .'0 uniformly convergent by the M test. The separate 
terms are analj-tic functions of x, since ?/, is an analytic function and by definition 
each later term is the integral of an analytic fuiu t ion. But a uniformly couvergent seri<.*& 
of anah-tic functions is analytic; hence the scries represents an analytic function. The 
proof that it satisfies the differential equation and the r;f>nr lit ions imposed at x = 0 is 
straightforward. 

The existence of a solution is therefore proved for straight paths of intcgmtifm. By 
Cauchy’s them-em it will be correct for any other path with the .same tennini prorided 
that the new path can be deformed into a .straight line without pas.sing over any singu- 
larity of the functions integrated. But the only y)ossil>le .singularities of the function.s «, 
are those of /(ar) and (j{x). The .solution is therefore anah-tic. over the whole plane e.vcept 
po.ssibly at the singular points of the equation. 

The method is substantially that of Picard, foreshadowed in unpublislied work of 
Cauchy and in the paper of Caqu4 already mentioned in Chapter 7.* 

The process can be extended to give continuations for the solution around the singular 
points. Suppose for instance that there is a singularity at x =* 1, and no other. Then we 
could proceed firom a; = 0 to « = 2 -p i, transform to 2 -f » as a new origin, and irifer a value 
of;/ for X = 2, which cannot be reached by a straight path from r = 0. But we should not 
necessarily get the same value in this way a.s if we proccerled by way of x = 2 — It is 
po.saible, in fact, for/(x) and g(x) to have poles at a point and therefore to be single-valued 
near it, but y and its first derivative cannot be assigned arbitrarily and the admissible 
solutions will in general have branch point.s. 


16*04. Power series solutions. This argument proves the existence of a solution. 
The method is seldom convenient for obtaining it explicitly, thoi^h it can sometimes be 
usefiolly combined with numerical integration. It does, however, show that the solution 
is expressible by a power series within a circle reaching to the nearest singularity of the 
equation. Since /(x) and g(x) are also so expressible we can substitute directly in the 
differential equation and equate coefficients. Then the coefficients in the solution can 
be found in turn. 

Thus if we take the equation satisfied by the Airy integral 

dx^ 


xy. 


( 1 ) 


we assume y « ao+OtX-l-at**+®s^+--“ 

Then by substitution 


and 

Then 


o,»0, a. 


_®5. 

2.3’ 


a* 


3 

3.4’ 


«!• 


<*r-a 

r(r-l)- 


/ X» X* 



x’ _ 

076.7 


-I- 



( 2 ) 


This i« obviously an integral function, as would be expected since the differential equation 
has no singnlaT point. 

* For hktorioal refeienow see Xneyel. d. math. Witt, a, li, 196-200. 
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isoifumm near isolated singularity 
Take now Legenire's equation 


(l-^r^-2x^+n(n+l)yr=0. 


(3) 


The singular points are at « = ± 1. Try 


y = ao+aia:+...+o,af+.. 


The constant terms and linear terms give 


and in general 
Hence 

»(»+!) 


2.1a2+«.(n+l)ao = 0, 8.203+ (»4-2) (ft— l)Oi = 0, 
(r+l)(r + 2)a^g = -(»-»•) (»+r+ l)a,. 


(4) 


y 




2! 


^2 . («-2)»(»+l)(»+3)^ («--4)'{»-2)»(n + l)(»+3)(»+6)„2 , \ 

a, + - a:. - a: +..j 


We see from (4) that the radii of convergence of both series are in general 1. But if n is 
an even positive integer the series of even powers terminates and reduces to a poly- 
nomial; if it is an odd positive integer the odd series reduces to a polynomial. In either 
case the other solution is stiU an infinite series and must have a singularity for { a; | = 1; 
but there wiU not be even one solution analytic at both + 1 and — 1 unless » is an integer. 

In both these examples there is a two-term recurrence relation between the coefficients. 
This is fortunately true of many of the solutions of the differential equations of physics, 
and the series solutions ate then easy. If the recurrence relation involves three coefficients 
the solution is difficult, and if more it is practically impossible to obtain more than a few 
terms explicitly. 

16*05. Solution near an isolated singularity. Let/(s;) andy(a;) have a singulacity 
at a; = 0 but be etingle-valued in a region about 0, and have no other singularity in 3. 
let a; = a be an ‘ordinary point in this region. Then the differential equation has two 
independent analytio solutions in a region about a, the first terms being 1 and x—a 
xei^ctively ; denote Iffiese by li(a;} and T^{x). They have analytio continuations through- 
out 8 except at 0; let oonlanuation be carried out along a dosed path about 0, retunung 
to a. Let the continuations of and be Z^, Z^. These will not in general be equal to 

li for given x, because a: =» 0 may be a branch point of the solutions. But Z^, Z^ will 
be solutions of the differential equation and must therefore be linear functions of T^; 

thus for all* in ~ . 

01171+ oi,y„-» . 

■2rj = 

The matrix o^ is non-singular. For if it were singular, there would be an ideutioally zero 
linear form ctZj^+fiZf with «, not both zero; on leversiDg the process of continuation 
we could then show that o]^+/SI^ is identioedly zero, whioh is impossible. Hence has 
non-zero dgenvalues. 

First let these eigenvalues be diSereut. Then we can find two linear combinations of 
Fi and I*, say and W^, such that thdr continuations are Ai WJ and But the oon- 

tinnatioaofc*is**exp2ni«. Henoeif 

SbWi « logAi, s kigAt, 


( 2 ) 



16*051 

the functions 
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(3) 


f^olutionns mar a singularity 

are single-valued in S. They have therefore convergent liaurent expansions in S and 
therefore within a circle about 0 extending to the nearest .singularity of/{r) and g(x). 

If the eigenvalues of are equal, it will he possible to reduce to a triangular matrix 
bnt not in general to a diagonal one; then we can rind a llj such that its continuation is 
but for any other linear combination the coittiniiatiun will be Allj— Then 
there will be a .solution WJ such that a—'lli i.s singie- valued hi S. 

For the second solution, if 

27ri.s = A, init = (4) 

Wa— W^tlog® will have continuation A(n2— lfitlog.r), and therefore there is a second 
solution W 2 such that 

j;-*(lfa-IIitlogx) (5) 

has a convergent Laurent expansion with the same region of validity. 

It may happen that even if the eigenvalues of ajj, are equal, it cun lie rerluced to diagonal 
form. In this case /i = 0, and there are solutions HJ, such that *“*11^, are single- 
valued in the neighbourhood. 

The condition that/(a:), g(x) are single-valued in S is necessary to this argtunent. For 
if either of them did not return to its original value when x described a circle about 0. 
the relations (1) would not be true. 

16*051. Solution near a pole of /(x) or g(x). Let the equation lie 

m and n being integers > 0, m + » > 0, pg and gg both non-zero, and try as a solution 

y = ®»(ao+Oi*-H...) (Og+O). (2) 


The terms of lowest degree in the three parts are 

aoa(a-l)x*-*, OoPg»x•-'"-^ agggX*-", (3) 

and these must either vanish or cancel. Suppose if possible that either m > 1 or »> 2. 
Then the first expression is of higher degree than at least one of the others, which must 
therefore cancel; hence m+ Isa, PgS+fg — U. Thus only one value of a is admissible 
and there are not two solutions in power series. But if m » 1 and n » 2 we have 

a(«-l)+Po«+ggsO, (4) 

which hae two solutions, each determining a solution in general. This is called the indickU 
equation, and a point where m s 1, n » 2 with at least one of gg, not zero is called 
a reqular einquhrity. 

Notioe that fear an ordinary point pg,9g> g^are zero and the roots of the indioial equation 
are 0 and 1. But it is possible for pg and gg to be 0 without gj being 0, and then x s 0 is 
not an ordinary point of the equation even though the roots are still 0 and 1 .* 



450 Regular and irregular singtdaritiea 16*052 

The further procedure, after finding the admissible values of a, is to collect like powers 
and determine the coefficients in turn as for solution neax an ordinary point (for which, 
of course, the indices would be 0 and 1). The roots of the indioial equation are usually 
real. For if 

8 — v, + it, 

«» = exp{(M+if)loga:} = ®“{eos(iloga;)+isin(iloga;)}, 

and the complicated behaviour of the last factor near a; = 0 is usually forbidden by some 
physical consideration. 

If a root is fractional the corresponding solution has a branch point at a; « 0. If one is 
a negative integer the solution has a pole. If the roots are equal we again get only one 
solution in a power series. We shall see that the same may happen if the roots differ by 
an integer. 

But we have seen that near an ordinary point of the equation two solutions with 
arbitrary multipliers always exist and can be continued as close as we like to any singu- 
larity, irrespective of whether the singularity is regular or not and of the values of the 
roots of the indioial equation. Hence the fafimre in certaui oases to find two solutions of 
the form (2) shows that this form is then not sufficiently general. 

Near an irregular singularity there may be onp solution of the form (2), but not two. 
If m > 1 or w > 2, and m-i- 1 ^ » there is none. The missing solutions then have essential 
singularities even if they can be rendered single-valued by removing a firactional power 
of *. Thus 


has the solution 
and 

has the solution 


2x+l 
**(«-!- 1) 



y == Ax+Be^*, 


da^'^^xdx X*' 


y = Ae^^ + 


16*052. Singularities at infinity. If in 

= o (1) 

we put X s= 1/^, we get 

g*^+{2|*-|*/(a:)}^+jr{a:)y = 0. (2) 

W© call infibcdty an ordinary point of (1) if the frmo^ons 

are analytio at £ => 0,thatis,ata; » oo. We call it a regular smgulaiity if they are reeqpeo- 
tively 0(l/g) « 0{x) and 0(l/g») - <>(*•). 

It is impossible for all points, including infinity, to be ordinary points of (1). For then 
f{x) and gix) must be analytio over the whole plane and therefore integral frmotions, and 
Ibr (el large 
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Solutions near rt.gular singular it g 


451 


These functions are bounded over the M’hole x»lane and therefore are constants, say a 
and b. Therefore 


/(•»•) = 



•> 

J*. 


<M) = 


b 


and a; ss 0 Ls not an ordinarj* point of 1 1 ) even iin h ^ 

It is possible for all points except <i and x to be onliiiary points of ( I }, and for 0 and x 
to be regular singularities. In these conditions for x sninll 

and for j * I large, '2x—x^f{x) = 0(x), x*ij{x) = O(x^). 


Hence xf{x) and x^(z) are bounded over the whole i)lane, and are constants. Then (I) 
reduces to the form 


adu b 


which can be solved in terms of elementary functions. 

16*06. Solutions near a regular singularity. We now reuTite the differential 
equation near a regular singularity in the form 

■l>y=*®^+(i>o+i>i*+-.)ar^+{?o+3i*+”-)y “ 0. (1) 

/ 

where one or two of may now be zero. Substituting in 16-051 (2) and equating 

coefficients of x? we have 

{(« + r) (« + r - 1) -l-po(« +r )+ «, = terms in to a,_i. (2) 

The coefficient of a, is the left side of the indicia! equation, with s + r instead of s. Let the 
roots of the indioial equation be and Then, provided that the coefficient never 
vanishes for r > 0, we can determine the coefficients a, in turn for each root, Qq being 
arbitrary. It follows from 16-05 that the series obtained are conveigent in a circle 
extending to the nearest singularity of the equation other than (>,* and then pro- 
vide a general solution. There is an obvious e.xceptioiial case if » a«. There may be 
another if they differ by an integer; if they are and Si + k {k> 0), a series solution is 
obtained as usual for the larger root. But for the smaller the coefficient of in (2) will 
vanish when r » jb, and with an arbitraiy a,, and higher terms will in general be in- 
finite. The series can then be rendered finite only by taking finite and all earlier (x>effi- 
oients zero. But then the series reduces to that given by the root Si-t- i;, and we have still 
found only one solution. This corresponds to the case in 16-05 where has equal 
eigenvaluea, sinoe exp { 27 Tik) » 1. 

It may happen, however, that for an arbitrary the right side of the equation for 
also vanishes. Then the equation holds.for any value of a^. and the solution starting with 
a* is arbitrary by a multiple of the solution that starts with We therefore get two 
BolntionB in pow«r aeries in this case. This sotrasponds to the ease where am of 16-05 is 
rednoible to diagonal f(»m in spite of having equal oigenvaluea. 

* For a difwt proof ooe Wliittaker and Watooo, JdTodfm AnalyuU, 1915. p. 192. 
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It remains to examine the nature of the other solution in the cases where only one 
series solution exists. Denote this solution by 



w{x) = »®(1 + Uia: + . . . ), 

( 3 ) 

and put 

y = w{x) z. 

( 4 ) 

The terms in 

z cancel because w{x) is a solution of the equation, and 



zT 2u/ po 

( 6 ) 

whence 

logz' = C-2logw-pf,logx-piX-lPiX^- 

( 6 ) 



( 7 ) 


2 ™ .if x~^*w~^g(x)dx, 

( 8 ) 


where 0 and A are arbitrary, and gi^) is analytic, and equal to 1 for a = 0. The first term 
in the expansion of ttr'^ is a?"**#"®®. But if the other root of the indicial equation iaa—Tc, 


2a-* = -3?o+l (9) 

and — jpfl — 2a — —k—l. Ifl;is not a positive integer or zero we therefore get a seri^ of 
powers on integration, starting with ar* If jfc = 0, 

z^Al -(l+ria!+raaj® + ...)da5 

= A(log X+& power series) + constant, (10) 

and 2^ = J3iD(x)+.dw(r) {logx+a power series}. (11) 

If his an integer > 0, 

« = -dJ ar^-^l+rix+r2a^ + ...)dx 

“ -S — +»*loga!+ ...|. (12) 

The second solution therefore contains a part w{x) log a; unless = 0. The rest is a power 
series be ginning with a term in and a — h is the other root of the indicial equation. 
These xesnlts verify those of 16*05. 

16*07. The second solution may be found explicitly, once we know its form, by either 
of two methods. We can assume 

GO 

y = a>(a)loga+S6f®*~*■‘■^ (13) 

r-O 

and determine the coefficients by substitution; or we can use method of Frobeniwt. 
This consists in substituting in the differential equation a series 

y =:*»(l-f-Oia!+o,«*+...), (14) 

and equating coefficients as before, excerpt for the lowest power of ». Then for any s, such 
that no s+i* for inteftnl r 0 satisfies the eonatiorL all the coefficiente axe deter- 
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mined in terms of anfl « exactly as liefore. But y no longer satisfies the difTerential 
equation; in fact 

Uy = - 1 j - //„jj -■ f/nl ( 1 5) 

Now if tlie roots are different and do not differ i>y an integer, uml we make s tend to cither 
of tliem, the coefficient tenrLs to 0 and y therefore tends to a solution of tlie ffifferential 
equation. We tluis recover the previous solution.s. 

If tlie roots are both equal to a, the coefficient is Hence we have when s — x both 


Dy-i^^K J-I/y-.'-O. 
/s 

But s does not appear explicitly in D; hence 


(lt>) 



c« 


r 


Dy->0, 


(17) 


and therefore both y and ^ tend to solutions of the differential equation. Thus we get 

C3 

two independent solutions. 

If the roots are a and x—k, the coefficient is (a — a) (« — a + i*); 


Z)y =r (s— a)(a— a + jfc)**. (18) 

0 

When 8~*x,y tends to the previous soiution. But does not tend to 0 when a tends 

to either root. This can be remedied by multiplying by « -a + 16, and we get a .second 
solution 

The factor s—x+k cancels the vanishing factor in the denominators when r>A: and in 
general we get an infinite series. 

It appears that in this case we could get a third solution 

by the same method. But no denominator in y tends to U when 8-* a, and this expression 
is simply (y},.^ again, so that we recover the first solution. 

In spite of its apparent simplicity the method of Frobenius is seldom used, for the 
following reason. In general we require the solution of a differential equation to satisfy 
oertain conditions such as being single-valued and continuous in a region, or tending to 
zero at infinity. The solution containing a logarithm usually foils to satisfy the former 
condition and therefore we often need only the solution with the higher index, which is 
a straightforward series. On the other hand even if both solutions are power series, 
they usually tend to infinity with x and to get one that tends to zero we must take a 
combination of them in a special ratio. The solution given by the method of Frobenius 
is not in general this combination, and it can be discovered only by other methods, which 
lead to determinations of the coefficients on the way. We shall find instances of such 
methods in relation to Bessel and Legendre fiuictiotis and the confluent hypergeometrio 
function. 
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454 Legendre's equation 

In Legendre’s equation put x= 1 + a. Then 

(2a+a®)^+2(l+g)g-n(«+l)y = 0. 


The indicial equation is 2«(a— 1) + 2« = 0, 

and both roots are zero. Using the method of Frobenius, put 


y = +OjZ+ ... +©^2^ + ...). 

The lowest power of z merely repeats the indicial equation. The terms in 2?" give 
2(f+l + c)(r+2 + c)a^i = -{(r+c)(r+l + c)-«(ft+l)}o, 

= — (r-i-c— »)(r+c+»+l)ffl. 


and 




— »)(c+»+l)a (c— n)(c— n + l)(c+ro+l)(c+»+2)/2!\^ 


(c + l)(c+2) 2"^ 


(c+l)(c+2)2(c+3) 


F-l 


When c-> 0 we get a solution 


w{z) = I -f 


n(n+l)z (»— 1) «.(«.+ 2) / 2 ;\® 


1.2 


’2 + 


1 . 22.3 


2 


which could have been found directly. Its radius of convergence is 2. This solution is 
denoted by If n is an integer the series terminates and is therefore a multiple of the 

terminating series found already (16*04). 

The second solution can be taken as dVe{z)ldc, when c->0. We have 

0 3 

—igo+j- zT ^{exp (clog *)}-►»’■ log z, 

and the second solution is 


P^(a;)log2 


(-»)(»+!) / 1 1 i_l\f 

1.2 \-n n+1 2/2 

(-n.)(-n + l)(n+l)(n+2) / 1 1 11 2 

1.22.3 V-» -”»+! »+ 1 »+2 2 


r 



When is a positive integer the terminating series is also analytic at x = — 1, but there 
'Will be a second solution containing log (x+ 1). It can be shown that the second solution 
can be taken as 

5n(») « ~-P»(®)log|^-/n_,(«), 

where/^i consists of the positive and zero powers of x in the expansion of i P„(*) log 
in deacendiTt^ powers of x. 

The properties of the second solution indicate at once a way of excluding it from a large 
dasB of physical problems without actually needing to evaluate it. The most important 
applkatkms of the equation ocmoem a sphere, x being the siae of the latitude. In such 
problems we usually know that the solution or its derivative is finite at the poles. But 
when both indioee at the poles are zero the seocnid solution obviously does not satisfy 
eitlanreonditioD, Henoe the (xdyadmisablesohitkme the first, and this must be analytic 
At both ± 1. The eqoatiop has no other aingolaiity, and therefore the admissible sdution 
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must be an integral function. Of the solutions found in lt!*04 the one in powers of x that 
terminates is therefore an ndn)i.s.sihle solution: the intinite series with radiu.* of eon- 
vergeiice 1 is not. Consequently we can as.-«‘rt immediately that the terminating .'olution 
is the one requiretl. Even when the flifi'erential equation has other sincnlaritie.s we? can 
often identify the physically imjiortant solution by mete ina)icctlon of th<« indieial 
equation and the radii of convergence. 

16*08. Three-term recurrence relations. 'I'he fullowinu exanqile from tidal 
theorj* illustrates both this principle and a methtMj of ohtaininir solutions when the 
recurrence relation involves three coetticient-s. In the free -iyuintetrienl oscillations of 
water on a rotating globe, the elevation of the surface, satisiics the equation 




where fi is the sine of the latitude, ji a iwsitive con.stant dejtcnding on the depth, the rate 
of rotation, and the radius of the earth, and /is proportional to tlio sjKjefl of the oscillation 

1 

^ and -i-s must be finite for all latitudes. The equation has 


P-/i^d/c 

±l,/i — ±f. Suppose that ^ is expanded in i»owers of 1 —/t, starting 


2n* 


to be determined, 
singularities at a 

with (1 — /f)". Then the term of lowest degree in (1 — //) (I -/O”"’* the indieial 

equation is = 0. Consequently one solution contains tenn.s in log(l— /t) and is in- 
admissible, since it would make d^jd/i infinite at the north pole. Similarly one solution 
would contain terms in log ( 1 + /< ) and be inadmissible at the south pole. The determination 
of the periods then reduces to finding values off that give solniions finite at both iwles. 

It is'easily shown that if /+ 0 the roots of the indieial equation a.t/i — ±f an* 0 and 2 ; 
if/ = 0 they are 0 and 3. On direct examination, however, it is found that the second 
solution near fi — /docs not involve a logarithm, and both solutions are therefore analytic 
at /t *= /. Hence if we obtain a solution in powers of /i it must be analjiiic at all the sin- 
gularities of the differential equation and therefore be an integral function. Hence the. 
ratio of the coefficients of consecutive terms tends to 0. If it tended to ± I we should know 
at once that the solution becomes logarithmically infinite at the poles. It is not even 
strictly necessary to examine the smgularities at /t «= ±f. For if | / [ < 1 and the solution 
was not analytic at ±/the radios of convergence would be | / ] < 1, and if both solutions 
were found to have ra^ of convergence > 1 it would follow at once that they are analytic 
at /t » ±/. 

The method of solution adopted by Laplace and many later writers is to take 


vrhenoe by int^ration 


1 Jg 






Mid ftbo 
Hence 




S (Or-'V-t)/*’’- 


( 1 ) 

( 2 ) 

( 3 ) 
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Here we can equate coefficients; the terms in give 

- (r + 2) (a,+a - a,) + ^ (a,_a -f^^) = 0. 

and if ^ = N„ 

«r 

1_ .fi 

{r + l)(r + 2)^(r+l)(r + 2)J»;_s' 


(5) 

( 6 ) 
(7) 


We have a three-term relation between coefficients. Now if r is large and not amalT 

of order r~\ Nj, will be nearly 1, stiU more nearly 1, and so on. Hence the radius of 
convergence of the series (1), and therefore of the series (2), wiU be 1, which is what we 
must avoid. The only escape is that must be small of order r"®; but then the solution 

is an integral function. Incidentally the possibility of a singularity at/t = ±/is disposed of. 
The question that remains is whether we can choose so that all Nf determined by succes- 
sive applications of (7) will be small of order r-®. Now (7) can be rewritten in the form 




i^r-8=- 


(r-H)(y.+2) 


1 - 




(r-|-l)(r + 2) 


-N, 


( 8 ) 


and is of the order required if is. We can therefore express as a convergent 
continued fraction; the information that ^ is an int^ral function is equivalent to the 
statement that all are small enough for the continued fractions expressing the ratios 
of successive coefficients to converge. 

The solution is either an odd or an even function of /i. If we take the even solution and 
pick out the terms in ji* from (4) we have 




— 3 ( 03 — Oj)— J^/%j = 0 , 

(9) 

that is. 


jV — 1 

(10) 



/?/?/? 


But also 


4.6 6.7 8.9 

1 fP,, /y., Af 
‘ 4 . 5 ^* 6 . 7 +* 0 ^ 

(11) 


and equating these two expressions we have the required equation for/®. The method of 
solution is by successive approximation; a trial value of/® is substituted in (11), the last 
denominator retained being such that the term in/® is small, and is worked out from 
(11). Then (10) gives a second approximation to/* and we repeat the process. As a check 
an extra denominator can be retained, and if the result agrees with the previous one to the 
desired accuracy it can be taken as oorreot. 

4 

16*09. This method of treating solutions with three-term reouxzenoe relations between 
the ooefflcimrtB is not confined to power series. An important example is Maihim** 
eguotion 


(4a- l«gooB2®)y w 0, 


( 1 ) 
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whert* q is real and a is a funct ion of q chosen t hat our* •« >li jt ion ha-, period in. The equa- 
tion arose first in the study of the oscillations of an elliptic nieml>rane: it also occurs in the 
oscUiations of water in an elliptic lake and has generalizations to wave motion in any 
periodic structure such as a crystal. F'eriodie et>;tiicients occur aNo in Hill\s method of 
treating the moon's motion and in the motion of a fa'iidulmu on a vibrating 8upi)ort, but 
the solutions then have not necessarily the same jx-riod as the cfajtficient. 

The periodic solutions of Matliieu'.s equation are all ffit her -ymmetrical or auti.s\*ra- 
metrical about 0 and Jjr; that is, they have the isiiine symmetry {wois'rties as cosx, cos 2jr, 
sinar, sin^x, to which they* reduce when q — ii and 4x = 1 or 4. \Ve assume them to be 
expressible by convergent Fourier series. Take for instance 

If = 2 Jj^cos irr. li) 

Then — 2(2/‘)“*‘l3,cos2rx-r4a2Isl2,eos2rx-'vy vJ.irCOs(2r-2jx 

- V ..l^eus (2r-r 2) x = t». (3) 

Equating coefficients we have for r> 2 

2*1“ (f®*"®) 2^.djf+2 ” d, (‘^) 

md if = 

2jA; = -{rS-a)— .v^-. («) 

aVi 

Hence if is not approximately — 2g/r*, N, will be large of order r®, and the series will 
diverge exponentiedly. This contradicts the hypothesis. Hence we rewrite (6) as 


■^-1 — » 

I *+x 

and proceed as for the tidal equation. 

For the constant terms we have 

xAf)— iqAg « 0 , 

and for the terms in cos 2x, since cos ( — Sx) = cos ir, 

4qAQ+ (1 -a) A;,+2qAt * 0 . 


Eliminating A^ we have 

whence 

and also, from (7), 


(“ + 1 -«) ^2 + 22-4* *= 0, 


N, 


At SgVg+l-a 




22 


I j L- 

9^ IB-a 
"22 ^22 ””22 ' 


(7) 


(») 

{») 

( 10 ) 

(H) 

(12) 


Equating tbeee two expreeeionB we have an equation for a for given q. Analogous methods 
can be applied to the functions expressible by odd cosines, odd sines, and even sines.* 


• Gk>ldfftems Oam6. Phil, Tran#. SS* 1927, 203-36. 
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16*091. A three-term recurrence relation also occurs in the solution of the equations 
that arise in the solution of Schrodinger’s equation for the hydrogen molecular ion. The 
equation is separable in spheroidal coordinates (cf. 18*063) and for a S-state the equations 

are ^^{v^-l)^j + [A + 2Bv~p^v^X = 0 

where A, B andp are constants. 

These equations have a considerable literature. The reader is referred to a paper by 
W. G. Baber and H. R. Hass^,* where other references are given. 

16*092. Infiboite determinants. Differential equations^ especially with periodic 
coefELcients, can often be treated by a method introduced in the theory of the moon’s 
motion by G. W. Hill, and developed by B. W. Brown. We illustrate it by an example. 
A light rod of length I stands on a support, and carries a mass m at its upper end. The point 
of support is constrained to vibrate vertically, its displacement being a oosnt; ajl is very 
small but cm^jg is not necessarily small, so that is large compared with gjl. Tf d is the 
inclination of the rod to the upward vertical we easily find the equation of motion, to 
the first order in o, 

iB = {g—an^ cos nt) 0. (1) 

This is of Mathieu’s type, but we do not assume the motion to be periodic in time 2jr/n. 
On the contrary, we try 

d = = —S(7 +»»»)*&«> (2) 

— CO 

{g - an^ cos «i) d = c«y*S {jgb„ - + b^j)} e*™”*, (3) 

and (1) will be satisfied if, for all integral m, 

{(y+mn)H+g}b„ = ^n^b^i+b„_j). (4) 

The equation for y can then be written 

“0. (5) 

-iav? {y-2n)H+g -Ian* 0 

0 -ian® iy-n)H+g -Jan® 0 0 

0 0 — ^n* yH+g — 1«»® 0 

0 0 0 — §o»® (y-f-»)*l-f-y — 

The convergence of such infinite determinants is a matter for disous8ion,f but often irrele- 
vantbeoanse,evenif the determinant does not converge, it can usually be made to do so by 
multiplying rows and columns by suitsble non-zero factors, which will itffect neither the 
roots nor tbe metibod of solution. It is obvious that if y is a root, y+m is another, where 

• Proe, Oaikb, PWl. Soe. SI, im, 6«4-«l. 

t Ot Whittakir and Watson, Modem Anafyeie, 1918, vp. 98, 407-10; Bksz, Eguatione Uneaine 
A, me A n fi A M ^im em me e, lOlS. 
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r is any integer; but this also is irrelevant lieeause it >iniitly luak^.s the rliagonal element 
with the smallest eoeflicierit of I (^ome at m — —r, arul the solution is unalterecl. Then 
the equation for 7 can Ik* written 

I V/w-r 


l-v* — 

U-J 


^ y -f- /tftt rl ~ l!y — ~ >j‘, ' ^ ^ 

summation being over aU pairs of adjacent valuc-iof //,■, Th<* larg«‘st terms will Iw those 
with . y-¥tnn : y-rin'ii \ as small as ]K>ssible and the -erics will ronvcrti*' like S' wW-®. 
If we take only the terms with w = o, /// = — 1 and 1. we have the cubio equation 

For n = 0 we know that 7 is purely imaginary. Let us see whether 7 can become real If 
» is large; if it can, the system becomes stable. The transition will be at 7 = 0 and the 
equation for n is ^ 

(b) 


/ 1 


ij n-I-u 


Solving and taking the i)0.sitive value of ri^ we have 

2a®n2 = (/r + {»/=/*-«■ = 2j//, («) 

so that the maximum velocity of the point of supiwrt, nn, is the velocity tiue to a fall 
through a distance \l. Then an^lg is large and 6_i and b-^ are small compan*d with 




\a. 


09 


‘**fi“‘* 


and the coefficients decrease rapidly as [ m. | increases. Hence the invertetl {wndulum can 
be made stable by giving a vertical vibration to the support. 

If we require y for other values of », the method would bc! to take the central 3, 5, 7, . . . 
rows and columns in turn and select the root with 1 91(7) 1 < ^ • Convergence is usually rapid . 

16*10. Solution by complex integrals. This method consists in substituting for 
y in the differential equation an integral of the form J Te^dt, where T is a function of t, 
a complex variable, and the limits are fixed. Integration by parts may then yield a differ- 
ential equation for T. Take for instance Bessers equation 


With the suggested substitution this becomes 

+ »»*)«*<* » 0. 


that is, 


<1) 


( 2 ) 


(3) 


The problem is to find a fonn of T such that this will hold for aU values of x, at least within 
a oertein range. At present we take x real and positive. We integrate by parts twice, using 

xe’*dt ■» d(e**), (4) 

and get 

re*‘{srf*r-<*7’'-#3’+*T~ T'}J^ 1) r'+3fr + (1 -»•) T}dt - 0. (6) 
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This will hold if (1) the integrated part vanishes, which will be tnie if, for instance, the 
function is single-valued and the path closed, or if it is open and the real parts of A and B 
are infinite and negative, and the factor involving T behaves like a power of t when 1 1 j 
is large, and if (2) 



(<2+ 1) T" + ZtT -f T = 

(6) 

Put 

2’ = «/V(l+i®). 

(7) 

Then 


(8) 

and if 

di , 

V(i2+1)~‘*"’ 

(9) 


dhi , 

(10) 

Then 

0 = log{<-hV(<®+ 1)}, 

(11) 

and possible forms for y are 

(12) 


j*s ^dt r» d^dt 

J A \/(*®+ !){* + V(**+ 1)}"’ J A V(^®+ l){i + V(^*+ 1)}""’ 

(13) 


where A and B lie at infinity in the third and second quadrants respectively. This con- 
dition is satisfied by the path M of 12*126. 

Solution by series gives, except when n is zero or an integer (taken positive), the two 
solutions 

(14) 


(a?) — S ( — )*■ 

«/»(«) ) r!(TO+r)!’ 




These are independent even if is half an odd integer, though the roots of the indicia! 
equation then differ by an integer. We compare them with the complex integral solutions 
by expanding in descending powers of t. The first integral has for its first term 


L 


^dt „ 

— ^ = 2rr»— i, 

jsf n ! 


ar“ 


and the second similarly 2iTi-. Both give series in ascending powers of x. Hence 


(-»)! 


J f_\ L r 


C**(& 


as 


(16) 

(16) 


It follows that if n > 0, a; > 0, J^{x)H(x) has the operational form* 


but has no operational form if n> 1; for the expansion of the corresponding 
operator would start with p**, which we cannot interpret by the fundamental role, and if 

* Originally obtained by the method of 21*01: H. Je flr a ya , Operationci Methods in MathemaHeal 
jphifaiee, 1227 . 
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we apply tlie Bromwieh integral it cUverire<. The itKHlitieation of BromwichV path to 
make 5R(/) tend to — x at the eivls is e."enti.'tl to make the inteurrul for converge. 

Numerous interesting applications of similar methoris have been t;i\ en hy B. van der 
Pol. (15) and (15) m particMiiur beinsr found.* But he has assumed from the st.art that 
the function to be found has an iiuagrt derivatile by th«j <■! juation 

F{z) -- I zf'..r',4r^dr. 

which is mcaningie.s.s unless convorgenet* condition- art' sati.-tied. It i-, -ignilieant if 
fU) = but notif/(j:) = J-Jx) with « > 1. Yet his process yiehls the above difiFerential 

equation for T. and he gives the two solutions, one of whicdi eannot be e\ aluated by the 
Bromwich integral, which he states as a fundamental rule at the outset. Tlu* matter i.s 
further confused by his use of the expre.ssion ‘operational .s(»lution'. The metho<l used i,s 
not operational, hi.s being defined ns a complex variable and not as an oijerator. The 
fact is that the operational method and the method of .substituting contour integrals, 
though they have a certain formal similarity and though there is a domain where they 
are both applicable, can be used in different regions outside tiuit domain, and cannot l»e 
interchanged indiscriminately. To give a meaning to the integral for it is necessary 
to modify the Bromwich path by making its ends prooetsl to infinity in directions between 
the imaginary axis and tlio negative real axis. But such a modification in problems of 
small oscillations would give the wrong result in eveiy case where there are infinitely many 
real periods tending to zero. In fact van der Pol, in getting an expression for i/_„(jr), has 
used an equipment insufficiently strong to catch his fish; but the fish has jumped on to 
dry land beside him. 

If a: is complex the series solutions are single- valued if we take — n’ < arg x47t. If n is 
integral we need no restriction on arga;, but we shall see in Chapter 21 that 
and Jn(x) are not then independent. The complex integrals, however, need to be 
modified in such a way that oo at both ends of the path. We can ensure con- 

tinuity by making argf at the ends vary continuously with arg or, and the integrals will 
then always agree with the series. 

The integrands have branch points at t * ± i. The integral along any loop passing 
around one of these ajid passing to infinity so that will give a solution of the 

equation. Two other solutions can be found in this way, and are the important Hankel 
functions. They are of course not independent of the tw'o solutions «/„(*) and which 

can for some purposes conveniently be expressed in terms of them (cf. 2 1*02). 


16*11. Conversion of series into integrals. A series can sometimes be converted 
into an integral directly by means of .the rule 

I f ew . af 

where for x real and positive Jf is a path with termini at infinity in the third and second 
quadrants and cutting the positive real axis. If we apply this to the series for J^{x) we get 


J_r ln + 2r )\ 

z r!(n-bfT!(2z)»-rt' 


dz, 


( 18 ) 


* Pha. Mag. (?) 8, 1»S9, 861-98; 13. 1982, 537-77. 
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Lvmar de^pmdmce 


16-12 


which must be identical with (15); a direct method of summing the series is given in Ex. 9, 
p. 466. Alternatively, we may consider, in operational form. 


z!(2-i)! = 2-®^Va(22)!, (20) 


But we have had 
whence 




1 . = 

2ni ^ ] 




dt. 


( 21 ) 


sma; 


^7t (p* + 

In particular (i*)’'*«/i&(») E{x) = ^^^5(0;) = ^ H{pe). 

By continuation, 

This method fails for J_i&(»), since («-i)! is then infinite and the expression (21) takes 
the form oo x 0. But direct examination of the series for it shows that 


( 22 ) 




(28) 


16*12. If yi,y%, are n funetiona of x, v)ith{n— l)th derivatives in an open interval 
of X, a necessary and sufficneni condition that ffiey shcdl be connected by a linear rdation, with 
constant coefficients, is that the determinant 


Vx Vz — yn 

yi y'z ... 34 

... j^«-n 


for cMxinthe interval. 

Eirst suppose that throughout the interval 


= 0 


( 1 ) 


S^rJ'r=0, (2) 

r*i 

where the are ooBatauts, not all zero. Differentiate ri — 1 tunes, obtaining the relations 

2:^r#«0 (s = l,2,..„n-l). (3) 

r»l 

Since the A.^ are not all zero it follows by elunination that the detemunant (1) is zero. 

CSonversely, suppose that (1) is satisfied. Then for any x a set of esist, not afl zero, 
BUohthat(2)and(3)aresatasfied;*let4!ly^beoziethatisnotzero.Then,putt3ngiiJul^ — — 
we have 

*= S ^rVn ' W 

r-l 

» S {S - 1. 2, 1). (5) 

r-X 

yi+0yi4' ... +0y,i » O » a Imear relation witbin the meaning 

of tw {MpoaMtiQu 
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We have not shown that, the are eonwtauts. Differentiate eaeli of tiie first 7i — 1 
equations (4), (3) and suhtraet the next from it; we have 



r 1 

H, -1>) 

(«) 

and therefore 

II 

11 

2 « - D, 

(7) 

or 

Ih Ui - 

■ y,,-i . 

(8) 


y'l y'i - 

• ?/' -1 



y<u_2i 

■ y.':-i 



If (7) is true the S, are constant. If (S) is true, we repeat the process: then either there is 
a linear relation with constant coefficients Ijetweon fewer than n of the Hr or 



II 

(») 


.y'i. »t 


If ^ 2 + 0 this gives 

pi.i, 

dxy^ 

(10) 


and jfi ss At/i, where A is constant. Hence the condition (1) is sufficient that there shall 
be a linear relation 'uith constant coefficients between the 


16*13. The Wronskian. Let and y^ be two solutions of 



?/'+/(*) 

(1) 

Then 

yl+/(jr)yl+y(x)yi = U, 

(2) 


= 0. 

(3) 

Multiply (2) by ^ 2 * (3) by yj, and subtract; then 



fiyt-ylyiHW^iVt-yzyx) * <>• 

(4) 

Put 

II 

1 

(S) 

This expression is called the Wronskian of yj, We have 



1 

If 

<6) 

whence (4) becomes 


(7) 

and 

If « .4 exp - J /(X) dxj , 

(8) 


where A is constant. If .4 - 0, it follows that y,/y, is constant as in 16-12 (10). But 
wit)i it 0 it is possible to determine W, except for a constant factor, directlj from the 
differential equation. 
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16*14. Variation of parameters. Let the diSeiential equation be 


16*14 

( 1 ) 


and suppose that we have two independent solutions of the equation when /S = 0. Denote 
these by i/i and y^. Then if y = Ay^ + By^, where A and B are constants, we have the most 
general solution with 8 = 0. The method of variation of parameters consists in making 
A and B variable functions of x and choosing them so that the equation can be satisfied 


for a general 8, We take, then, 

y = P{x)yi+Q{x)yil ( 2 ) 

then y' = P'yi + Q'Vi + Py'i + Qy'n- (3) 

As we have introduced two new functions P and Q we are entitled to assume one relation 
between them; we take 

P'yi+Q'yi^O. (4) 

Then y" = Pyl +Qfi+ P'yi + Q'y's, (6) 

and substituting in (1) we have 


{Pyl +/{») Py'i + Ppii + {Qyl +/(*) Qyl + Qy) + P'yl + Q'yl =* ^* («) 

The terms in brackets cancel because y^ and y^ satisfy the equation with 8 = 0; hence we 
have two equations to determine P' and Q' in terms of 8. Then 

P' = Q' r ~—h- , (7) 

yiy^-y^yi yiy^-y^yi 

which are definite if and Hence 

y{t) *= ^i(0 f y — dx-yzit) f da;. (8) 

iflV /J y'^y^-y^y^ y^lV^-ylyi 

The lower limits are arbitrary and introduce constant multiples of y^ and y^, and we 
have the complete solution. In comparison with the method where only one solution 
y^ is known and we assume y y^u, the further integrations with this method are usually 
much easier. 

Take in particular y' +»®y = 8, 

with yx » cos nx, yj = sinna;. Then 

ylVi-ylVi * -«» 


y 


1 

- -008 na; 
n 


sinnarf 8 (S) ooa n£di 


1 r* 

= — I /S(|)8inn(|— a;)d|+A cosnai+Psinna;, 
njo 


which is easily shown to satisfy all the conditions. 

This method, in an extended form, is the bads of the methods used for the calculation 
of planetary orbits. Without the disturbance due to other planets, the motion of any 
planet would be an ellipae, specified by six constants determined by the position and 
velocity oomponeats at cme instant. To allow for perturbations these constants are taken 
as variables: that is, at any moment we can speak of the instantaneous ellipse as the orbit 
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that the planet would dcKfriltf* if the imrlurhation?. were reinov{*(l uiiii the- planet nif»v<-<l 
under the solar attraction alone, with the iuitial po.'itioii and veloeit\' that it has at that 
instant. Perturbations will prevent thi:« fit»m laiiip' alwavn the sanu.* orbit, hut the 
changes are slow and determinate, and from them the position r»f the planet at a future 
instant can be inferred. 

It is not necessary for the validity of the nit thtsl that .s' shall beta kiKtwn function of a-. 
If iS also involves >/ (.hj will still Ik? true, though iittt iinniediatiiy infonnativt- slnet? we do 
not know what values to take for H in the integral wit la tut knttwiiig }f lu .such a 

ca.se (8) becomes an integral tguation for ?/, since the unknown fuiitdittn »/ occurs undet 
the sign of integration. Such equations are often convenicntlv ticutcfl by succe>sive 
approximation; a trial form of .y, say a constant, is substituted under the integral .sign 
and the integrals are w-orked out. The result i.s a new form of ?/, wliich can be taken as a 
further approximation, and substituti-d under the integral sign as before. I'hi.-. met bod 
is particularly useful when the tlifferential equation, except for one term, is easily traet- 
able; the awkward term is put into fi and then treated by .successive approximation. 
A simple illustrative example is 

y” = ■»•.»/• MO 

Neglecting the term on the right we have the two solutions y — \,y - x. Then the general 
solution of 

(lo; 

is y = - xJ'.V(g)rfg ==A + B.r4. f' (II) 

and w-c have the integral equation 

y = A + jK.c*J (12) 

Ax^ 2Bx* 

Putting y = A + B£ in the integral we get -■=,- + , which are the next two terms in 

the series solutions of (9). Further approximation develops the series solutions, each one 
term at a time. 

The method still succeeds if y is required to attain given values at two fixed values of x: 
for A and B can be redetermined at each stage so that each approximation satisfies the 
terminal conditions exactly. Generally speaking it determines the <?onvergent series 
solution if there is one, but leaves some liberty of choice of the stage when it is convenient 
to turn to arithmetic. It is, however, usually longer than direct numerical solution by 
finite differences. 

16*15. Green’s function. This is a method closely relateil to the last, but directly ap- 
plicable to problems where a solution is required to take definite values at fixe<i termini. 
It can be extended to two and more dimensions, but has too many ramifications to discuss 
here. It has much theoretical importance because it enables a differential e({uation, with 
suitable boundary conditions, to be converted into an integral equation. Accounts are 
given by Courant-Hilbert,* Websterf and Temple & Bickley.:}: The problems of 6-091, 
6-092, 6-093 and 14-05 are particular cases of it. 

* JifsMoeieii dtr Mathematitdten Phyaik, 1. 1924, 273-299. 
t PorfMl Diffarmtittl EfuaHtma Mathematiaal Phyaiaa, pp. 109-42. 222-38. 

( RayMgb’s prinoqpls. 1933. 
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EXAMPLES 


!• Find the general series solution of 

2^“ajy'+2y = 0. 

Show that one solution is a polynomial, and deduce the other solution in finite terms. (I,C. 

sinnd 


2. If 

prove that 
and hence that 
and 


y- 


cosjd 


,* a? = sin id. 




y = 2n^+ 






31 61 


ar +- 


a;® + 




coswd , , , (1* — 47«.*)(3*-“4wr*)_^ ^ 

, ^ •— 1 "4“ X -f- . , 4“ •••• 

cos^ 2! 4! 


Explain why these series have radius of convergence 1 if 2n is not an integer. 
3. If 




and if 2/ = 1, y' = 0 when as = 0, find a series for y. Sum the series and verify that the sum satisfies 
the differential equation. (I.C. 1936.) 

4. Prove that if as = sin id, y = cos nd, 

(1 — = 0. 


Hence prove that 


cos nd= 1 — — + 

2 1 


n*(w* — 1*) 
_ 


(2sinid)*— 


j= 2nsm — ^(2smid)®+..,. 


cos id 


3! 


6. What is the least number of steps required in the continuation in 16*06 when the continuation 
is carried out (1) by power series, (2) by the method of 16-03, the successive origins being equally 
distant from the singularity? 

6. If a linear differential equation of the second order has 0, 1, oo as regular singularities, and no 
other singularities, show that it is reducible to the form 

g(l-a?)y*'+(g+6g)y^4-" ^~— ^ y = 0- 

x(l —a?) 

Show also that if at each of 0, 1 one solution has index 0, the last term reduces to — ey. 

7. Solve completdly the equation 

ss 2a®. (M.T. 1936.) 

8. If jr-fP2r'+«y=:0, 

where P and <3— gt/a are analytic at a = 0, where gi=#0, prove that one solution of the equati<Mi 
always involves a logarithm. 

2 If ^ 

and X sa 1/g, prove by putting » « coeh u that 


S*(l - 1*) (£-4£») {2g*+n») y = 0. 


Hmiw i«ov» ifaikt 


S (n+ar)I 
,-»rl{n+r)l 


nr- 



Kxnmplm 

10. Show by th*' niijtlio»l of Fr((b(*niii-> ihdt two riolutions of 

/ = .) 

'/,»'• 

re /) = / - 

’ 1.2 l.2^.V... 

j 1 f-l.'.* f2 2 21,. 

'' 1/* = * , j ~ • • • fi! . 1 ( I “ M “ • ■ • ' _ I * “ Vi 


11. Show that two solutirm> of ; = 0 

rfi- njr r 

a^'.^rnnd l-rlogr ...- .... 

2! (/«-l;j«: 

12. If J 

where ,y(x) is an integrable fiuKition with period '2n, prove that the solution ha» in general the form 

where ^,(jr) and ^^ix) have period 2ir; and tluit in the oxa'ptirm! case 

y=^Di^i(x)+xD,^.{x), 


where and have period 2ff. 



Chapter 17 

ASYMPTOTIC EXPANSIONS 


Up the airy mountain 
Down the ruiahy glen. 


WILLIAM ALLINGHAM 


17*01. Nature of asymptotic expansions: incomplete factorial function. 
The incomplete factorial function is defined by the integral 

( 1 ) 

■where x and n are positive. Integrate by parts; we have 
I = e~^x~”'—nj . 

= e-*{ar» — nx~”'~'^ + n{n + 1 ) ar"-® ,.. + ( — )'■»(» + l)..,(?i.+y— 1) ar'^} 

— (~yn{n.+ l)...{n+r)j (2) 

This is exact. Now the integral in the last term is always positi've, but its coefficient 
alternates in sign with successive values of r. Consequently the error committed m neg- 
lecting it sdtemates in sign, and therefore I always lies between the sums of r and r+ 1 
terms of the series. But the ratio ofthe term in to the preceding one is —{n+r—l)lx. 

If, then, X is large compared with n, the terms ■will decrease to a TuiniTniiTn and then m- 
crease again. If we stop at the smallest term but one we shall know that the error is less 
than the next term, which will be a small fraction of the sum. Thus we can get a good 
approximation to the value of the integral. Nevertheless the terms for a general r are 
the terms of an mfinitely oscillating series. The properties are similar to those we have 
already found for several approximations based on the Euler-Madaurin expansion. 

Such a series is called an aeymptotic expansion. It is really not correctly regarded as 
an i nfin i t e series at all, and some confusion has arisen from the expression ‘ use of divergent 
series* in relation to such expansions. It is to be regarded as the sum of a finite number of 
terms, stopping either at the smallest but one or at some earlier one when we have already 
achieved as much accuracy as we want. In suitable circumstances the accuracy may be 
very high. But unlike a convergent series, which ■wiU theoretically al^ways give as much 
accuracy as we want if we take enough terms, an as 3 onptotic series is defirdtely limited 
in aooura(y ; if we take more than a certain number of terms we increase the error again. 
The terms of convergent series often decrease from the start, as for the series 




For the second of these the error committed in stopping at any term is less in magnitude 
than the. first term neglected; for the first it is less than the last term retained. But in 
the series 


1 + 100 - 1 - 


10 * 10 * 
2 !'*’ 


•••> 
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tliough it is convergent, and iit-eordingly define^ a jKirtirnlar nutnlKT quit** jjreeisely, 
the te^m.•^ increase u|» to tiie iiun*ln‘'lt}i. and enormous labfiur would Iw* nmled to >uni it 
by direct computation.* For (‘alouliiTioii an important proiK'ity of a .series i.s rapid 
decrease of the early terms, and Miccensive .-uin.' can Ik.* re'j:ar<Ied a.' .>uf‘ces.sive ajiproxi- 
iuation.s. This pro])erty may not be j> 0 'se<se.'l by ft convergent .serie.i, and may be jmjs- 
ses.sed by a divergent one. But succes-sive approximation is a nect'-isJiry feature t*f scient ific 
work, and Ls used at the stage of ntost calculations wliisi the resiilt.s an? retlticetl to ijuun- 
titative answers. We seldom aim at exact answcis: what is rksinible is to have >onie i<lea 
of the accuracy of the answers m'c do get. and tliis is given in a ino*t convtuiient form by 
such a series as (2). 

The Euler-Maciaurin formula is in general asymptotic. If the function oiK*ratcd on is 
a iwlynomial the serie.s terminates anti there is no more to Ik* said. But if the function 
contaias a fractional or negative power of the argument the higher derivative.s acquire 
a pair of factors of the form (« — — 2r— 1 ),x^ at each .step; while the coefficients 
/> 2 r tlecrease only like (27r)"®^. Hence, however small the inter^•al used may Iw, the terms 
will ultimately increase indefinitely on account of the accuniulation of factorials in the 
numerator. Consequently the serie.<s, if regarded as an infinite .series, is usually rlivergent. 
Yet the high apparent accuracy obtained by using it can be justified by the method of 
9*08. 


17*02. Poincare’s definition. The usual definition of an asymptotic a])]>roximation, 
due to Poincare, is that if /(a) is an analytic function, t%iz) is the sum of the terms up to 


.4„s~" of the series 


S{z) 




( 1 ) 


and if J?„(s) =/(«)— the series is calle<l an asymptotic expansion of f(s) within a 
given interval of arg z if for every n 

lim z"RJz) =s 0. (2) 

1 * 1 —* 


We wnrite 


f{z) ~ S{z). 


(•^) 


A pow*er series in liz that converges for { « | > i? satisfies this definition of an asym})totiu 
expansion. For there is an if such that the remainder after the term in z-" has a modulus 

J/UI-B 

less than all values of aiga. 

17*021. Asymptotic series can be multiplied unconditionally. For if 


2;(*)--So+^‘+**-+fn. 


( 1 ) 

< 2 ) 


are asymptotic representations of/(s), g(z), we can choose z so that 
are arbitrarily small. 

* AotuaUy, of oouzee, we should work out I001ogt,e sad then evaluate by means of a table of 
logarithms to the base 10. When a multi;^ying maehine is avsHafato two uses remain for logarithms to 
faiuNi 10; to work out higk powers and lojpkrithms to bass s of hugs numbers. 
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General theorems 
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Also /SJa)!r„(«) = C?o+^ + ...+^+o( 2 -«) = D;(»)+o( 2 !“»), (3) 

where = ■4o-B„+ (4) 

and »”{/(*) g{z) - UJiz)} is the siun of three terms that tend to zero with I /2 for all n. 


17*022. An asymptotio expansion can also be integrated unconditionally. If for 
a^acgzKfi, 1 2 1 > J?, /(z) is analytic, and 

1 I 

and Zj satisfies the inequalities, take a path &om z^ to infinity with constant argz. Then 


! 


{M-Sni.Z))dz < 


i 1*“ (t> 


Cl) 




that is, 




/*00 


so that the term by term integration of /S„(z) gives an asymptotic expansion of /(z) dz, 

jBi 

If Z;^ and Z2 have the same modulus and we take a circular arc about the origin to connect 
them, this arc is of length L < 27r | z^ | , and 

a>L 2710 


j: 






and the same result holds. Since /(z) and S„(z) have no singularity in the region we can 
connect any two points in the region by a path partly of constant argz and partly of 
constant | z | without altering the integral, and the result follows. 

17*023. Asymptotic expansions are unique. For if we have for all | z | > F, a < acg z < y? 


we should have lim z“|Ao— - 80+"^ — — + = Q (2) 

and therefore == J5o» ■^1 = ^i> •*•> -^n =* -S*- (3) 

It follows that /(z) can have <m aaympUOic expansion of Iheform 17*02 (1) for aU voAwt 
of argz only if the series converges. For if 17*02 (2) held for all values of argz we could 
choose quantities Jf, B such that | z'^B^iz) [ < Jf for all | z j > F; and then z“22„(z) would 
have a convergent expansion in powers of 1/z by Cauchy’s inequality. Hence /(z) would 
have a conveigent expansion with the asymptotic property. But then itfollow&that the 
oidy asymptotic expansion of/(z) is the convergent series. 


17*024. The converse is not true; the same expansion in a given r^on may be an 
asymptotio expansion of several functions provided that their differences /{*)—?(*) 
»tto(jrfor««yn Ita ,"y(«)-f(*)} = »■ 

This could happen, for instance, if the range of argument was to ^ and 

/(z) — g(z} *■ «“*. Poincare’s definition therefore does not fix limits to the ottot for a given 
X, and these ate usually found by special methods. 
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17‘03. Watson’s lemma. 'I’wo *#f rhe luojit iniprirtaiit methfjfls of rtbtaininvr 
totic expansioiis are tlie metliofl of Kteepe-<t descents, due to Debye, and that of stationarj’ 
phase, due to Kelvin. They are largely e>|ui\'«ileiit and can b<* treated together. We newl 
first a simplified form of a lemma due to < !. N. Wat>on.* Con-ider tla- integral 


/=r £■ (1) 

where a is real and large, and f{z) is analytic at ; = o and bounded mi the whole of the 
real axis. Then within the circle of convergence of tiic seric.s expansion of Jiz) we cun writ<‘ 

/(=) = ( 2 ) 

where s~®”jp2„(3) tends to a finite limit as s-*0. Then the function 

ff{s) = *»; (3) 

is bounded on the whole of the real axis; let the upper bound of its mtaluliis In* M. Then 


I* ^5 _ '(2n') - - - =s . ■'( 2n ') ^ ^ 

J_.o ^' '2"n !«*»*■! ''' ' 


and terms with odd indices give 0. Then 




^^^27T) M 


1.8 


If we multiply by a®" and let a tend to infinity the right side tends to 0. Hence 

7 1 . 3 . . f (2w. — 3) \ 

- ■»«-.+•■■)• (7) 

If the limits are — B and + A , with A and B positive, the expansion is unaffected ; for the 
neglected tails give contributions containing factors exp{ — Ja*4®), exp( - and 

their product by a®" tends to 0 as a tends to infinity.* 

The series is iiltiinately divergent if /(*) ha« a finite radius of convergence 12. For 
for any If >B there exists a k such that { a^p \ > kjR*^ for an infinite number of values 
of p, and the terms in a~®A-> in (7) are unbounded with respect to p. 

The lemma proves the existence of an asymptotic expansion in Poincare’s sense, and 
determines the ooefScients. It does not provide an estimate of the error for given a in 
stopping at a given term, since we have not assigned a value to M. An idea of the accuracy 
of the sum up to the smallest term can he got by a metho<l related to what J. R. Airey 
called ’use of convergence factors ’.f The principle is illustrated most easily by our first 
example. The integral in the remainder term was 


* Pne. Lmd. Math. Soe. (X), 17, 1918, 138; Thtory JS«Mel J’uMtjcnw, p. 333. 
t pm. Mag. (7). S4, 1987, 321-333. 
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and iin-i-r = x the next term is numerically equal to the last kept. But if we tJiVo the 
logarithmic derivative of the integrand we get 

j^{-t-{n+r+l)logt} = -1 , 


and the two terms are nearly equal when t = x. Hence the integral is nearly 


and the remainder term is nearly 


( — )’‘+^ + 1 ),..(»+ r) 


which is half the next term in the expansion. Thus a very substantial improvement will 
be made if the as 3 unptotic series is computed up to the smallest term, and half the next 
term is added. Greater accuracy still is obtainable by expanding {n+r+ l)logf} to 
higher powers of {t—x)lx. We shall return to this point in Chapter 23. 


17*04. Method of steepest descents. This is due to Debye, and is applied to the 
approximate evaluation of integrals of the form 

I = j (1) 

where i is large, real and positive, and f{z) is analytic. We write 


= (2) 

separating its real and imaginary parts. ^ and tJt both satisfy Laplace’s equation, and the 
integrand will be large where (f> is algebraically large. Hence the integral will be largest 
if the points B are so situated that a path connecting them must pass through Tegions 
where ^ is large. Apart from the possible presence of a singularity, which will n^d special 
attention in any case, there will be advantages in choosing the path so that the large values 
of ^ are concentrated in the shortest possible interval on it. ^ can never have an absolute 
maximum, but it can have stationary points, where 


dx dy ’ 


( 8 ) 


and these wUl also be stationary points of ^ and zeros o£f'{z). These points are usually 
called scLddle’-pointSf or sometimes coU. Through any saddle-point it will be possible to 
draw at least two curves such that ^ is constant along them. In sectors between these 
carves ^ will be alternately greater and less than at the saddle-point itself. The sectors 
where ^ is greater may be called the hiUs, the others the valleys. If we wish to keep la^ 
values of 0 in as short a stretch of ttie path as possible we must avoid the hills and keep as 
far as possible to the valleys. If then the complex plane is marked out by the lines of ^ 
constant through all the saddle-points, and A and B lie in the same valley, our path must 
never go outside this valley; but if they are in different valleys the path must go through 
a saddle-point. In the latter case the integral will be much greater than in the former, 
and ifateocefore moat interest attaches to the case whom A and B are in different vaUeys. 
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The flircction of the path at auy i>oiut, in tlie nK‘tiiu<l of steepest descents, is i'hosPti 
so that c8 j is as great as possible. If ft i,'^ the inclination of the path to the axis of j*. 
we have 

f f f't f i't 

H) 


'i* ,i'9 • i '9 

/• = S - -int; J . 

f.S rj- t >f 


uutl if tliis is to be a numerical maxinmin for variations of 


r<;> 


<> = — sin^t -(-cos// V'- = — siuO'.*'-'^ —oos^/-,^-^ — — V--. 

f.X fjf f>l If 'V 


r>) 


Hence constant along the path. >Such a path is called fi ////»■ nfHtu jjCif dn^'finL There 
will be one in each valley. In general .4 an<l B will not themselves b<* on lines of stee|»eMt 
descent, but can be joined to them by lines within the valleys. 

Lines of steepest descent terminate only at singular i>oiut.s of f{z) or at intinity. 

If is a saddle-point /(z) near it can be expandefl in the form 




(«) 


and the ilirection of the path will be such that (s— Sn)®/*(3()) is real and negative. If then 


we put 




(7) 


and change the variable to the integral take.s the form considered in Watson's lemma 
and the existence of an asymptotic expansion in negative [H>wers of f’'* can lx? inferrp<l. 
In practice, however, the inversion of .series is nsualiy troublesome, and if terms after 
the first are required they are usually found in some other way. For many purposes, 
however, the first term is sufficient, and can l)e obtained easily. We have 




But if w'e write for values of z on the path, with r real and small 


( 9 ) 

* -/'(So) 

( 10 ) 


since /'(z 9 )«**“ is real and n^ative. Then 

( 11 ) 

In the range (—jt.tt) there are two possible choices for a, and they differ by jr. In 
any application of the method we have at this point to make an in8{»ection of the 
behaviour of and ^ over the complex plane in order to decide the sense in which 
the path goes through the saddle-point. If we select the value of a, that makes r 
positive at points <»i the path after passing through z,. we shall have to take the 
positive sign in (10), as { goes from -oo to -i-oo on path. Then by Watson’s 
lemma the integral is given asymptotically by 

^ Trwl'-' 


( 12 ) 
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Since <~"exp{f/( 2 o)} •will be large for aU » if f{z^ bas a positive real part, we should 
strictly -write (12) as 

g— tfCCo)Jf no 

in order that Poincare’s definition shall be applicable. We shall, however, nse the form 
(12) for convenience, -with the understanding that where exponential factors are 
present in the approximation such a transposition is needed before the definition is 
apphed. 

To get from 4 to 15 it may be necessary to pass through two or more saddle-points, 
•with possibly traverses in the valleys between lines of steepest descent between them. 
Then each saddle-point makes its contribution to the integral. 

17*05. The method of stationary phase, due to Stokes and Kelvin, uses such paths 
through the saddle-points that ^ is constant on them instead of Then on a path the 
modulus of exp {tf(z)} is constant instead of the phase, and we can -write near Zq 

t{f(«)-f{«o)] = •W'{2o)(2-*o)^ 
j x(s) ~ x(*o) /exp {Wiz^) {z - z^f} dz, 

now choosing the path so that the exponent under the integral sign is purely imaginary 
instead of real. Then the integral reduces to expressions of the form 

(cos + i sin Aar®) exp ip dx, 


V(27r)x(zo) 


which we can evaluate. The method was originally justified by an appeal to the notion 
of interference in wave motion. If we can find a place where /(a?) is stationary, then the 
contributions from a considerable range of neighbouring values will be in nearly the same 
phase and will add up, whereas the contributions from places near Zq will contain a factor 
exp{^/'{2:o) (2— aio)}> '^hich, if /'(so) is imaginary and not zero, will vary rapidly in phase 
when i is large and therefore mainly cancel out. A mathematical justification was given 
by Bromwich* and extended by Wateon.f The rate of decrease of successive terms, 
however, is less obvious with this method than in the method of steepest descents, since 
the integrand is only oscillatory instead of having a single maximum. The two methods 
are, however, nearly equivalent. For the paths chosen pass through the saddle-points at 
an angle of jTr to each other and can be deformed one into the other. If ^^bia can be done 
without passing over a singularity the methods are equivalent; if not, the contribution 
from the singularity is easily taken into account. In some cases the path needed for the 
one method is the easier to specify, in others the other. For instance, the path of steepest 
descent xeduces to the real axis for the factorial function, that of stationary phase does 
so for the functioim that occur in the dispersion of waves. When a suitable path with ^ 
constant is not obvious, however, the method of steepest descents is to be preferred, since 
it is usually more obvious with it what direction to choose at a given saddle-point. 
Bemembering that deformation of paths is always permissible to ^ome extent by Cauchy *8 
theorem, we can best regard the method of stationary phase as a modification of steepest 
descents and justified by it; the method of stationary phase was of course historically the 
eariier. 

* iZiMory , p. 447, ex. 6, * 


t Theory of Beeoel Functions, p. 280 . 
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17*06. Stirling’s formula by steepest descents. Tlio simplest application of 


Watson’s lemma is to the factorial function 

■*x 

Suppose 91(2) large and positive, and piit i- z{li-vi. Then 

zl = (I 

J-i 


Put 


then 


zl = 




Iv^ = w — log(l + M) = .Jtf® — .... 


( 1 ) 

(2) 

(3) 

(4) 
(«) 


Then if we take the positive root for u small and positive v is single-valued as a function 
of u for u small; and 

dr® 1 

(tt) 

du® 1 + 

which never vanishes. Hence the conditions for the inversion of the series (5) are satisfied 
over the whole v plane, and we obtain 


« = »-ie®+3V*’®-*— 

Now consider the behaviour near u — —1 (v — — oc) and a = x (t* = x). We have 

du V t' 


dv l-lj(l + u) l-exp(Ji'®-u)' 


(7) 

(») 

(9) 


The first of these expressions tends to infinity like t» as »->+»; when the second 

tends to 0, since the limit of exp ( — a) is finite. Then the function 


/W-{g-(i -!»))/»• 


(10) 


is continuous and tends to zero at both limits, and therefore we can choose M so that 
I f{v) I < if for all V, and M is independent of z. Then 


z 


-;--f exp(~ Jzv®)(l-Jt>)d»j<if f |exp(-iz»®)ip*dt’, (11) 

^6 * J -flo I J -at) 


that is, on integration, since the saddle-point is at v = 0, and the path of steepest descent 
the real axis. 


where x » 8l(z). Then 




<if>-' 




z! 'vj (2»r)'^z»+‘*'e“*H + 0(1/*)}. 


( 12 ) 
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This is the first term of Stirling’s expansion. It has already been found by an apphoatioQ 
of the Euler-Maolaurin theorem. The easiest way of obtaining it is probably to use the 
present method for the first term, and to use the method of 1 S- 05 for the series of descending 
powers.* 

It is difficult to get many terms of the series (6) by inversion, and the asymptotic 
expansion of s ! is much less manageable than that of log z\. , 


17*07. The Airy integral. Consider the integrals 

( 1 ) 

taken along any of the three paths shown in the figure. 
They converge exponentially provided that the real part 
of ^ tends to + oo at the termini; thus the three termini can 
in the first place be conveniently written +oo, ooexp (firi), 
oc exp ( — |7ri). We have 

= 0 . ( 2 ) 



since exp tends to 0 at both limits in each case. Hence these three integrals are 

solutions of the differential equation 


d^Z 

dz^' 


■zZ = 0. 


(3) 


Since this equation is of the second order it can have only two linearly independent solu- 
tions, and there must be a linear relation between the integrals. But if we take the integral 
around any contour in the positive sense around the origin it will vanish since there is no 
singularity of the integrand at a finite distance. Hence, with the senses indicated in the 
diagram, the sum of the three integrals is 0. 

Eirst take the path and define 

This is the Airy integral, one form of which was studied first by Airy in relation to dif- 
fraction near a caustic surface. It may be proved (of. note 1*123 a) that it still converges 
if 2 is real and is reduced to the imaginary axis. If we put j = .is it reduces, to 

Ai( 2 )==~J” ^ J oos{s 2 +|s*)<fo, (6) 

which, apart firom some constant factors, is the form used by Airy. 

Alternatively, take the integrals lErom 0 to oo, ooexpfTri, ooexp (—f»ri) and denote 
them respectively by /i, 4, 

“ 2mJo = ^expiTTiJ ^ exp 

»exp(|w<)i^(ae<xpi7ri), (6) 

4(8) » exp{-|»ri)Ii{sexp{-|7ri)), (7) 

* Of. JaOMsrs, Thtant tf Appaadix. 



17*07 

and 


A si-eond wlufion 
XHz) = 

1 


The three solutions aro thus expressed in terms of the >im:le function Now 

I 1 ^ ii-v 

-TTiJo r\ 

-= 3“3 V 

3^- 


^TTi 


r-U ^ 


Hence ij(s) = jf^.expd-TrOS--* v i?.:J'ldr-2)!oxp|m> 


i:7ri 


r: 


-7/1 f*0 7^- 

= S i?^-Id.r-|)!sinMff(r+l)j 

n r-‘\) /i 

1 / V 

+ ^3-V*8mJff(-|): ^2 + ™- + + ...j. 
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(^) 


1 10) 


(H) 


This is the sum of two convei^ent aeries for all z and is real for real r. Each separately 
satisfies the differential equation (3). Denote the numerical coefficients outside the 
brackets by a and —fi and write 

Ai(2) = ayi(2)-//ya(2). (12) 


Using the relation s ! ( — z) ! = - ^ , 

Sin 7TZ 

we find a * 3-’^“j(-|)!, fi - 3-'»;(-|)I. 

For another solution of (3), real for real z, take 

«l3-%S^?^(ir-.i)![2-expi(r+l)tff-exp{-i(r+l).V}] 

«i3-%S&(jr-|)!{l-co6|(r+l);r} 

3T fi 

Reducing ij, and /, to integrals along the imaginary axis we have also for real t 

Bi(z) - i r{e*-‘«*+8in(te+ **•)}*. (U) 

rrjo 
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Asymptotic solvtions 

The series expansions converge too slowly to be convement for computation if [j 
more than, about 3. We try the method of steepest descents. Take first z real and pom 
Call the exponent in the integrals /(f). Then 


/'(«) = s-f®; 

and the saddle-points are at f = ± At < = — z^/*, /"(f) = •+- 2z*^, and therefore the ] 
cutstherealaxisatrightangles;/(z) = — But suchapathisdeformable into L^witl 

passing over a hiU. Hence 

At f = z\ /"(#) = — 2z*A. The imaginary part of /(f) is zero on the real axis; hence the j 
of steepest descent through z’* passes from — z^/® to -t-oo along the real axis. But -z 
a saddle-point and the paths of steepest descent from it are to ooexp ( ± fm). The p( 
therefore are reducible to the two, and L^, which are combined in Bi(z), and the c 
part comes in either case from the passage through -{-z“^. Hence 

Bi (z) ~ Si^exp = :;^*-^‘exp (fz%). 

If z is negative, say z = — the saddle-points are on the imaginary axis at ± 
f = +4^^*, /"(f) = — and the line of steepest descent is at 3jr/4 to the real a 
proceeding from right to left. Then the path for Ai (z) comes from oo exp ( — f ni), throi 
the lower saddle-point, to -t-c», and back through the upper saddle-point to ooexp (| 
The two contributions are 

Al(-0 - Ai W ~4je^(S.-m^e»-<+^exp 

= ;^^~‘^'‘sin(K%-l-i7r). ( 

For Bi (2), the same paths are travelled, but the upper one in the opposite direction, « 
an extra factor i is to be included. Hence 

Bi { - 0 = Bi (z) ~ cos (fg^ -F Jtt). ( 

The asymptotic formulae give a much more immediate impression of the appearaj 
of the function than the convergent ones do. As we proceed towards negative Zy fa< 
Ai {z) and Bi ( 2 ;) perform oscillations of slowly diTnln’iRhing period and amplitude, a quar 
period apart. On the positive side Ai {z) decreases and Bi (z) increases exponentially. 1 
particular combinations of solutions chosen as the fundamental pair were actually seleci 
so that one would decrease exponentially (for any linear combination not proportio: 
to Ai (z) would increase exponentially) and so that the other would have a afTnilAr am] 
tude for — z large but differ by Jtt in phase. 

To get higher terms of the asymptotic expansions the easiest way is to substiti 
directly in the differential equations. We find for z> 0 


-Ai (as) ~ ^ ( 

Bi (z) ~ exp (1*^) 


1.5 

■l!48 


Z'^-f- 


1.7.5.11 


1.7.13.6.11.17 


2148* 


z~^+ 




1!48‘ 


2148* 


3148* 

1.7.13.6.11.17 , \ 






0 

(i 
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and for 2 < 0 


(22) 



(23) 

\\'here 

p 1.7..5.I1 I.7.13.1U..1.11.17.2;}..,, 

2:'4S‘i ^ 4:4’^'“ ' ^ 

(24) 


QiC) ! *. -J ' if ' J ... 

]!4^i^ ,‘{!4sa ^ 

(2:7) 


The second terms are a)K>ut a tenth of the lirsl even at I : =1. 

The asymptotic expansions look as if they had a braneh-point at c = 0. But the jweeiid- 
ing power series show that Ai(s) and Bi(c) are both integral functions. In fact we have 
again the phenomenon that an a.syniptotic exiJdn.'-ion eanuot be valid fur all values of 
args. If we start with s re»U and positive, and inen-use args continuously, becomes 
purely imaginary when args = Jff. Thereafter the series that so far has «‘pres<*nte<l Ai( 2 ) 
represents a function that increases with j s j , the one that ha.s represented Bi Is) a d<Hrreasing 
one; the opposite changes occur at arg 2 = f jr and n. If tin* movement of the saddle-jjoints 
is studied it will be found that the juiths of steepest de.seent change discontinuously at 
these values of args, and though each asymptotic sene's always reprefsents some solution 
of the differential equation, it does not always represent the .«ame solution. This pheno- 
menon, discovered by Stokes, is called the d'montinuity oflhr nrhiimry romUmtH in asymp- 
totic solutions. In the case of the Airy integral and the eomi>anion function it is fairly 
easy to deal with, since we have exact relations connecting values of the functions when 
2 is multiplied or divided byexp (Im), and in inanj’ other oases the ascending series provide 
the required clue to the projier solutions to take, without the ne<,*d to study the behaviour 
of the lines of steepest descent in detail, often a cs>niplicate<l hasiness if 2 is complex. 


1 7*08. Dispersion: wave- velocity and group- velocity. In a continuous dyuamieal 
system capable of propagating weaves along the x axis, let wave-length Hit k Ijc aHs<K>iatc<i 
with period 27r/y. If the original disturbance fo is unity for —h<x<h and otherwise 
zero, w’e can w’rite it as H{x+h)-H[x-h), or in Fourier form 

2 r* (Ik 

Co- 1 sinxJicoH^jr . (1) 

ttJo k 


The original rate of change can also be expressed os a Fourier integral; let us take it, 
however, to be zero. We then have the problem of waves spreading out from an initially 
disturbed region. For instance, the system may be a long canal and the original disturlumce 
an elevation or depression of the water surface by some solid striking it. The elevation 
for a later time will then be 


2 f * 

f =s I sin atA cos kx cos yt 
njo 


dtr 

K ' 


( 2 ) 


We neglect possible complications due to reBexion at the ends, if any; that is, we treat 
the problem as detenninMi entirely by the initial disturbance. The integrand in (2) can 
be broken up as follows: 

1 

5 « {8in(y^•-<ca^+icA)-8in(y^-lfx-JcA)-^Bin(y^+lfX■f•^rA)-8in(y^•fAM-A:A)} 

’ (S) 
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If y was proportional to k we should have a system that propagates waves of all lengths 
with the same velocity, and then the first and second terms would represent waves 
travelling towards x positive, the third and fourth towards x negative. Those represented 
by the first and fourth terms would appear to have started from a; = A, the others from 
a; = — ft. We are concerned here with cases where y is not proportional to /c; in other words 
the wave-velocity depends on the wave-length.. We take y to be an odd function of a:, real 
for K real. The treatments of the four terms are all similar, and we may confine attention 
to the first. We then take 




00 

0 ^ 


= 7^.P 


i. 


gt*(r^-A'a?+ic70_ 

K ‘ 


(^) 


Here h appears only in the combination x—h; we may therefore omit it, as if the waves 
started at a; = 0, and restore it later if required. We can also temporarily omit the suffix 
in This integral is in a form suitable for the application of the method of steepest 
descents or of stationary phase. (As the exponent is purely imaginary for real k the patii 
for the latter is the real axis.) The saddle-points are given by 


and also 


r(K) = i{yt-x) = 0 


(5) 

( 6 ) 


accents denoting differentiation with respect to k. It thus appears that a fundamental 
part in the method is played by AyjdK-, this is called the group-velocity. The wave-velocity, 
at which all waves would travel if only one wave-length was present, is y/x; but we see 
that the Fourier representation of a local disturbance automatically introduces all 
possible wave-lengths, and it remains to be seen whether the wave-velocity reappears 
explicitly. We shall find that it does. The relation between them can be written, if we put 
y/x = c, dy/dK = C, 

J-1 ^ / \ /PT\ 

(7) 

if we introduce the wave-length A =. 27r/x instead of x; but the results are far more easily 
stated in terms of x. (5) is an equation determining x as a function of xft; denote this 
value by Xg. We assume at present that it is real. Since y' is an even function of x, if Xg 
is one (positive) root — Xg is another. We also assume that y is not infinite for any real x, 
so that the integrand in (4) has no singularities on the real axis except the pole at x =» 0, 
which is irrelevant because the other three parts of (3) will also have poles at 0 with residues 
± 1, and their effects will all cancel when they are combined, whatever path of integration 
we choose. 

Then/'(xg) is purely imaginary, and y" will have opposite signs at Xg and — Xg. If y" is 
positive at Xg, the path of steepest descent at Xg will cross the real axis m the direction 
that at — Xg in the direction — Jjt. If y' is negative these relations wiB be reversed. Then 
the first term in the as 3 nmptotio expansion df the contribution from the passage through 
Xg, in the first case, is 

I V(2ff) exp »(yof ~ Xgg) . 
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17*08 Wavr-vdority and group-a locity 

and the pn^^sage through — a*,, gi\ e« 

]_ *>>£!• , - - 1-*' 

4ni A-„ {?/(A'„}r- 


on attending to the reversals of sign but n-nieni la'ring t liat it i.« */”( — a'o ) t hat a pj)earn in 
the denominator, the argument beinc lookeil after by the lust, factor. ( ,'onil»ining the 
two we have 


— *- -V -- •‘in (y,,/- A',,/*— Iff). 


|H() 


If yj is negjitive we still take y^ ' in the jlenoiuinator but reverra* the sign.- of the 


exponents ±im. Then 


I 

/y,’ A'fl 


siii(y„t-A-„j--l7r), 


IH) 


There is therefore a difference of jdiast* of kn aeconling as the group-velocity increaseK 
or decreases with k. 

Now consider the angle f) = 7 „<- A'„a?, (12) 


and see how it varies with x and /, remembering that a‘„ and therefore y^, 
ar,'( determineti by (5). ... 

*d_.dyntK„ <A-„ 

* I ‘1 Art uT • * 

(X (iKfi fX rx 


are funcdions of 
(13) 


But i^-—x = 0 by (S); hence the terms in fK„ <x cancel, and = — k„. Hence the phase 

varies by 2n in a distance 2ar.Xo; and therefore 2^, a-^ /> thr tcarf-kyigth of tmvea pamng a 
point at didanee x near time t. Similarly 


iU 

H 


r«+< 


dyoSiCo 
d/r, ci 



(14) 


Hence 2jr/yo i» the period of imrea jiOHeing a jtoint at didance x near time t. Then yo/*f* *« fAe 
velocity of waves passing a point at distance x at time t, in the sense that If we move forwanl 
with this velocity we shall keep in the same position rektive to the nearest crest and 
trough. Thus the velocity of an individual wave is the wave- velocity appropriate to its 
length. But we cannot infer from this that each wave travels with a constant velocity. 
For if y is not proportional to jc, < ' is not etjual toy Ik; therefore if we take a point travelling 
outwards with velocity c it will come to a place where the ratio xlt is tlifferent from what it 
was at the place and time when we startetl, C will be different and therefore the local values 
of y, K, and c will also be different. We can think of an individual wave, and it travels with 
velocity c appropriate to its length at the moment; but as the wave goes on its period, 
length, and velocity will all change. If on the other hand we travel out so as to keep ir/f 
the same, we always keep to the same value of C, and therefore of k, y and r; hut we do 
not keep to the same wave because c + C- That is, jperiotfa, U!ave-lein0ha and aeive-wloeities 
art propagat ed wiA the group'veloeity ,* individual waves travel with the local unve.-veloctty, 
but change their periods, len^Aa, and velocities as they travd. 

Energy aleo is propagated with the group-velocity, in a certain sense. Let us consider 
two pointe starting at x » 0 at time 0 and moving with velocities (\, C,. The energy 
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corresponding to the displacements between these points at time t can be taken to be 
proportional to 

fOU rcjt 1 

provided that there are several waves between x = O-^t and C^t. But then we can take a 
mean value of sin® {y^t—Kf^x ± Jtt) over each wave, since the individual waves are nearly 
harmonic; and then this expression is nearly 


1 , ^ fg» dG 

cj^trtyoKl * Jo,4:7ryo/i’ 


(16) 


on putting x = Ct. But and kI are functions of G alone; hence the energy between two 
points starting at the origin and, moving out with constant speeds is independent of the time-, 
and these speeds are the local group-velocities. 

All these results are approximations subject to the condition that we can safely reduce 
the asymptotic expansion of ^ to its first term. This is usually satisfied; we shall see later 
that if it is not the local motion is not even approximately simple harmonic in the neigh- 
bourhood. Since we are effectively expanding in negative powers of t the approximation 
will always improve as the wave train advances. 

In (16), the wave-lengths between the points x = C^t and C^t remain constant; but the 
distance increases; hence the number of waves increases in proportion to t. The original 
disturbance may at first give a solitary wave, but as it travels it develops into a train, 
which becomes longer and longer. 

Though in these problems the natural path of integration is one of constant phase, we 
have actually used the steepest descents approximation. This is justified by the fiwt that 
we can leave the real axis wherever we like and arrange to keep within the valleys. If 
the real part oti{yt—Kx) should increase again we may still be able to keep to places where 
it is negative and the contribution from the parts of the path not near the real axis will 
be exponentially small. If, however, it rises for some values of 9i(x) to positive values, 
the path must be modified. This would mean that we are approaching a new hill, and we 
can always avoid this by returning to the real axis. K we find it necessary to cross it there 
will be a new saddle-point. In the simple cases considered so far we cross the real avia at 
—Kq and return to it at Kq from the same side, having made a traverse across a valley in 
between. Without making this traverse we should not be able to reach -i-oo on the real 
axis without crossing a hill. There are also cases where more than one pair of roots 
satisfies (6); then we shall have to attend to more than one pair of saddle-points on 
the way. 

There may be no real value of k that satisfies (6) for some values of xft. In that case the 
beat procedure is to seek for saddle-points off the real axis. Then the exponent in (4) will 
have a real part increasing numerically with the time. In a physioal system, if this was 
positive, we should ultimately have a steadily inoteasir^ energy. Since this is impossible 
the real part of the exponent must be negative. Hence complex roots of (6) correspond 
to places where there is little disturbance and what there is is not approximately simple- 
bannonio. There may be a minimum or a maximum real group-velocity; in the former case 
there will be little movement within a certain distance of the origin, inoresaing with the 
tune, in the latter beyond a certain distance. Since a mtnimnm or a maximum group. 
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Vt’ater wavaa: minimum group velocity 

velocity implies the vuiu.shiu^ of y", and therefore of the <Ienorainat«r of our approximate 
solution, we can infer that near the front, or rear of such a train the amplitude^ will ije 
large; but if we arc too near it we can no longer use the method in its present form. sin«»; 
it depends esst-ntially on y,"/ lH>inu large enough to overwhelm later terms of the sfjries. 
Further consideration of this point remiirei attention to the cubic terms in the exijonent, 
which introduce the Airy integral. 


17*09. Dispersion of water waves. All the features de.seril»ed in I j-(» 7 and 17-08 an? 
exemplified in the theory of water waves when eapillarity and gravity are both taken 
into account. The wave-velocity is given as a function of k by 


= j|s.rv)tanhAi/. (1) 

where the surface tension is T’p. p lacing tlie density, and // is the depth <'>f the water. If 
we choose the solution that r(*<luces to igHf ~ when k is sniail, c is a single- valued function 
of a :. Then 

y2 =1. (>/A*i- 7”A*®)tanhA7/. (1!) 

and y behaves like IgH )' - k for k small anti like ( for a * larg»?. The group-velocity C 

therefore tends to ^ for k small and to -f-x for k large*. Taking the six.*oiid approxi- 
mation for K small we have 




3 T'Kh 


(• 3 ) 


If then T' ij< \H\ (■ will lx; less than (g//)' ■ wlwn k is .small. This wUl l)e satisfied if the 
depth i.s more than about o*f> em.; and for smaller depths it would lx* necessary to take 
viscosity into account. We shall assume that JH is considerably more than 1 om. Then as 
A' increases from O, C liegins liy (lecreasing; but it increases again for k large and therefore 
has a minimum for an intenuwiiate value of k, Tlie existence of a minimum wave-velocity 
for water waves is well known, that of a minimum group- velocity tess so, but it has a 
considerable influen*** on their dispersion. We find that at a given time there is smooth 
water near the origin, up to the distance that can have been rea(;hed by waves travelling 
with the minimum group velocity. Further out any given distance will be associated 
with a group-velocity, but this will be associated with two possible wav'e-iengths, 
the shorter oontroUe<l mainly by capillarity and the longer by gravity. Beyond a 
distance there will be no gravity waves, but the capillary waves will still 

be possible. 

If the depth is large we can take tanh«r£f « 1 for all but the longest waves; then 


y « (yx-f T'x*)''*. 

{*) 

g + 9TK* 

(S> 

dC ZTk (fi+ST’K*)* 

(«) 
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and the minimum group- velocity correspondB to 
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T'\4Z }' 


If we introduce the minimum wave- velocity Cg given by 

c§ = 2(ffT'y/», (8) 

and the corresponding wave-length given by 

(9) 

we have for miniTniiTn group-velocity 

K = 0-393Ko, G = 0-767co, c = l-212co. (10) 

S = 0-371^. (11) 

On water the least wave-velocity is 23 cm./sec., and the corresponding wave-length 
1-8 cm. Hence the minimum group-velocity is 18 cm./sec., the corresponding wave- 
velocity 28 cm./sec., and the wave-length 4-6 cm. The approsdmation tanhAcH = 1 is 
therefore justi&ed for waves with the minimum group-velocity or shoirter waves provided 
that the depth is more than about 5 cm. 

We shall take first the case of very deep water and waves such that xjt is small compared 
with (ffHyi* but large compared with the minimum group-velocity. Then we can write 

y-{gK)\ c^{glK)\ C = HglK)\ dOfdK -i(gji^)\ ( 12 ) 

and firom 17-08 (11) (acq defined as in 17-08) 


where 




and the amplitude decreases towards the rear of the train like a^. 

This result, however, is modified if we return to 17-08 (3); for the train that we have esti- 
mated is a sin^e one, supposed to have started firom x 9=0. There will actually be two 
superposed trains, one having started finm r » A and the other from a; = — A. If the wave- 
length exceeds 2A, therefore, we should restore these, and then the full solution will be 
approximatdly — 2A 3/3* of what we have just found. It will therefore increase towards the 
rear of the train like ar^. The behaviour of the train therefore depends greatly on the 
form of the initial disturbance. The splash of a brick, for instance, will give 2% about 10 cm. 
Waves shorter than this will have their smaller amplitudes towards the rear of the train, 
longer ones their larger amplitudes. Hence there will be a wave-length associated with a 
maximum amplitude and determined mostly by the scale of the initial disturbance. But 
a rain-drop or a rising fish gives an initial disturbance with a scale comparable with 1 cm., 
and the amplitude of the gravity waves will increase all the way to the rear of the tram. 



17*09 Capillary ; long weaves 

Next, take capillary waves. We have now 
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y = ( TV)' ^ r* * ( Tk)' ‘K C = 3( TV)' ^ d( ' * ,?( T', k-y ^ 

{!«» 



(17) 

where 


(H) 


The amplitude therefore is roughly pro|)ortional to jr- ^ at a given time. Thus even without 
the effect of visco.sity, which is consirlerahle for these short waves, their amplitudes will 
fall off rapidly towarrLs the front. 

Two exceptional cases arise, namely for group* velocities near (f///)' - and those* near the 
minimum. The standard formula found in the mcthcMl of stoepe.st descents dejsmds on 
/'(s) being large enough foru.s to be able to repUiee <*xpf/( ; j by exp(/‘(;„)ex{» ( W{s„) (s — 3„)®{ 
until it is small comparerl with its value at the saddle-iM>int. This will l>e iswslble for f 
large enough if/'lsj) is not zero. If ~ the b«“haviour of the integrand will depend 
on the terms in/"'(2„) (s— r^)®. aM«l the method is not applicable in its simplest form. Xear 
a value of s that givcs/''(s) = 0 the approximation will not he gwsl unh.'ss t is much larger 
than would suffice to give a goo<l appro.ximation elsewhere. We can , however, obtain useful 
solutions in terms of the Airy integral. 

Take first the longest waves. Since the horizontal e.xtent i.H then of dominating import- 
ance we allow for the rear wave by applying the oi>erator — 2ft c ex to 17 * 01 } (4); then from 


17*09(3) 

k r® 



2 ?rJ_r 






n- " conUglif^KtU -lK^m)-KX\dK 

7f J 0 

m 

Put 

^ 2(x-a/)3 cs 

{yH) -a, 2 - 

(20) 

Then 

y ** f" / , « ^ I*'* . f2(j*-3d)®|’* 

(21) 


At points where a; » at, the amplitude decreases with time like instead of f ' =• as at 
pla^ where the group-velocity behaves oniinarily. The front of the gravity wav© 
therefore becomes more ami more the most prominent fmture of the disturltance. The 
Airy integral decreases towards ixwitive argument, and the disturbance at values of * 
greater than at falls off rapidly and smoothly. The maximum elevation is a little behind 
the place where x == at, and is followed by a train of waves becoming smaller and shorter. 

If xjt is tkear the minimum group- velocity and h much lees than the corresjtunding wave- 
length, 

^4, y- f =* * xx)d/f. (22) 

j m.ao ^ J Q 

With K»K^ + Ki, r >1' (2») 
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where the suffix m refers to yalues corresponding to the minimum group-velocity. Chang< 
the variable to and extend the lower limit to — oo. Then 

f ~ ^ I* cos {kJc„ t-x) + -x) + ^Cltii}dKj_ 

h 

= _^exp{ix„(c„f-a:)}exp{i«:i(C,„i-a;)-HiiC'^f/cf}dxi 

h r°° 

+ ^ J _ esp { - - *)} exp { - ki((7„ t-x)- ^C"rntK^ (24) 

In the first of these integrals put = — j'A; then 

I* e:sp{iKj{Cji-x) + \iC''^ti^dK.y = ~i[ exp{A(C„i-a:)- JC'^«A»}dA 

J —00 J — ioo 

This is real and is therefore unaffected by changing the sign of i\ hence 

2a(^^) ^eosAf^(c„<-a:)Ai ^*{(7„i-a:)j. (26) 

For large t the last factor varies much more slowly with x than the cosine, on account of 
the small factor in its argument. Hence the variation can be described as a series of 
waves of length 2?r//f„j and period 27r/A'^ c„, but with the amplitude foiling off exponentially 
for X < C^t and oscillating slowly for x > C^t. The most conspicuous feature is the ring of 
waves with the length corresponding to the minimum group-velocity, surrounding a 
circle of smooth water. 

17*10. Interrupted harmonic wave train. In the direct measurement of the 
velocity of light or sound a continuous train of waves, which can be treated as harmonic, 
is interrupted at regular intervals by a toothed wheel or a revolving mirror, giving a series 
of flashes. What is observed is the time such that the flash returning after reflexion at a 
distance is blocked by the revolving mechanism near the eye or ear. Thus the experiment 
does not depend directly on the time of travel of individual waves, but on that of variations 
of intensity. The simplest statement of the phenomenon would be to regard the train as 
having beats, so that the disturbance can be expressed in the form 

C = cosyo* ooBintjk = ioos^yo-^) *+ioos (yo+^) (1) 

The disturbance has period Zirly^ but its amplitude vanishes whenever t is an odd multiple 
of k. In the next beat the phase is reversed. Now suppose that the wave-length 2irlKff 
for period 2nfy^ is given by = yJCf, and for neighbouring periods by 
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17*11 KffmrMon of a joil-t 

Then the di.sturbuiice at <li.stnnce ar is 



= cos (yot - cos 


Sinf'P 7^ = the* first fai*tor shows that tin* trax**! with th<* wavt*-v«*ha*ity. But 

the second factor shows that the la*ats travt*! with tia* ;:r<»u{i-\elueitvw/7 fiK -- ( . 
experiments of the type in question (h’teriniia* the irroiip-xelucity a.'^>oeiiited with jm.wkI 
27r^7(j, not the w’ave- velocity. 


17*1L Refraction of a pulse. Niqipn.'^e that there i*^ an instaritaneous di^tiirhanee 
at a point O within one nu*<liuni and that it is partly trari^rniltc*il into it second niediurn 
where the velocity of pro|>ajfation is diffen/nt. Both nu*<liu are disjKTsive, that is, the 
velocity depends on the w’ave-len(^h. Sn])pose that t he di>1 nrhanet* in t he M*ei>Tid medium 
is observed at a iK)int P\ this may be rcjL'ardecl as the resultant ol a set ot partial disturb- 
ances coming by w’ay of various {loints Q on the interface. riu*n tin* time fa**tor in the 
disturbance at is 

ex p i ( V/ — A-j^j — A*jj^u ). ( * ) 


when* #1 and *^t*e the ilistances of Q from f'/ and P. ami Ki and aTu corres{)ond to y in the 
two media. Let be at a distance h measnri*d along the lK>undary from some fixt'd [Kiint. 
Then the chief part of the disturbamre at jP, since y an<l w are Ujtli variabh^s, will U* found 
by making this factor stationary with reganl to both. / and the js>Mition of P lK*ing kept 
fixed. This gives 

d!<i ,, /*>\ 


t 




» 0 . 


(») 


Introducing the wave-velocity and the group-velocity for each medium we we that 


these are equivalent to 


Idsi I dSp 
r, ds da 


0 , 


(4) 


The first of these is simply the usual law of refraction; the effective values of a are around 
the value that makes the time from OtoP stationary for a point travelUng with the wave- 
velocity. Thus the directions of travel of the waves are determimHl by the wave- velocity. 
The second relation, however, shows that the dominant period is determined by the group- 
velocitiee: for this is the equation corresponding to xjt • V determining the dominant 
period in simple dispersion. Thus refraction in dispersive media is rather complicated, 
the of constant phase being in general inclined to thoee of constant period.* 

• B, Stonelfy* JProc. Cam6. PhU* 31, 1333, 330-7, 



488 Solutions of Stokes's type 17* 

17*12. Asjnoiptotic solutions of differential equations. These are of seve] 
types. If 




( 


aaAf{z), g[z) are analytic and bounded as x tends to infinity, we can -write the equation . 


tfec®' 


(«o+5+-)l+(^o+|+-)y = o. 


( 


Then if dj,, 69 are not both zero, and 

y = e^u, (: 

u" + { 2 A +/(!»)} u' + {A® + A/(aj) + g{x)} « = 0 . (< 

Oioose A so that A®+Aoo+ 6 o = 0 . (I 

Then the constant term in the coefficient of is zero. A further subs-titution 

u = xf^v, (6 

•where (2A+a(,)<r+(Aai + 6i) = 0, (7 

removes the term in v.jx. Then by multiplying x by a constant we can transform th 
equation to 

^+(-H-J + ...)^+^^+...)» = 0. (8 


Suppose that when g->oo. Then 

dH do _ 


{(H, 

\do 



')dr 



(») 


We can take v = ^ as a first approximation. Substitutmg on the r^t of (9) and sol-ring 
we get a second approximation, which we can again substitute on -the right, and so on. 
We thus get an expression in the form of a series of negative powers of ^ and of integrals 

rco 

of the form I e^~Hr^ dt. The series can be proved con-vergent; and substituring asymptotic 

developments for the laterals we olt^ain an asymptotic solution. The proof is given in 
detail by Inoe.* 

In some cases the series -terminates and the solution is then exact. 

It has been assumed above -that the transformations leading to ( 8 ) do not make the 
constant term in the coefficient of dofd^ -vanish. If it does, and we change -the independent 
variable -to ^ = 1 /^, we get a differentiail equation -with a regular singularity at ^ = 0 . 
Hence there ate two convergent solutions m powers of that is, of 1 /|, unless the indices 
are equal or differ by an in-teger, when one solution may contain log|. 

Hence if/(x), g{x) tend to and 6 ^ as x tends to infinity, -we can substitute for y a smes 




( 10 ) 


and determine the coefficients in turn; and the series so obtained will be either con-veigent 
or asymptotic. We shall refer to such solutions, in descending powers of x, as of Stokes’s 
type. 


Ordmary D^ermtidl JS’jtieSjoM, 1927, 160-71. 



17*121 Stokes's solutions of litsseVs f qufttion 

17*121. Write Bess«*l'H e((nation in the form 

This is in the form required, with A = - i. Put 

tj 

Then « = •». 

Now put It « j*"j*. 

and choose or so tiiat the term in r x !<< zero. We Hnd tliat rr and 


480 


,."'-.2|V~(w2- =r. o. 

Substitute r « 1 -f -r- : 

f X* 

we find the recurrence relation 


Hence 


\rlr+ 1 ) - («•* - |)J - '2i{r + 1 

2ix {2»)^2'x* (2i)»;{!x» 

*" '2!(2x)S‘ 4!{*2x)* 

w'l I 

I 2x ;i:(2x)» ■"■■’I 

= r-iTsay. 


Thus we have found an asymptotic solution 

,Vj — iT) =- x“ ’■'*(£* <*08 x+ i'sjnx)-r IX **(r»inx-- i'cosx). 

The real and imaginary jiarts wfhirately will be asymptotic solutions. 

The choice of cwfticients to make the solution correspond to ./„(x) can be made by 
considering the first tenn of the asym[>totic eximnsion found from the complex integral 
solution. We shall {xistpone this until we consider the most convenient companion 
function to 

If » is small and x large the terms liegin by decreasing rapidly. Thus for n » 0 and 
* *» 10 the term in x • is ^ ^ 

1«.2.{20)*“ I28(K) 

of the first. But the terms of the ascending power series do not begin to decrease till the 
fifth, and many more are n(*eded to give an aoouracy of I in 1000. The asymptotic series 
is therefore of great use. 

It is not usefoi unless 2x is considerably greater than n*. 

If » is half an odd integer both series terminate and the solutions are exiweMed in 
finite terms. In partioular if » » 1/ » 1, K » 0, and a pair of aoluttons is 

arJAsin*. 
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17*122. Sometimes /(a) and g[x) are not conveniently expressed in power series. Tht 
following method is then useful. Put 

y - (i; 

and determine v so that the coefficient of u' is 0. This gives 



^'h-/ 

V 

= 0, 

(2) 


V = expf-J 

r /(a;)(fo:l, 

(3) 

the constant factor being irrelevant. Then the equation for u takes the form 



u" = 

(4) 

Put 

u = exp j 

rx n 

7]dx . 

(6) 

Then 

'^-v. --(-1 

u u \u) 

1 +v' = + 


and 

TJ^ + Tj' = 

■ Xi^)- 

m 


This equation is remarkably simple in appearance, but is non-linear. However, if x(») 
varies slowly we can take, approximately, 

1} = )^(xy, (7) 


and in the second approximation ij' will be small. Then 






( 8 ) 


The easiest way of examining the accuracy is to attempt a third approximation; redeter- 
mining 71* from. (8) and substituting in (6) we jSnd 


" ’ A a# • 


(9) 

4x 

If .4 is the smallest value of in the range considered the int^al of the last term will be 
of order Iftherefore;it*/X varies by a moderate factor in the range an appreciable 

error will accumulate unless x is everywhere large.* 


17* 123. This method can frequently be used to suggest the first term in an asymptotic 
expansion. If we take the equation for the Airy integral 



we have at once X — Srud there are asymptotic solutions beginniog with 

ar^/«exp(±|a;^). 

The exponent is not a multiple of x, so that the solution is not of the form considered in 
17*12; but we could transform to as a new variable and proceed. 

* C¥, W. S. Idae, SVafu. Amar. Matk. j9o 6. 81, 1989, 907-18; E. C. Titohmazsh, Joum. Loud, 
MaA, Soc, 19, 1946, 00-8. 
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17-13. A somewhat Mniilar .solution can In? obtained if (le|K‘nds Iwjth on x and on 
an additional parameter //. and 


if - X^^nt = l^X\ - Xi) .V- f 1 ) 

where h is large. For any h the equation will have a pair orsolutioii-*., valid in any range 
and not only when x is large. Wc^ want to know how thesi* .•^olut if >n.s l>elia\ e when h is large. 
We therefore want an expansion in descending jiowers (if /#. We a^'^ume 


where are functions of jr, to he determim*fl. Substitute in the dlfiTerential 

equation, divide by e*'"* and equate coefticieTits of h, and We get 


= A'o. 

(3) 

4>' 

' 'hi, ' " ■ 

w 

‘^•0- 

1 

II 

(6) 

Then = w' ' » ex p j rf^-J , 

(«) 

and solutions, omitting the term m\ are 


y ^ .Y«7‘ ‘ [ r 1 [ftxh‘ f • 

(7) 


This approximation does not involve heii<*e there is nothing to gain by writing the 
integrand as except in so far as it may make integration easier. The term in 
in (5) may be quite aa imjiortant. 

The solution (7) is exact up to terms independent of irn.^speetive of how the various 
functions vary with so long as none of the /j,/*. ... are intinite. This implies that the 
form cannot Ije ufwhI at a zero of Xo* if Xo small without being actually zero the 
approximation can be as g<^ as we like if h is large enough. 

As an illustration, take y » expA^, where 0 is a function of x. This satisiieB the dif* 
ferential equation 

( 8 ) 

Then one approximate solution, by our formula, is 

exp + (») 

which is exactly exp {h6). The other solution is, exactly, 

y, - 2AewJ%-«aoeft , + + <>(*.) (»<>) 

on integration by parts. Our approximate formula gives the first t«nn of this, 
indicates the order of magnitude of the second. 
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To point the warning about the use of take 6 — (log a?)®. We have 

^ ^ I » / I (logs;)® I 


= 2h- 


logJBf 1 logg— 1 1 (logg— 1)® 


-jl- 


X I 4fe (log*)® 32A-® (log*)* 

and the integral of the ‘ correction ’ term is 


+ . 




" -3^{aog«)*-41og*+21ogIog«}. 


17*13 

(11 

(12 


Its exponential is (log*)~®^**, (13, 

which varies by an arbitrarily large factor for a sufELoiently large range of *. 

Yet the error of the approximation (2) is zero for one solution, and for the other the 
second term is d'’j2h6'^ of the first, and this ratio is 


log* — 1 
4A(log*)®’ 

which tends to 0 as * tends to infinity. This example* shows that it is quite wrong to regard 
8® ail approximation to ^nd capable of being improved by using the 
latter instead. It is liable to be considerably better than ,/%. The test is, of course, a severe 
one, since x tends to 0 as * tends to infinity, but it is by application to extreme oases that 
we give defects in approximations the best chance to show themselves. 

Approximations of this type have a long history. The first with an application to a 
general Xo seems to have been given by G. Green,t who used an equivalent process in 
showing that for tidal waves in a canal of slowly varying section the energy is transnaitted 
without loss by reflexion. We shall therefore describe them as of Green’s type. The transi- 
iion fi:om physical optics, depending on a second-order partial differential equation in 
three dimensions, to geometrical optics, depending on a first-order one, really involves 
the same principle. A special application to Bessel functions had been given still earlier, 
by G. Carlini in 1817.^ There are niunerous applications in wave mechanics, the chief 
perhaps being in the proof that classioal mechanics is the limiting case of quantijm 
mechanics when the energy is large. The present form is due to Jef&:ey8.§ 


17*131. The method fails near a zero of Xo> difficulty can be overcome. Pairs 

of solutions of the form 17* 13 (7) will exist on both sides of the zero. If it is a simple zero 
they will be of exponential type on one sidb and oscillatory on the other. It is a usual 
physical requirement that the solution on the exponential side shall be decreasing, and 
the problem is to determine the continuation of the same solution on the other side. This 
can be done as follows. We take xb to vanish at » = 0, and ignore Xx and Xif^ the present. 
On the negative side we write * = — J, %(*) =» — ^(g). Pairs of solutions are 

Xo^f*exp{±M) (*> 0 ), ( 1 ) 

^^■‘/«(oos L, sin X>) (* < 0), (2) 

* Suggested originahy by Piofe 6 SorQ.H.£Eai<d 7 . 

t Oamib. PhQ, Trans. 6, 1837, 467-62; Papers, p. 226. Cf. Lamb, Hydrodynamics, 1932, p. 274. 

X Watson, Theory fiesmZ PvaeUons, p. 6. 

s P)r«e. £ond. JfotA 3oe. (2) 23. 1924, 428-36. Other refarenoes in Jeffireys, PhU. Mag. (7) 33, 1942, 
461-6.' 



17*131 


Behaviour nmr a zero of 


where M - 1 *hxo‘d.r, 

Jn 

L = 

Jo 

If h is large and x small, the* differential equation is appxfjxiinntely 

d{!i = i>V^)rn- 

Put c = ^ = - 5. 

Then = =y, 

which is the difterential equation satisfied l>y the Airy Integral, and the solutions are 

/q = Ai(s), //2 = Bi(2j. 

But we have tlu* asv'inptotic expressions for these functions. 1 7*U7 (2«J) to (23), 


,/j^.__2-Uesp{-53’--‘)| 

s” ' 

Vi ~ si" + }?r) I 

yt 4:C“' ' «*s (§^«+ Jff) I 


(s>0), 


<r>o). 


Also for z > 0 

M=^hxSi{Oyi»r^ *= §2^, * A'*{A’o(0)}~’*s" S 

and for z<0 

Then a suitable pair of solutions for z < 0 are 
»in (L + iff) ~ 

~ exp ( - 1 2 ^) (z > 0) 


and i>« *'* cos {L + iff) ~ Jk''*ff‘^{Xo(0)}"’^*y» 

exp ( S z’"*) (s > 0) 

~Xo’'*exp(Jf). (14) 

We introduce the sign •* — ► between two expressions to indicate that they are asymptotic 
approximations to the same function in different regions. Then the function that decreases 
exponentially for aT>(> is 

Xt exp ( - Jf ) +— > 2^0 *'< sin ( X. -i- iff), (1 6) 

and the solution that increases exponentially on the positive side, has the same amplitude 
on the negative side, but differs in phase by |ff, is 

2xo’^*®*P-M^'*--*'2v^o’‘'*coa{£i+Jff), (16) 

the pair of expressions on the left being valid for x > 0 and the pair on the right for x < 0. 



494 Accuracy of appi'oximaiion 17*132 

This method rests on the follo'wing principles. First, there are asymptotic representations 
of the solutions of the original equation in the forms (1) and (2), valid except near a zero 
of Xo* A solution representable by one of these expressions on one side will be representable 
on the other by a linear combination of the two valid on that side. We have to find the 
coef&cients in this combination. This is done by noticing that if A is large there is a range 
of X surrounding the zero, such that the solutions in it are approximately Ai(z) and Bi(z), 
the asymptotic expansions of which have first terms agreeing with combinations of the 
first terms of (1) and (2) when [ a; | is small enough. Thus by using the comparison with 
Ai(z) and Bi(z) we can identify the linear combination of solutions on one side that corre- 
sponds to either solution on the other. The possibility of this comparison depends on the 
existence of ranges on each side of the zero such that the solutions are vaM and the 
asymptotic expansions of Ai(z) and Bi(z) also valid; for both fail close to the zero, and 
si^ciently far firom it is not proportional to x. The condition for (1) and (2) to be right 
is that Xo/^^Xo’ shall be small; but in the range considered this is equal to zr^, and the 
smallness of this is the condition for the validity of the as 3 mptotic expansions of Ai(z) 
and Bi(z). We can write this as ] os | Hence the conditions for the validity 

of the two asymptotic approximations compared in the same region are equivalent. The 
other conditions needing attention are (1) that we can find regions such that x’W shall 
be small compared with x'(0) x, and this will be possible if 

( 17 ) 

and (2) that in the same regions the contribution from Xi shall be small, which gives 

XiioHhy^Um^- ( 18 ) 

These wili be true if % is large enough. 


17*132. As an example of the method, take Bessel’s equation for large order 

d 


' dx\ 


X = we~*. 

the oscillatory side being a; > » or z < 0. Then for ar < » 

Jf = ( 1 — er^f^dz = n(fi tanh 6), 


and put 
Then 


where 
For a? >71, 


X == Tisech^. 


( 1 ) 

( 2 ) 

(3) 

(4) 

( 5 ) 

( 6 ) 


L = — = 7j(tantt— «), 

where x = nsectt. Then the correspondence firom 17*181 (16) is 

2 tan"*^ tt sin {7i(tan w — tt) -b Jtt} *<--> tanh~^ d exp { — n(tf — tanh 5)} 

g. exp (n*—a:*)’*. (7) 
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17 *132 Bf>.ssd functions of large order 

When X ifi small this is appruxiraat<;ly 

(s) 

But the first term in the expaiLsion of J„[x) is , ami if wo approxinuite to tlie 

factorial by Stirling's fonnula we see that our solution is a n*pre.sentutioii of {’Inn 
For the other solution we have 


2 tan*' ?t cos jaltan « — «) - \n\ -• — ► 2 tiinh ■ 0 e.vp - l■lnh af\ 


* 27- 


I /r I 


!s — u/- — -'t'expf — (e-— fW) 


which will Ijo a represfmtation of the secoiwl s<}|ution f^{ Be,-sc*rs eqiiutiou denotwl by 

{2ww)’‘:r„{7>) {21-02). 

The errors of the.-e appioximatioiL'i urf* of onler 1 n. Tliey have one great advantage 
over those in dest;en<ling |»ower .series, thul they can Ik' used to tix the adjustable <.*on- 
stants so that the Milutioii will re-present the same function as the asc-t.-nrling jMjwcr .series 
(the gap near the zero of y„ lx*iug tilled in, if neces.'-ary, by direct use of the Airy integral). 
The com-sponding adjustment for descending series usually re<juiivs the indirect method 
of comple.x integral representation, if such a representation e.vists; and if it does not. w’c 
may lx* reduced to niunerical cuin{)ari.son in some range where both the convergent and 
the asymjitotic ex[>ansions can be computeil directly. 

Applications of the method to Mathieu functions are given by H. JeflTtvy,-, /Vx*. Lrml. 
Math. Hot. (2), 2.3, lh34. 437-7d; to the transparency of a {lotential barrier in wave 
mechanics by B. Jeffreys, Proc. Camb. Phil. Soe. Js, l!)42. 4dl-5, 

Extensions to cases where vanishes to higher orders than the first are given by 
fci. Goldstein.* 


KXAMPLKS 


1. If « where U<//< 1, j-xi, jtrov*- tliat 

/•« P3CJ J 

and indicate the lue of such an expansion in impntving ttie approximation tu the incomplete 
factorial function given by tlie asymptotic expansion of 17-id. (lUckley and Miller.) 

2. A solution of the equation 

y'-t-2(i»ye** = 0 


is sero at jr a 0. Detemiino approximately where its other zensi lie. 

If in addition y' k I at s (I. find tlie position and magnitiule of the first maximum for 7’>0. 

. {l.C. 1M«.) 

3, Show how to approximate tu the solution of the e<)uation 




0 . 


( 1 ) 


where JT.a function of x, is such tliat X* is small in comparison with l/.ir*. Hence deduce the exact 
folntkn when X* s 0. 

• Proc. lAmd. Math. Sae. (2) 28, 1828, 81-80. 
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Examples 

Compare the solution with that of 




(I.C. 1937.] 

4. If 


where n is large and «/ -> 0 as » ->■ oo, prove that y is a multiple of a function given asymptotically by 


al / a:a\-^ 

11 +nsec~^-|-*-*2l 1— — 1 sinn{logtan(iJr+i^)— sin^+iff}, 

where cos^ = ar/n. 


6. If 


where n is large, prove that 

/, a!*\-^‘cos , , 1 . 

e + log tan j^). 

where v = tan“^ as/n. 


6. If » is laxge and positive, prove that 


Jo « 

and if « = - f , where i is large and positive, prove that 

f Ai(a;)d9;~ — 

Jo 9 ^ 

7. Prove that Ai (a) Bi'(a) — Ai'(a) Bi (a) = - 

IT 

verifying that the same constant is obtamed taJdng z small, z large and positive, or — z large 
and poedtive. 



Chapter 18 


THE EQUATIONS Of TOTENTIAL. WAVES. 
AND HEAT CONDUCTION 


Divjilc »'t iinfM'ra. 

Lori*' .VI. 


18*01. The gravitational jK)t*‘ntial in fret* spacT satifilk>h Laplace's e(juiition 


^ rjf- fjf r.z- 


(1) 


The .same equation is satisfied in free space hy the electric and magnetic potentials if the 
field is steafiy, and by the velocity potential in incomprespible fiuid. In a tmiforni com- 
pressible fluid the velocity jwtential satisfie.s 




( 2 ) 


where c is the velocity of soimd, provided that the velocities are small. For elastic waves 
in a uniform solid the same equation is satisfied by the scalar and vector potentials, which 
give the longitudinal and transverse displacements respectively, with two different 
values of c. The same equation is satisfie*! by tlie field components in electromagnetic 
waves, c being then the velocity of light. In a uniform material at rest the temi)crature 
satisfies 




(3) 


where h* w the thermometric conductivity, defined as the thermal conductivity divided 
by the heat capacity per unit volume. An equation of the same form is satisfied in 
diffusion if is the concentration of the diffusing material. 

Evidently in a steady state these two equations both reduce to Laplace’s equation. 
The equations of vibration of water in a lake or channel of uniform depth, and that of 
vibilstion of a membrane, are the wave equation without the term 

These three equations are so widely applicable that they are often called * the differential 
equations of physios'. They do not include the wave equation of quantum mechanics, 
but even for this more complex equation the study of these equations is a necessary 
introduction. 

The possibility of solving them depends chiefly on the fact that they are neparaik in 
several systems of coordinates; that is, they have solutions that break up into factors, 
each factor being a function of one coordinate or L We try to choose the coordinate system 
so that orM oooniinate is oonstant over a surface where a given boundary condition has 
to be satisfied by Taking, for instance, the wave equation in rectangular oooidinatM, 
we try a form of solution 


(*) 




ja 


i > « XYZT, 



498 Separation of variables 18*01 

where X is a function of x only, and so on. Substitute in (2) and divide by XYZT. Then 

Id^X , 1 d^Y Id^Z 1 d^T 
X dx^ '^Y dy^'^Z dz^ c^T dt^ ' 

Each term is a funotion of only one of the independent variables. Hence if the equation 
is to hold for all values of x, y, z, t each term must be constant, and every expression of 
the form 

A exp (i(lx + my +nz— yt)}, (6) 


where A, I, m, n, y are constants and 

ia+jn®+«.® = y^fc^ (7) 

is a solution; so is any sum of expressions of this form. The complex exponentials can 
evidently be replaced by cosines and sines. Now we know from Fourier’s theorem that 
in a bounded region the values of ^ and d^/dt &t t = 0 can in general be expressed in a 
series of products of sines and cosines of lx, my, nz; and then we derive the complete 
solution by associating with each term its proper factor in yf. As an example, consider a 
rectangular membrane whose comers are at (0, 0), (a, 0), (0, b), {a, b). Since the margin 
is supposed to be fixed we require a solution that vanishes wherever x — 0 ot a, oiy => 0 

or b. Thus the admissible terms will contain factors sin— sin where I and m are 

a b 

now integers; cosines will not vanish on the edges. The solution will then be 


with 


p = S S s™ — sm 


mny 

~b~ 


(A^„oosyt + B^„,8myi), 



Then (assuming the possibility of difierentiating the series) 


, ^< 5 . .1 . litx . miry 

= SSA^„sm— sm-^. 



^ . Ittx . 

SSyJ5^„sm— sm 


miry 

“F* 


If we know the initial values of ^ and d^fdt, we can expand them in double Fourier sine 
series, and comparison of coefficients determines Ajr and Thus the solutionis found. 

For the oscillations of water in a shallow rectangular lake of uniform depth we have 
tibe same differential equation to be satisfied by the vertical dnplaoement of the free 
surface. The boundary conditions are different. It is now the velocity normal to the 
boundary that must vanish there, and this is proportional to d^fdn. Hence at a; = 0 and 
a; *= o, d^fdx » 0; at y = 0 and y = &, 3S/9y = 0. The appropriate solutions satisfying the 
boundary conditions are now products of cosines instead of sines. Hence ^ and d^fSt 
for t <= 0 must be expanded in double Fourier cosine instead of rane series; the time 
factors are applied as before. Evidently if Ao,« is not 0 it means that the variation of S 
is about a mean dififerent fimn 0, that is, that the origin of ^ has not been taken at the 
undisturbed level of the free surffioe. The mean of (3^/df)|,.o over the rectangle must be 0, 
frw if not it would imply that the total quantity of water was varying; hence ^0,0 “ 0. 



18-011-18'012 


Tyim of parlinl differential (quatinn '* 4-99 

The condition timt the initial ^ un<l can ex|iuniic‘)l in Fourier .seric-H (i*i 
tw'o or three variables acconiincr as the rejjion is one-, two- or three-diraensionalj will la; 
watisfied by most functions that occur in practice, 

IS'Oll. Equations of elliptic, parabolic, and hyperbolic types. We notice that 
even for w’ave propagation in one diii)en>ion we cun get ^oluthms of 


that vanish for all time at jt = a. It and are tu)t identically zero, and .Mich solutions can 
also vanish for a <1 .r i if i = 0 or 2{// —*i) c. Thi.< pr<.<iit.*rty is to he contr.tMisl with that 
of solutions of Laplace's etpiation in two diinensioas 




7-t!t 

= t*. 

'!<- 


Here if ^5 « 0 for all ij at .r = U and x == a, and fitr all x at y --i n and y * //, (p must l»e 0 
for all X. y within the n-ctangle. Tin* diffen'nce can iw traced to the fact that, if we take 
all terms to the same side of the equation, tlie signs an* the same for Ijiplaee’s equation 
and oiiposite for the wave e<piution. .More geivrally, if the terms in second derivatives in a 

t'Vj 

differential equation are« C + h , the conditions t hat thesoluti* )U can he made 

tJT tX(tj ry^ 

to satisfy at the boundaries are quite different according as ah—h^ is jmsitive or negative. 
In the former ease if ^ is given on a tdosed curve it is dctenuined everywhere within it, 
and the etpiation is said to la‘ of dliptic tyiM‘. In the latter the equation is said to be of 
hyperbolic type and no such conclusion follows. We .shall not enter into the general theory, 
which is given in full by Webster.* a, ft, h nwd not be constants, but ab—h* may then 
change sign within the rt'gion. This condition occiuu in the motion of prtqeetiles at 
velocities above that of sound and is then connected with the fonnation of a shock wave.f 


18’01 2. The equation of heat conduction in one dimension is intermediate in character 
(oft— ft* >■ 0) and is said to lie of parvdiciic type. But more generally, since it is of the first 
order with regard to f, we cannot assign the values of ^ and r^/di at / u independently. 
The extension to more dimensions is straightforward and we shall only illustrate from 
the one-dimensional case. If 


cl 



and ^ s 0 at a; » 0 and « » a, a solution is 

nnx 


A*n*jr*/v 


, . Jtnx I 

9 =» sin exp I • 

Hence if at 1 » 0 is expanded in a Fourier series we get the solution 

, j . nrex I k*n*TtH\ 
ft « —exp^ 


* Portiai Differenliai Xquationa nj Matbematical Phytiet^ChMp. A. 
t O. X. Taylor and J. W. MacooU. Pne, Boy. Boe. A, 139, 1933. 27S-3U. 
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The characteristic feature is that all the exponents are negative; if the temperature is 
kept zero at two points it will tend to zero everywhere as the time increases. If the series 
converges for t and aU its derivatives of whatever order with regard to both x and 

t exist and will be represented by convergent series for < > 0, however small t may be. 
The universal tendency of heat conduction is to smooth out differences of temperature. 
This, of course, is another way of stating the second law of thermodynamics, but the 
equation of heat conduction provides a time scale for the smoothing and the second law 
does not. When ^ satisfies the wave equation we can say that when t varies the inequalities 
of ^ are not reduced but merely transferred tp other places. 

It is possible to have periodic solutions of the heat equation, but only if there is a 
periodic source of heat, either internal or at the boundary. 

Another peculiarity of the equation of conduction is that there is a severe restriction 
on the distributions of temperature that can be the successors of any previous distribu- 
tions. We have seen that Fourier series in practice usually converge like S where s is 
a small integer. In a favourable case like the series of 14*03, it converges like S (r/a)”, 
with r<o. Now suppose that ^ was expressible, at time — r(T>0) by a Fourier 
series, however slowly convergent. Then the terms at time 0 would decrease like 
exp ( — which is a faster decrease than for any geometric series. If, then, the 
Fourier series of ^ at 1 = 0 does not satisfy this condition for some r > 0 it cannot be the 
successor of any previous distribution unless there has been disturbance from outside. 

18*013. Whittaker’s general solutions. The test of whether we have obtained 
the most general solution of a partial differential equation is not a mere matter of counting 
adjustable constants, as it is for ordinary differential equations. We shall only quote 
types of general solution that have been given by Whittaker. A general solution of 
Laplace’s equation is 

^ f f(z+ix<} 08 u+iysmu,u)du. 


where /(^, u) is an arbitrary function; a general solution of the wave equation is 

/(a;sinu cosu+^sinu ^v+zeoau+<^,u,v)dudv. 

These solutions are capable of a wide range of transformation; numerous applications 
are given by Whittaker and Watson. 


18*02. Curvilinear coordinates. For other forms of boundary solutions of the 
form 18*01(4) are seldom obvious, though Whittaker’s general solutions can often be 
adapted to other forms of boundary on transformation of coordinates. We can, alter- 
natively, write 

( 1 ) 


and then 



1 


T af/’ 


(2) 


aeoeidlng as the equation considered is Laplace’s equation; the wave equation, or the 
of heat oonduotion. Both sides must be ooxutant, sued the equations are all 
to the 

• ’/i V»/ (3) 
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to be solvwl ui accortbiiift.* with the boundarj' eonflitions. Now the wave equation in a 
continuous incslium can be n*>/nr(k‘fl as the limit of the set of eejuntions of motion for a 
.'Ct of particles forniiiiii a .stable el(»se lattice. Then if we take T — all possible values 
of 7 * for normal niwlc.-^ are re.il ami neuative. It follows at onfx* that with the same 
bfiumlary (flnflitions on /i.c. y. :i all value.' of y for free flrav of heat are real and negative. 
The determination of the .'olntiuiis for given initial eonrlitions therefore reduces to finding 
an expansion of a uencrul / in term.' of the eharaeterihtic functions of the equation (3). 
The time factor is thus tre!it«“d !>ej»arately in any ease aiul we have simply to consider (3), 
where A‘~ will be o in potential problems. The time factor will in general not Ije written 
ex[»licitly since it ean always be restored at the end. This equation i.s separable in seventl 
other coordinate .system's la-sides Cartesian ones. In general curvilinear orthogonal co- 
ordinates £i. £. 2 - M usei. 1 , the elements of length f/s^, rls.,. corresponding to small 
changes being /qdfi, 

Now by Green ‘.s lemma | j | X'-t^dr = | j |4) 

Apply this result to a small volume bounded by the surfaces 

On a .surface of constant if n is in the direction of increasing ii, 

M- (5) 

and the area of the element given by ranges 5 ^ 2 , ^^3 is Then fl over 

such an element is j -I-- The two surfaces given by IdL will to- 

JJ "1 t*52 

gether contribute 


.since on the surface with the larger the outward normal is in the direction of increasing 

and on the opposite one it is in the direction of decreasing Then the integral on the 
right of (4) is the sum of these expressions for the three pairs of opixwite faces. The element 
of volume is Hence 




cItVk 


(«> 


almost everywhere, and everywhere if both sides are continuous. The latter condition 
will usually be obviously satisfied by the solutions we shall obtain, and the equation to 
be solved is 


MsAsteUi HJ Sit\ A. hJ ^'U\ K W 


•xV'* 


(7) 


The transfwmation is particularly simple if the coordinate !• is z. This choice of ig is 
convenient if the boundary is a cylinder of any form of section. Then A, « 1, and 
an functions of x, y only. Now if 


( 8 ) 
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the orthogonality relations are satisfied on account of the Cauchy-Biemann relations, and 



A®«A| = 

1 

d{x->ri/y) ® 

= h®, say. 

m 

Then 

A®\0^! 0gi Sz 0zj 

1 = -k^4>, 

(10) 

or 

aa^ 3*0 02^_ 

agf+agi"''* az®"‘ 


(11) 


In particular if ^ is independent of 2 and t the equation reduces to Laplace’s equation 
'with regard to and 


18*03. Cylindrical coordinates. If 

tu® == A = ixDT^yjx, 

logur+iA = log ipe+iy), 

and we can ta<ke 

ix = log®, = A, x+iy = eSi+*5», = 1 * + 1® = ur®. 

0 


Then 




01ogtir01ogi 

If 4 ,^ Ph.Z, 

where P, A, Z are functions of vr. A, z respectively, 

P iiro\ (terAiA*^ / 

The second term is a fonotiou of A only, the others do not involve A; 'take it as — »®. Then 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 

(6) 

(7) 


i a_!^! 

vjPdra\ dwj Z dz* ^ tu* 


0 . 


( 8 ) 


The second term involves z only, the others are independent of z. Take it to be — /t®. Then 


~ ~ P =» 0. (9) 

Knally, put («* — =* then 
which is Seestd’s equaUon. 

This transformation has a singularity at the origin; that is, A is not a single>vslued 
fimotion of x and y if we are permitted to make a complete cirouit about the origin. But 4 
must be sin^-valued, and therefore A must be. This can be ensured if n is an integer, for 
oosnA and siniftA are then (fingle-valued functions of x and y, but not otherwise. If the 
solution is to hold within a complete cirde n must therefore Ito an integeor, which without 
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loss of gtinerality can be taken jiositivc. Hut if it is to Ijokl only within a sector a 
there will in general be two houndarycorhiitions at A = amidol = fi. Suppose for instance 
that <l> is to vanish at all |xnnts of the bi.iuudary. Tlien we are liinitcxl to solutions of the 
form 

A -■* 

where n is restrieteil to satisfy 

sinwiy-a) - <•, 

and again only a discrete set of value.- of n are pos-ible. It is a general feature! of trans- 
formations with a singularity witliin the n*gk»ri rori-idcrt!«l that the siiigle-valueelness 
of the solution introduces what is virtually an extra lionnditrv condition. 

Similarly if Is required to Ixt tinite at the origin we are limited to the solutions 
for the other solutions of He-seV.x equation are intinitt* at the origin. If further is to 
vanish over the circle at = « we niast have ■‘ul- = ».». vanishes for an intinite 

nuraljer of vnlue.s of the argument, and the Iwuiidary conditions determine a .xet of jh*!- 
.sible value.s of Farther, if the !;olutiou is to liold within a f'vlinderof tinite length 

there will lie a restriction on the i>o.ssible values of//. I f the solution i*. to hf>ld only betwotm 
two circles the other solution of Bessel's equation will alrsi be required if the boumiary 
conditions are to lie .sati.sfied, and the new bouudury condition will determine the ratio 
of the coefficients. 


18*04. Parabolic cylinder coordinates. Take 

If is constant, we can eliminate and get 

X — M — aC 

a set of parabolas with a common focus at the origin and proceeding towurtis negative x. 
If is constant we get similarly 


(1) 


<2) 


4|» s*. 

a set of confocal parabolas with their axes towards x » + cc. Then 

A* = 4{gJ+S)* 


If also 

there will be solutions of the form 


0Z» 




if 


dil 








(3) 

(4) 
< 6 ) 

( 6 ) 

(7) 

( 8 ) 


where a is a oonstant. The substitution f x ■■ turns the first equation into the second, so 

that solution of problems relating to parabolic boundaries requires the solution of the 
same differential equation for porely real and purely imaginary argument. If 
solutions will be oseillating for both lx *^<1 it hf they are large enough. 
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This equation arises in the theory of tidal oscillations in parabolic bays. It is also 
the equation of the harmonic oscillator in wave mechanics. We can provide that and 
^2 shall be single- valued by never crossing the axis of the parabolas on one side of the 
origin. 


18*05. Elliptic cylinder coordinates. Take 

x+iy = coos)x{^-¥i‘rj), a: = ccosh^ cos^, y = csinh^ sin^. 
The curves of g constant are the ellipses 




r 


c® cosh® ^ c® sinh® ^ 
and those of rj constant are the confocal h3^erbolas 


= 1 , 


( 1 ) 
( 2 ) 

( 3 ) 

c'-’cos*^ c=sin*57 

If we take ^ always > 0 we describe a complete confocal ellipse by increasing from 
0 to 2n. We have also 

A® = j c sinh (^+ i'7) 1 * = c®(ainh® i cos® i} + cosh® ^ sin®^) 

= ^c®(cosh2 §— cos2'9), (4) 


A • A — A. 


^ 0Z® ^ ’ 


and if again 

The standard solutions can tlierefore be taken as 


^+|^+ 4 c“(cosh 2 ^-cos 27 )(x®-/t®)^ “ 


(5) 

( 6 ) 


where X and T satisfy 


We write 


V * XYZ, 

jc®(ic«-/«®)coBh2g}X = 0, 

+ {It— Jc®(k:® — / t®) cos 2^} Y = 0. 
|c®(/:®— /t®) = 16y. 


(7) 

( 8 ) 

( 9 ) 

(10) 


The second of these is MaHhim^s eqrtation. J3 is a constant, to be detannined in such a way 
that the solution has period 2?. Evidently if ^ = 0, E must be the square of an integer. 
Since the coefficient of Y is an even function, there will be one even and one odd solution 
for any pair of values of 22 and q. It has been shown by luce and others that not more 
than one of these can be periodic except for g o, and the datum that one is periodic 
determines a discrete set of values of B. The even solutions are denoted by oe„(^,g), the 
odd ones by se„ {if, g). Changing | to in (8) reproduces (9). 

Since we always take | positive the only way of comparing values on opposite sides of 
the line joining the foci is to change 7 to in—'f. d^jdx and d^jdy are to be continuous 
across this line. But on ^ 0 

( 11 ) 

— ^ « — ^cooshgsiniy+^csinhf C0S7 = — csin^^. (12) 
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Hence at S, = 0, nnd —— X 

.■•in tj lit «iin 1/ 




an* iiimhiTCfi on ehanitini' rj to in— tj. If Y H 


an even function of Y hihj; changes .siuin, and the condition.-* n'fiiiin' that dX d^ - 0. 
Therefore X is an even function of Secondly, if F is sCj, (//. q), an odd function, dY dij 
does not change siun and tlu,*rcforf^ X - 0. Hem** X i.* an odd function. The possible 
ty|je.s of sointioit (in real form; arc therefore 


A’F — ce„(/^,7)ctt„l7.'/i. A’}' -- -/se„u‘|,'/i.se,. (13) 

Mathieu's equation ha.s mathematical interest lareause it is the simplest second-onler 
equation with a iK?rio<lif; ooetHcU'ut. The re.strietioii that the .•‘uliitions al.sr> mast have 
periotl in is required by the* physical conditions in prohlcin.s of ineinbram-s and tidal 
oscillations. There an*, liowever, many problems of vibration where the restorinu force 
contains a ja'i-iodic coi*ffieient. and the.se can !«? trt‘at<‘d b\ .'iinilur methods to thosio used 
for the .solution of Xhithieu's e(iuation.* 


18*06. Spherical and spheroidal coordinates. The .si)<*cial feature here Ls that 
one coordinate is constant over the .surface, respectively, ftf a sphere or an ellipsoid of 
revolution. In either case there is anaxisof .symmetiy (for the sphere, of course, unintinitc 
number) and one coordinate ^3 = A can bt^ taken to l)e the aKimuth al>out it and the other 
two to be orthogonal coordinatc.s in planes of A constant. If we also take (‘ylindrical 
coordinates w, A. z we can simplify the analysis by making use of the fact that 

TO*(cos sA •+• i sin «A ) =* (j* + /»/)'• ( 1 ) 

gives a pair of solutions of Laplace’s equation. In spherical coordinates, then, we know 
nt once that there is a family of solutions r*sin*/?(cos«A,sinsA). Now if we denote one of 
these solutions by Jf we are led to look for other solutions coiittiining it as a factor, say 
FM, where F is independent of A. Then 

V*( FM) = Jf?»F + + FXHi, (2) 

f Xj eXj 

and the last term is 0. Also the second term is unaltere<i by rotation of the axes; then*fore 


rM ^ rF m IF [M^rF_ 
dxf rXi f’gi fa, c9t f «3 fa, fa, ’ 


But dig « wdA, and f F/fa, *■ 0. Hence 

V*(FM) * JfV*F+ 

18'061. Spherical polar coordinates. 


‘“\3ai fa, "^fa, ca, f ’ 


(3) 

(4) 


and 


da, » dr, da, « rdff, da, » rninddA, 

f / I SI. ^ 

" >*3? V 3r/ ■‘'r^s'ine^r" ■‘■r*8in*'^3A** 


(5) 


( 6 ) 


Since Laplace's equation is homogeneous in r we try 

^mFM, 


( 7 ) 
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where © is a function of d only. Then 

0 / 00 \ 

=(»-«)(»-«+!) r>»-«-20 + f gin j , (8) 

A, ZFdM 

Hence in i^heiical polar coordinates 

= Jfr»-*-2[^^^(sin0g) + 2«cot0^ + (»-s){»+s + l)0]. (10) 

If = 0 this gives a differential equation satisfied by © ; we put cos 6 = pt, and it becomes 


When « = 0 this is Legendre’s equation. 

We denote the solutions by ©]^, ©g. The solutions of Laplace’s equation in spherical 
polar coordinates are therefore of the form 


TO«(co3 eA, sin sA) r"''*(©i, 0g) = r" sin* 0(©i, ©a) (cos sA, sin sA). (12) 

We have not assumed n positive, and we see that (11) is unaltered if we replace n by 
— M — 1; hence there will be another set of solutions with instead of r®, the other 
factors remaining the same. If we express © in a power series in /i there are two solutions, 
one an even and the other an odd function oi/i. If » and s are integers and » — a is even, 
we shall see that the even series terminates; if » — a is odd the odd series terminates. I'or 
the terminating series, with an appropriate constant factor, we write 


and for the other 


sin«0.0i =.p»(^), 
sin* 0.0 j = 


(13) 

(14) 


There is an exceptional case when a = 0; for if 


8®A 

aA® 


O.A 


the general solution is 


h = A + BX. 


(16) 


But if ^ is to return to its original value when A is increased by 2n, B must be 0. Hence 
for a s 0 the A fiaictor is a constant. (II) can be written 

Differentiate this: (l-/‘*)®''-2(«+l);*©'+(»-«)(«+«+l)0 = 0. (16) 

(1— /t®)©*'— 2(a+2)/t®'+(n— a— l)(»+a+2)©' = 0, (17) 

which is the same equation with ©' for © and a + 1 for a. This differentiation does not 
assume a positive. Hence if Q satisfies the equation 

(l-y«»)(3''+2»/t(?'» 0 (18) 

obtained by putting a + 1 » — » in (16), 


'«i& Mtisfy (16). But (18) gives 


(/{®— 1)». 


(19) 

( 20 ) 
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Hence 

d"*’* 

(q ■/• .... ///*— 1 1” 

(21) 


and a family of solutions of Laplaw's equation in .'pberical [jolnr i'C«'>rdinate» is 



(22) 

fV' ' ’ 

(23) 



We have obtained only one soluthm of ( I ♦> j. The natme of the >c*cond may be ^een by taking 
s ~ n; the sohitioii that we have found will 1«* constant. The other is 

H--xi.e--rr' (24) 

and its {«-■«« l)th integrab with •■<</', will be intinite of ord<-r at //, -•= - 1 and 

contain a logarithm. Hence this solution is inadmi.ssihle for a couiplete sphere. It has 
other applications, however, and will Ije considered further under Lnjtndrt'.piiwiioM. 

Postponing the choice of the con.stant factors for we denote the solutions by 
r"p^{//){cos<(A,sin^j/\), r"f/J(/0(co,s.vA..sin4iA). For — 0 the cr»n.stant is chosen so that 


p«(I) = 1. 

We now adurn to == (St'i) 

and put = i?.S„((!>,A), (26) 

where r''SJO,X) is a solution of =a h. Then 

Id/ „dJi\ , 1 1 • »> ret’7\ 

Put B « r -'>K. (28) 


Then - (n + J)*) K = 0. (20) 

and K AJn^ii,(Kr)+ Bi\^ii,{Kr). (30) 

The required solutions are therefore 

» r-’/»{j4J*+i/,(/cr) + ilF„+i,(«r)j{p*,gi}(coBd)(ooaaA,sinjtA). (31) 

The Bessel functions of order half an odd integer are expressible in finite terms. 

18*042. Oblate spheroidal coordinates. We replace the coordinates v, z by g, 9 


aooording to 

0 as cooBh£oos 7 , r >• esinh^sin^, (1) 

and again seek for solutions of the form 

^ » FM «■ F(|,)))io*{coB«A,BinsA). (2) 

Then dti » hd^, «> hdii, d«, » mdA, (3) 

where A* m e*(oo 6 h* g — cos* if). (4) 
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Then 


Spheroidal coordinates 
F d^F 1 dvj dF 1 dzu 3 ^| 

“ A2 1 0|F + ^ g^J , 

_ 1 fd‘F d^F ^ , ^dF dF\ 

^dM BFdM sMl. , .dF dF\ 


18*063 

(5) 

( 6 ) 

(7) 

( 8 ) 


yraJi Jif fd^F d^F . SF 75 ^^ 

^ ~ ■p('^'*''^+(^ + ^)*®^^-^-(2-»+l)tan^-^|. 

F = X{g)7{ii), 7256 = _;cV, 

' / 

+ + + =_/c2c2(cosha|-oosa^). (ll) 

y72 V 7 T,- 

(12) 


And if 

£ 

X 

whence 


(9) 

( 10 ) 


d^x dx 

•^-+(2s+l)tanh^-^+(A:2c®oosh2^— 5)X = 0, 

^-(2a + l)tan^^-(/c*c®cos®^-i?)F = 0, 


where R is constant. 

In the second of these put sin ^ = /«; we get 




( 13 ) 


( 14 ) 


wWch, ap^ from the term in /:*, is the equation satisfied by the function 0 for spherical 

polar coordinates, with iZ = in-s)(n+s+l). In the first, similarly, put isinhr=.; then 


~ +{i2 -«%“(! - 1/2)} X = 0, 


( 16 ) 


which is the same equation. Hence for ic* = 0 

X cosh* g = Ap* (i sinh g) + Hg* (t sinh g), ( 16 ) 

roos«7 =» C?p»(ain^)+i>g«(8in57). (17) 

solutions of Laplaoe‘8 equation. The presence of the terms in ic* con- 
adetably moreases the complexity of the solutions of the other equations. 

18*063. Prolate spheroidal coordinates. Take 

OT^csmhgsin^, « = coosh^cosiy, 
and proceed as before. We get 


«2*X dX 

r + (2a + 1 ) oothl-^ + (/Aj* sinh»f - JZ) Z = 0, 


dg» 

d* 

dll 


d*T dT 

|5 + (2a + 1) oot^ -^ + (/c^*8in»5; + JZ) r = 0. 


( 1 ) 

( 2 ) 

( 3 ) 
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In the Hecond of these jmt cos ij ~ /r, tJien 


( I -//■! - Itl Y = •». 


d//2 

and in the first put eosii g = r. tlieii 

0'2- i i 1 1 V-'}- - 1 1- .V - •», 

ill- III’ 

In this case, if r, anrl are the distance^ of n from tlic ffiei (o. *», - <*j 

»’== V " • 


With 


A = (rt — «)(»-r''-r 1', 

A’ sinli^^ = *4;<Jj(eosli i)-^ if>/|,ieo'>h£), 
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(4) 


(•">) 


(*0 

ix) 

m 


Both here and in 18-r>r>2 the i/}, solution is inadmissible within an eilipsitirl if | = 0 is a 
possible value. In both eases = 0 where ^ = // — •>, and it is found on examination 
that the gradient of would tend to infinity for these values.* Hence idthin an 
oblate ellipsoid of rev'olutiou the solutions are X(i sinhll/ij^fsin y), and within a prolate 
one they are pJ(co«hg)p^(eosy). But in problems relating to the outside of an ellip- 
soid £ may be indefinitely laige. If the solution is not to tend to infinity at a large 
distance is inarlnussible, but gj becomes admissible because J cannot Ite 0 in the 
region considered and g*(v) can be define<l, except for — 1 < J>< 1, so that it tends to 0 
for large Iv;. The solutions outside will be gj|(tsinh^);>^(siny) and r/*(cosli^)p{^{cosy) 
respectively. 


18*07. The equation is also separable in general ellipsoidal coordinates, and leads to 
Iiam4 functions, which are an extension of Mathieu functions.f 

18*08. Orthogonality relations. If ^ and are any two funtititms with continuous 
second derivatives in a region, 




(1) 


the first integral being through the region and the second over its boundary, dn being in 
tilie dunotion of the outward normal. If ^ and satisfy Laplace's equation in the region. 




( 2 ) 


Take the surface 5 to be a sphere, and take 

* F<w details eee Hobeon, Spktrioal and SUipioidtd Uarmomet, 19S1, 422. 
t Webster, Poriwil DiJftntUial Efttaiumt qf JUfaltmMKieal Pk^tkt, pp. 3SI-42. 


( 3 ) 
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Then the equation reduces to 

and r is constant over the boundary. Hence if /»=}=», 

j^8^Sn^dddd4> — 0 . 


18-08 

(4) 

(5) 


We express this verbally by saying that any two surface harmonics of different degrees are 

r27r 

orthogoncd. It is the analogue for a sphere of I oosmd coanOdd = 0 and its companion 
relations when tw 

If f) and (p't instead of satisfying Laplace’s equation, satisfy 


vv = ->rv. yv' = -jf'¥' 

and both ^ and f)' satisfy a boundary condition on S of the form 


( 6 ) 


(7) 


where a and b are constants, the same for both solutions, it is clear that if either a or 6 


is 0 both and are 0. If neither of o and6 is zero 


Hence 
that is. 

Hence either /c* = k'^ or 


-’‘' I )'*® - -IJJ - 0 . 

/J/(^V*f-9S'VV)dT = 0, 
(A:2-0///#'dr = 0. 

=s 0. 


( 8 ) 

(S) 

( 10 ) 

( 11 ) 


This gives a farther set of orthogonality relations. Thus for a circular cylinder typical 
solutions ate cosniA, JjfK^ra) cosnA, where k and /c' may be chosen so that on tiie 

boundary w = a 

^(/fo) = 0, JJk'o) = 0, or J;„(/ca) = 0, J;(/e'a) = 0, (12) 

ra p2ir 

Then if ic+^r', •4»(^®)«4('f'®')cosmAoos»AurdIttrdA = 0. (13) 

This is satisfied if but if m » we must have 

^^vtJJicm)JjKfm)dm = 0, (14) 

if a: and id are two diSerent roots of «^(ab) = 0, J'miKa) = 0; or of any equation of the form 
etJ„{Ka)+fiKj'„{Ka) = 0 . 

Similarly, by appl 3 d];^ the argument to a sphere, for which the typical solution valid 
in the interior is r^n^^iicr) JP* (cos 6) oossA, we get 


J*»'‘^»+%(«'> j;»+%{^r)dr - 0, 


(15] 
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where k and k' are different roots of =» o. *» fi, or of 

a‘^ ' hf rt 


The orthogonality relations determine at onc«‘ th<* eo(.‘tlicient.s in an expansion in terms 
of the characteristic solution, prf>rided suifh an expansion exists. For if the s«)lution<» are 
5^1 ••• (i® general a three-diraeasional si'tj and the function f\Jt,y , :) is assumed 

to be 

/(a.v.=)-2:o,„5'v„ (10) 

then on account of the ortljogoiuility relations 

Jj7/(.f.y,c)^J.,dr =-■ ajjjtpith (17) 

whence a„ is determined. The proof ftf the existence of an exijaa-^ion of the form (10), 
however, is long and ratlK*r difficult. Two methods an- used, tlie Sturin-Liouville method 
basetl on direct .study of the differential e»juation.* and tiu* method of Gretm's funetion>, 
which uses the theory of integral oquationn.t It may Ixj said that the conditions requiusl 
arc similar to those for Fotirier's series the«>n*m. The iutegnil etpiations methwi i.H very 
beautiful, but unfortunately too long for this work. 


18*09. Potential at external points: MacGulIagh’s formula. L(‘t 0 Ite an origin 
taken at u point of a distribution, P(j*,- = rlf) an e.\temal {M>int, Q{Xi ~ r'l\) &u iuteraal 
point. Put PQ = R. Then tlie potential at P duo to a distrihutiou of density or electric 
charge is ^ ^ 

( 1 ) 


■ dr 


R ' 


Now when r' <r, if d is the angle P(JQ, 

1 1 _1 r'cwU r'*{3cos2/?-l) 

1? “ - '^rr' cos 0 -^r'*) “ r ■ r* ‘ ‘ ' 


( 2 ) 


on expansion. We need take only the volume integral as the modifications for the surface 
integral are obvious. Since 


eost^ = l(l(. 




Now jjjpdr = M, 

the total nuuw or charge. The coefficient of is 



(3) 

(4) 

(5) 


jjjpx'tdT^^iar,, ( 6 ) 

which we can make zero by taking the origin at the centre of mass or of charge, provided 
that if is not zero. (It does nut appear to be noticed as a rule that in electrostatios a 
charged body has a charge centre in complete analogy with the centre of mass.) The 
coefficient of yr-* is 


* iQCe, Ordinary Difftrtntial Squationr. 

t Erhard Sobmidt, Math. Ann. 03, 1907, 433-70; A. Kneser, ibid. pp. 477-024; F. Sxaithiei, 
Proe. Land. Math. Soe. 43. 1937, 200-79. 
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Now if Ifk is the inertia tensor at 0 

hk = /// (8 

and (7) may be written - f + f ffpr'^r. 

But J<*Zf Z* is the moment of inertia about OF. If we denote this by I and the principal 
moments of inertia at 0 by B, C 

^ = ry+^<^+^+o-si:). (»; 


This is known as MacCvSagh’a formvla. 

With an obvious extension the work function due to two gravitating bodies whose 
centres of mass are r apart is 

y[^+^(-i+S+0-3J)+^{A'+B'+0'-U')y ( 10 ) 

MacOuUagh’s formula is also correct right down to the surface of a gravitating solid pro- 
vided that this surface is an ellipsoid, the squares of whose departures from a sphere can be 
neglected. The justification in the latter case, however, is quite different from the one just 
given, and requires the theory of expansions in spherical harmonics over a sphere (24*06). 

In the case Jif = 0 it is clear that the first term of (4) is 0 and that no change of origin 
can alter the values of the second, since the effect of any change of origin on the coefficient 
would be multiplied by the zero factor M. This case arises in magnetism and in some 
problems of dielectrics. In spherical polar coordinates the term in l/r® is 

~ JJJpr'{cos 6 cos 0' + sin ^ sin I?' cos — ^')} dr. 

That in 1/f^ has the same form as before but the moments must of course be taken about 
the same point as was used as origin for the term in l/rK 


EXAMPLES 

If /(^ IS an anedytic fimction of ^ in a region E including the origin and a segment of the real 
axis, and if z, tr, A are cylindrical polar coordinates, prove that the integral 

I f(z+imoosce)dcc 
J 0 

is a potential fonction in the corresponding region of the variables z and m. 

By takmgjr(0 to be tan-^ (a/^,or otherwise, verify that the free distribution of electricity over the 
conducting ciicihar disk z 0, i37<a has a surface density proportional to and show that 

the capacity of the disk is 2a/7r. (M.T. 1935.) 

2. Six equal point charges e are situated on the axes at equal distances a from the origin, fcxming 
the vertices of a regular octahedron. It is required to expand the potential due to them in the neigh- 
bourhood of the origin. Prove: 

(i) that the expression for the potential must be invariant for changes of sign and for interohangas 
of the ooozdmates (:d, y, z); 

(h) that therefore the lowest terms in the expaomon can be written A ■+ Or* 

where r* = 

On) that in order to satisfy Laplace’s equation, 0,0 ss 

!l^y cwtetitoitiTig the potential at (ap»0,0), where ahow that lAwitive and find its valoa. 



EjcampUn 613 

If of six #*fiual charK^M tlierc* anr eij;?ht, .•^ituau*^! at thp cornf'W of a cuix* wlioso oar-h 

nf Irnpfth 26 , arf' parallel to the axf.^, and wJios*,* c»,‘ntiv ia at th*^ oripii, obtain the corrobpcinding 
expansion of tlie potential n#^ar tJi** oriiriii, showimr tlial in ea*>e D k negative. 

<M c, Part n, 193K) 


3. Show that thtf mutual potential “iior^y of two sni ill rtWj 5 n*-r.s of stronyth^- 2 A|, whose centres 
are at the r^, r, is 


^ **a * < r* ■" r*!" 

,ri-r, 3 “ 


4. Obtain the solution of the eipiatiou of heat eoialiietion sutUfyiiiif the (onrlitioim 

V c= 0 ij' s= n, ,r Si a ,f 
r = i = <i/. 


inthefonn r *= S!a* S H “ ^ l".l - i 1“ jl (U. 1M4.) 

„ = lL ' 'w 'f /‘•n'fj a 


A. Obtain a solution of the ef|uation 


cH iH 


z 


in the form z =/tJr) (jr(i/), such that 3 = 0 wh#‘n j: = 0 aiwl y = 0, and t:z fx ss 0 when 4^ = xr. 


0. A rectangle has its sidos of lengtliH n and 6 maintaiuwl at teinf)eratiim» 0 and I ra«p*H?tively. 
Find the steady temperature at any f>oint, andshnw that at the c**ntre of the rectangle its value in 


4 ^ — 11^ nn 

7r„tro2H4“l 26 


(I.C. 1044.) 


7. A circular membrane of radius a is fixM at the and unwler unifonn tenHion Pw Show that 
in a symmetrical nonnal displacement the x)ot<mtial energy' is 

‘■-‘'■/KS)'®"*- 

A»m.lng 

and suitably adjusting fi, obtain an <>stimate of the longi*Ht p<wk1. {I.C. 1940.) 

8. A plane area of heat-conducting material is bounder! by an ellipse and itfi major axis. The 

curved boundary is maintained at temperature Vi and the straight boundary at V^. Find the 
steady temperature at any point within tiie art^a. (I.C*. 1940.) 

9. A conducting solid is charged to potential Prove that th(»re is a point of tlie solid such 
that if r is the dManoe from this point the potential at a larg«» distance is 



where c is the electrostatic capacity of the solid. 

Two condueton of capacities C|, a long distance apart, have ciiarges ft, #t and potentials 
Prove that the potential energy V is given by 

ft Of r \r*f 

where r ia the dirtence between the obeige oentres of the condueton. 

jur S3 



Chapter 19 


WAVES m ONE DIMENSION AND WAVES 
WITH SPHERICAL SYMMETRY 

19*01. Vibrating string: d'Alembert’s solution. In a large class of physical 
problems we meet with the differential equation 


where t is the time, x the distance from a fixed point or a fixed plane, and c is a known 

velocity. The general solution of this equation was given by d’Alembert. We take as 

new variables ^ 

u = x—ct, v — x+ct, (2) 

■ and then by transforming the differential equation we get 

It follows that dyjdv is independent of %, and therefore a function of v only; and inte- 
grating again we see that y must be of the form 

y = /(«) + = /(» -ci)+ g{x + ct). (4) 

Further, any functions / and g substituted in this equation will give a solution of (1) 
provided that they are twice differentiable. 

Consider a' uniform string under tension P, with mass p per unit length, and suppose it 
displaced transversely so that the displacement y and its gradient dy/dx are small at all 
points. Then to the first order of small quantities the transverse component of the tendon 
is P dy/dx and is communicating transverse momentum to the part of the string to the 
left of X at a rate Pdy/dx. Hence 

<»> ^ 

and on differentiating with regard to x, afifluming this y 


which is of the form (1), with c* = P/p. But (6), which is physically the more fundamental 
equation, only assumes that y is differentiable once with regard to both x and t and jydx 
differentiable with r^aid to <. Now substitute y =/(x— ci) in (6), assuming that /(x—cf) 
hag an integcable derivative. We have 
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Hence (5) is satisfierl by a once differentiable function anti similarly by g{x-rcl)\ 

and (4) therefore satisfies the physical conditions without the neetl to suppose that >/ is 
twice differentiable. The point is of .some imj)ort.ance l>eeau.-se is habitually taken as 
a solution of wave problems where the second tlerivatives rerjuired in (1) do not exi.st. 
The differentiation with rtjgartl to .r neetled to give (1 ) or (»»( in merely a mathematical 
flevice to present the problem in a tractable form, which .suagcnts a solution but cannot 
prove that it is right in all the c{i.s<*s wiierr* we want to Une it. The proof that the suggested 
.solution .satisfies the mechanical conditions when only the* first tlerivatives exist requires 
the farther argument learling to (7 ). 

It may be noticetl that tlie restriction that the first derivfitivcs mast exist at all points 
is still a little unnecessarily severe. The derivatives may have finite iliscontinuitics for 
some values of x or t. Inspecting the proof of (7) again we noe that it .still holds pro- 
vided that neither x—ri nor —et is a point of discontinuity of the derivative of fix — ft). 
Even at i>oints where the derivative i.s diseontinuoas, the valm* of fix—rt) can Iw filled in 
from the fact that f(x—fl) is euntinuoas. Hence there Ls a .solution of the form (4) if. for 
instance, the string is «iisifiacf*<l into a nnmiKT of straight segments. In this case the 
second flerivatives in (1) are zero except at the points where the slope changes discou- 
tinnously, wdiere the second derivatU'e does not exist, so that (4) becomes meaningless; 
but the mechanical problem still has a definite solution. 

We re<{uire forms of the two functions /(x—ct) and g(x+rt) that will correspond to 
assigned values of y and ^ when t = 0. Now if iiutially y = ^{x) it is clear that 

reduces to ^{x) at t >= o for all values of x, and its first derivative with regard to * is zero. 
Also ^(x-¥cl) — ^{x—ct) s 0 at t a u and 
1 ^ 


Henoe if at t 0, and we take 


1 If* 

^'(r) « - x{*). » - 




tff)} will contribute nothing toyat^ a* 0 and will give the correot vslue 
of j?; and ^ 

^e solution that makes y » g ■■ x{x) at I >■ 0 is therefore 




( 8 ) 


This is d’Alembert’s solution. It is the most general solution possible, but ae it stands it 
is ai^oable for indefinitely larsp t only to a string of infinite length in both directions 
end subject to no ex^mal forces. For if the string extends from x « 0 to x *■ i, onr 
data can be only the values of y and y for < «• 0 and x »■ 0 to 1, and for any positive I, 
however smell, than wiU be values of x between 0 and I such that x— ci is negative and 
valuse between 0 and I such tiiat x-hd >1. But for a string of finite length there wiU in 
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general be forces at the ends, which will, for instance, keep the ends fixed. The situation 
is, therefore, that to obtain the position of the string for positive t we need values of the 
functions ^ and x outside the range originally given: but we have instesul information 
for all time about the displacements at the ends. To make the problem precise we taVa 
the case where the ends are fixed; then if we can choose 4> and ^ outside the given range so 
that y as given by (8) vanishes a,tx = 0 and I for all i, we satisfy the equation of motion 
within the string and also the end conditions, and therefore have a solution of the problem. 
Mathematically stated, the two functions ^ and ^ are arbitrary outside the range 0 < a; ^ 2, 
and we choose them to make the solution satisfy the conditions at the ends. Physically, 
fre imagine the finite string replaced by an infinite one, and choose the initial displace- 
ments and velocities of the latter so that the ends will not move ; and we expect that within 
the range 0 < a; < Z the solution will be the same as that for a finite string constrained by 
forces at the ends that prevent the ends from moving. In the one case the forces come 
from reactions with the supports, in the other from the tensions in the outlying parts of 
the string. The conditions on (j> and x from (8) to be that boHi must be anti- 

symmetrical about both a; = 0 and a; = 2; that is, 

4>{-x) = -<f>{x), $5(22-a;) = -$5(a:),'| 

X(-a:) = -x(®), 

Por fixed ends these equations give at once the complete solution. When the ends are not 
fixed, however, as when one end carries a massive partide but is not fixed, the extra- 
polations are much less obvious and the easiest method of solution is the operational one. 

If we take the term/(a;— cf) by itself, we see that it is unaltered if we increase t by t 
and X by cr. Hence the part of the displacement represented by this term can be regarded 
as travelling with constant vdodty c in the direction of increasing x\ the term can there- 
fore be considered as representing a progressive toave. Similarly the term g(a; -t- d) can be 
regarded as representing a progressive wave travelling with velocity c in -^e direction of 
decreasing x. 


19*02. Operational solution for string with fixed ends. Let us consider in detail 
the case of a string of length 2, originally drawn aside a distance tj at the point x^h, 9 a 
that initially it lies in two straight pieces, and then released. Then if is the initial 

and the initial velocity is zero. Hence the subddiaiy equation is 


( 1 ) 


( 2 ) 

and we solve as if p was a constant, subject to the condition that y must always vanish 
at « » 0 and as => 2. Operations ate supposed performed on S{t} unless the contrary is 
stated. The solution is 

V = J.sinh^8inh^(2--h) (O^as^h), 

|f B* V|3;j^+j4Binh~«nh^{2— ») (&<a<2}. 


( 8 ) 
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The coastaut A must fie the same in iiotii thesis expressions in order that »/ may lie con- 
tinuous at ae = ft. Also a discontinuity in tt/ ljr at this jioitit vi'ouid imply an intiiiite 
acceleration, which cannot persist. There may lie distiontinuities of cy rx at simciai 
instants, but these will give impulsive cliaiiges in velocity. We therefore eiioose A so that 
ft/ Zx wiU in general be continuous at x - h\ thi.-. gives 


whenc-e 

Then 


()' r~'T ) !eosh — ninh ^\f — f>)T sinh co-ih — /» | ! = U. 
'Vi l — bf c \ c r cel 

.Pf 




nl il — h r sinh itx<r sinh ttll —it)r\ 

•' ~ ft\i -b) I ■ r ^hih'/ii V ■ ■ ',1 

- Cniiih/A csinh/i(/-jr) r( 

•V - ZTT) I / “ p pi r I 


ht<r !•'?//!, I 
ib i.l .r C f ). } 


(V 




This can be interpreted at once by the {lartial fraction rule. Taking th** first expn'ssion, 
we see that if we replace p by a constant z and then makes tend to 0 the .second terra just 
cancels the first; hence there is no term in the interi>retation indeiwndcnt of t. There an* 
poles at zl,c = nm, whore ii is any integer, positive or negative, but nut zero, and the 
partial fraction rule gives for 0 < j* < ft, 


tjl 


V' 


I 


. . nnx . . rnill—b) 
isin-j-iflin — - 
L I 




nmc I , 

— cosh nm 
I c 




»/* * 1 . TiTTX . nnb nmt 

i., i \ S j—sui— cos—; - . 

ft(i— ft)in*jr* I I I 


The solution for ft < < 1 lesids to exactly the same expression. 
Every term of this satisfies the difierential equation 


H* ® 




The separate terms can therefore be regarded as each representing an oscillation in period 
2f/nc, the displacements for all values of x varying proportionately. As for systems with 
a finite number of degrees of freedom, the partial fraction rule learls to the analysis of 
the motion into normal modes. The motion corresponding to a given harmonic factor in 
the time is called a standing uxive. We see that any standing wave can be replaced by a 
pair of progressive waves; for 


nirj; 


nnet 


nn. 


nir. 


2Bm— cos— o« sm -^-(x + cf)-f sm ^ {x—et) 


19) 


Similarly, any progressive wave can be replaced by a pair of standing waves with phases 
in apart; thus 

. njT, . . nnx nnct . nnx . nnet .... 

8m-i-(a!-K5i) » sm- j- cos + 008 -^- 8 m— . (10) 


The natural way to try to prove that the solution found satisfies the required conditions 
would be to differentiate term by term and substitute in (8). But in this case that method 
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does not work, because if we differentiate twice we get a series whose terms oscillate 
finitely as n increases. But if we differentiate once we get a convergent series which can 
be substituted in 19*01 (5), and the verification that 19*01 (5) is satisfied presents no 
particular difficulty. Alternatively, we can break up each term as in (9), and notice that 
the series is in this way converted into the sum of a function oix—d and one of x+et, 
each separately being once differentiable, and therefore it satisfies the equation of motion. 
It also satisfies the end conditions. For each term vanishes at a; = 0 and x = l, and the 
series is uniformly convergent because the modulus of the general term is ^n~^, and 
therefore the sum tends to 0 as a:->-0 or 1. 

The series (7) converges too slowly to be of much use for actual calculation of the 
displacement. Another method of evaluation is as follows. We start with Bromwich’s 
integral: 

csinhpa:/csinhp(l-6)/6 _ c f sinhaa:/csinhz(Z— 6)/c 
~p SSh^Z/c 'z^^d/e 

■where Si(») = Jt > 0 on the line L. But then | | < 1 on L and at all points to the right 

00 

of it, and we can expand cosech dfc in a convergent geometric series 2e“*V® S The 

order of integration and summation can be inverted, and we have 


n— 0 


ft r 

= _ ^ 2 ( 1 _ e-2p*/c) ( 1 _ e-2j>(z~6)/cj i E{t), 

n-0 P 


( 12 ) 


which is the result of expanding (11) directly as if p was a constant with a positive real 
part. But 


and 


= ct (f> 0), 

= 0 {ct<h). 


= c<— A {ci>h).] 

Thefirsttermof y in(3) isi;a;/bfora;<&. All terms of (12) are zero until cf = 

y^^ijxlb {0<et<b—x). 

When ct<=b—x the fiorst term in (12) begins to differ from 0; it is 

=» -i{ct-b+x). 

In this stage dyjdx is the mean of y/b and —yf{l—b), the original slopes of the two parts 
of 1116 string. It begins when a wave travelling with velocity c from b has had time to 
reach x. It will oontinoe until the term in ipxjc or 2p{l—b)Jc no longer vanishes. Bse 
former yields the expression 


(13) 

(14) 

6— a;, so that 

(15) 

(16) 
(17) 


« i(c**- b -z) (b+x<et), 


(18) 
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and, adding this to the previous contributions, we linil 
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!/ -- 


t/x 


(19) 


The tK‘ginniiig of tliis stage convsi»onda to tia* time it would take a wa\ e to travel from 
b to d and be reflectetl laiek to x. The jairt of the .string mieht'fl by this relleeted wave ia 
therefore }»rtrallel to the original {lOhition of the part w here h<x<'l. 

When d = (& — x) -f- :J(/ — />) a wave retieeted at x = / arrives, 
and afterwards 


This holds until rt = fi~-x — ‘2{}~hi: in tlie ue.vt stage 



h\l~b)\ if b' 


It'll 


When ct — '21, the whole of the .string is back in its original 
IKffiition; the term in then begins to affect the motion, 
and the whole x»rocess repeats it«*lf. We s<!e that at any 
instant the string is in three straight pieces. Tlie two end 
piec<*H are parallel to the two iwrtions of the string in its 
original |)osition, and are at rest. For the rahldle portion 
the gradient ry cz is the mean of tht»se for the end {>ortions, 

and the transverse velocdty is ± j ■ '1’***^ middle portion 

is always either extending or withdrawing at each end with 
velocity c. 

The partial fraction rule and the expansion in negative ex- 
ponentials are alternative ways of evaluating the Bromwich 
integnd. The former in general analyses it into normal modes, 
the latter into progressive waves. In the problem just con- 
sidered the exact periodicity enables the wave expansion 

to give a solution in finite terms for any value of the time, and it is therefore deddedly 
the more useful form. It is not, however, a general rule that the solution of a problmn 
in small osoilQations is strictly periodic, and the evaluation of the successive waves may 
become laborious if the motion is required after a long time. 

19*03. Solution for a general initial diaturbance. We take y «■ ^(x), g ■« 0 at 
t m 0; then the subsidiary equation is 





0 ) 


and we want a station that vanishes at « 0 and 1. Uring the method of variation 
paramcteni, we sasnme that the solution is 


y - di oosh— + iisinh®^ , 
c c 


(*) 
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where A and B are functions of an subject to 


19>03 


A' cosh— + B' sinh— = 0. 


Substituting in (1) we find 


Hence 


A' sinh— + B' cosh— = — - 

c c c’^ ' 

A* — sinh—, B' = — - <f>{x) cosh— . 


For x — 0,y = ^4(0); hence, since y = 0 at as = 0, 

A - 

AlBO,«nc!,.0.t* = !. - -A^ooii^, 

c c 

which gives B{1) \ and then B{x) is determined since we have B' from (6). We have 
H(a;) = — coth^ J ^^(|)sinh^d§+J ^^(g)cosh^<iJ. 
Substituting for A and B in (2) we have 

By the partial fraction rule 

sinhp(^ — x)lc coshpg/c l—x " 1 . nnx tmi nnct 


sinhpZ/c 


“* n -S 1 . tmE nnct 


sinhpa!/ccoshp(Z-|)/c a;,-® 1 , nnx nnE nnct 

• r j I ^ SIXL _ ■" COS COS'" - • 

&TJmpl/c I n^iTm III 

The first terms are independent of 4 and contribute nothing to the integrals; and 


y = -2f 

Jf-0 \n-inn 


. nnx mrcl mni 
am— p Qoa-j- oob-j= 


The series represents a function with finite discontinuities and a Stieltjes integral is 
required. 

If we invert the order of int^ation and summation and then differentiate ooetmEjl 
in the separate terms, we get 


2 ® f * ..nTTx . nnE nnct 
y = 7^2 J sui-j- sm-yS cos-j- dg. 


This is^Foutier’s solution; putting 0 we get the sine series 


* I 
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To a wave expansion we have 


m 


smh/#// - ' — * 


n 


•hAgr r^i,!/ ^ j,.„; .,.||_, .a„,.,,|-,.-^.( ; v,-=.y. ,£>,). ,U) 

winlijfi//* - , , 

All the exj>onenti!i are negative multiple.^ of jk tlii> alway?* hapiH/n.'*, Al-^o 

' r ( 1 _ -2i«J -^ ■■ ) ( 1 - f -2i-: - ; //( / 1 =. // 1 ^ - T.t ) _ /^ j / _ ■ /. I 

.■tf(i-''';')-//(/-~*^|. 05) 


which is constant except for jumps of * I wlien the arifiinu.-Jits of tiie unit functions pass 
through 0. Tlien the terms urisinu from « =; n give 




= i{{i(jr — ct)—tf>{2l — x— cl) —4>(rt — t) + ^{fi + x — '2J)\ 

+ J{55(cf + x)— 5i(c/— x)—5S(2/--x-rf)+ii(2/+x-c0>, 


(16) 


where only those terms are to Ih* taken such that tlie values of ^ that make the arguments 
of the corresponding unit functions vanish lie within tlie ranges of the n*speetive integrals. 
The first term in the first line is seen to represent the direct wave from iwints between O 
and X, the third, which begins at time x/r, the wave K*flecte<l at x = 0, and the other two 
the reflexions of these at x = Corresponding relations hold for the terms in the second 
line except that they give the contributions from waves starting ladween x and I, It will 
be seen that the solution holds up to time 21/e, by which time ail the terms have disappeared 
on account of their arguments passing out of the ranges permitted; but then the terms 
from n s 1 in (13) enter and repeat the entire motion. At time 41/r they also have all 
disappeared but those firom n * 2 enter, and so on indefinitely. 

In the foregoing cases the motion repeats itself exactly at regular interv’als. In the 
following it does not. 


19d)4. A uniform heavff thing of length 21 it fixed at the ends. A jtartiek of uwa m la 
aUaehtd to the middle of the string. InUiaUy the siring is straight and under tension P. A 
trvnsoerse impulse J is given to the particle. Find the subsequent motion of the partirle.* 
We take x *ero at the middle of the string. By symmetry we need consider only the range 
of values 0<x<l. Call the displacement of the particle q. When t » 0, y and dyjdt are 
aero except at x •« 0. The subsidiaiy equation for the string therefore needs no additional 
terms for the initial conditions. The conditions that when x *« 0, y =» y, and when x • Z, 
y » 0, give, therefore, 

_Binhp{^x)/f 
sinhpZ/c 


y • y 


( 1 ) 


* Cf. Rayleigh. Theory tfSotmd, i, 1«»4. 204. 



522 


Loaded string 


19-04 


The equation of motion of the particle, taking account of the equal tensions in the string 
on both aides of it, is 

'w 




( 2 ) 


Att — 0,71 = 0, 7717] = J. Hence the subsidiary equation for tj is 


= — 2Pi; - cothpZ/c +pJ, 
c 


Jc 

and therefore « — t? — rr • (41 

' mpe + 2PGoth.pl/c ' ' 

If p is the line density of the string, P = po^, and the mass of the string is 2pl. Put 

(5) 


m I 


Then 




IJImc 


(pl/c) + k coth pile ' 


( 6 ) 


To interpret by the partial fraction rule, we recollect that the system is a stable one 

without dissipation, and therefore all zeros of the denominator are purdly imaginary. 

With pile = ico,(o satisfies , 

' (o = koot<i). (7) 

There is a root between every two consecutive multiples of tt, positive or negative, and 
the roots occdlr in pairs of equtd magnitude. Then 


V = 


Ki: I 

me wc(l + k cosec^o) (?/c) 


QitiCfll 


1 . ^ 

Tne <y(l+i:ooseo*a>) I ’’ 


the second summation being only over positive values of <a. 
K a root of (7) is jitt + A, where A < jr, 


( 8 ) 


(»7r + A) tan A = ife, (9) 

and A = klrm approximately. Then the series converges like 2) »“®. Four or five terms 
should therefore be enough to give 1 % accuracy. For higher accuracy the labour would 
be great. 

For t not too great an exact solution can be found easily by the wave expansion. It is 
convenient to change the unit of time to Z/c, the time taken for a wave to travel half the 
length of the string. We also replace J /w by F. Then 


F 


= F 


p+Jbeothp 
l_e-ep 


F(l-e-®g) 


{p+k)—{p—k)s'**> 




p+fc 


2k 

p+k 




+k 
2k(p— k) 


r 


(p+k>* 


e-4p 


e-4P+...| 

~ * 



19*05 Loaded vertical bar 

The first term is zero for t < 0, and for / > 0 it is eijual to 

U>0). 

After / = 2 the second t4‘rm no longer \ unislKs. We have 

^ * /' t' ^ I Ki 

and the second tenn therefore* contributes 


-“/I :i 


W.i 2 i 


U 


The third Ujrm in zero fnr / <r 4: for i > 4 it i> eaMly found to he 

[ 1 - : 1 - i-i ^ ‘ ;• 
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illl 


{12) 


|13) 


{14» 


Tlie process may Ik* extended to determine the motion up to any time de>iKKl. 'Pht^ entry 
of a new term into the solution corre‘c]M>nds to the arrival of a new piir of waves retieeteil 
at the ends. 

19*05. A uuijorm kiavt/ futr in havffhuj vcrtifalltf from onr <nd, »wl <» »ww,<( m in swr/rhn/y 
attached to the lotrer end. Find hotc the lennion at the wpiwr * mI rarua trith the time.* 

For a light bar it is easy to see that the addetl mass will |K*rforra harmonic oseillathms 
about the position of equilibrium; when it reaches its lowest i>ositiun the extra tension 
is therefore twice the weight. This feature accounts for the danger of suddenly attaching 
a load that a system might be well able to support if the* load was added gradually. 

For a heavy bar, if jr be the distance from the up])erend, y the longitudirml displacement, 
y satisfies 

(1) 




where p is the density, E Young’s modulus, and ¥ the external force pt‘r unit volume, in 
this case pg. Put Ejp » c*, and let the displacement of a particle under the tension 
before the weight is attached be yp. Then 






w 

When a; «• 0, P) ■* 0; and when ar ■■ 1, the length of the bar, typ/cx » 0. Hence 

glx( la?\ 


After the weight is attached we stiU have 

— ail* 

and when f ■> 0, y •> y,* ^ » 0. Hence the subeidiary equation is 


— e» 






-*i®*»'* 


(2> 


(8) 


( 4 ) 


(*) 


* Xovs, J n a0t i e ity ,iU$, 
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and the solution that vanishes with x is given by 

y-y^ = A siDhpxje, 

where A is independent of x. 

If ur is the cross section of the bar, the equation of motion of the mass m is 


m 




dx’ 


the derivatives being evaluated eAx^l. The subsidiary equation is 

dy 


= mg+mp^o-Em^, 

and on substitution for y from (6) 


1905 

(«) 

(7) 

( 8 ) 


cosh 
im c 




Emg 


The tensile stress at the upper end is 

j EpA _ . 

e Ewco^pljc+mcpsTxAi.pljo' 

If & is the ratio of the mass of the weight to that of the bax, 

h = mlfml, mcjEw = hljc. 


and the stress is 


^ri 


1 


( 10 ) 

( 11 ) 

(12) 


w\h coshpZ/c + h(pllc) sinhpZ/cJ ' 

We see that gmjtaJe is the stress due to the weight of the bar alone, and gmlw is the 
statical stress due to the added load. To evaluate the actual stress we expand the 
operator in powers of e~^. We take Ijc for the new unit of time; then 

1 2e-^ 


Apsiiihp + eoshp {kp+l)-(jkp—l)e-^ 
2erP T-i kp — 1 - 


fcp + lL kp+\ 


( hp-l 
\lcp + 


1\® ~\ 


The first term vanishes to time unity, and afterwards is equal to 
This increases steadily up to time 3, when the next term enters. Again, 


(13) 


(14) 


ip— I . 


= -l+. 


kp 2hp 


{kp+1)* ‘^kp+l'^ikp + iy^ 
=:_l+e-<ft+2(i/jfc)e-<*, 

and the first two terms of (13), for i > 3, are equal to 

2e-«-W*{l + (2/ife) («- 3) - e-^}. 

This has a maximum when l+e-^=»|(#- 3 ). 

This has a root lees than 6 if 4/jfc>l+e-*», 


(16) 

(16) 

(17) 

(18) 
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which is an equality if k = 2*7. Thus if 4 = I or 2 the maxiranm stress will occur before 
< =a 5. If 4 =: 1 it is when t = 3‘.568, and is equal to 3'20<];7 mi, ro, that is. 1-033 times the 
statical stress. If 4 = 2 the corresponding results are f = 4-30>>, •J’o'Jflym tar, and 1-OSO 
times the statical stress. 

The third term enters at f H, and afterwunls is erjuai to 

5 (19) 

If 4 = 4, the maximum Btre.s8 is when t = 0-1 h 3. and is erjujil to 2-29j/m,nT. The statical 
stress is l'25gr»j/ro, so that the ratio is 1*83. 

This solution amd that of 19-04 are due to Bromwich. 


19-06. Periodic disturbance at an internal point. It i.s somt-tinies nricruefl that if 
a periodic motion is enforwd at an internal ftoint of a system f»f finite .size, if «*prcsentsa 
continual supply of energy, and the disturbance will ultimately exe«.*efl any lioiiud, 
irrespective of any question of resonance.* It is interesting to e.vaniine what will aetualiy 
happen in a simple caise where the.se conditions are satisfksi. First, consider a string of 
length 21, originally at rtist, and sujqwse that for f > 0 the mifldlu fpoint is mafic to vibrate 
harmonically, the displacement being sinnt. The o}K.‘rational solution expressing this 
displacement at a: = 0 and zero displacement at r = lis 

tw 

ainhpl/ ' ' 

= f( 1 _ <•)(! + e-2plir ^ 


(, x\ . / 21- j\ . / 21-rXi . i’ 4l-x\ . 

= Hinnlf— -I— sin«|f --l + siruflt— • 1 — suinU — --—It-..., (2) 

* 

where we ore to include only those terms whose arguments are {lositive. At any instant 
the motion therefore consists of a number of superposed harmonic waves of the same 
period, their number increasing indefinitely with the time. At first sight this suggests 
that the disturbance may grow indefinitely; on the other hand it is possible that this may 
be prevented by successive waves interfering. This can be tested by evaluating (1) by 
the partial fraction rule. The pole at i» contributes 


in* min{l-x)le . ,Binn(r-x);c 

tn.~2in sinnl/c * sinni/c ' ’ 


itUjc 

sinnfl— x)/c . 

. — i-- smn/. 

emiU e 


and with that at - in gives 
The pole at jH/c » rin (r an integer) gives 

«*-r%^*/i* nnooem »*~r*ff*e*'i* I 

and altogether 




nejl . m{l^x) . met 


(3) 

( 4 ) ■ 


(fi) 

(«) 


• cr. H. M. Maodonald, JfVoe. jRoy. See. A, M, lUl. 409>11. 
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?he series is absolutely convergent so long as Ti is not an exact multiple of 7tc[1, and its 
um for any x and t is less than the result of replacing the sines by 1 and taking the moduli 
>f all the terms. Hence y does not increase beyond limit. If we take the kinetic or the 
)otential energy we again get a series that converges like 2 r~®, and the energy never 
lasses a certain value. The rate of supply of energy is in fact proportional to the product 

evaluatedata; = O,andonefactorconsistsofsines,theotherof cosines, ofmultiples 

>f the time. The rate of supply of energy is sometimes positive, sometimes negative. 
Phe mean rate of supply of energy over a long time tends to zero. 

In the problem just treated the displacement is prescribed to vary finitely at one point, 
md it might be thought that it is this condition that prevents indefinite growth at any 
>oint. We therefore consider also the case where the transverse force, not the displacement, 
s prescribed to be sinnl for < > 0. Denotiug the displacement at a: = 0 by we have now 


(M\ 

jdxj \ct) 


« _ „ smh.p{l-x)lc 
ginhpllc * 

, _ Mc 8iDhp(l—x)le 

^“2P(i)a+»2) coshpZ/c 


(7) 

( 8 ) 
( 9 ) 


2Pn 


g-px/e^ 1 _ ( 1 _ g-Zpl/e 4 . ^~4ptle — . . . ) ( 1 — cos 1 




( 10 ) 

where again only the terms with positive arguments are to be included. If we evaluate 
(9) by the partial fraction rule we get 




c . ^saxn{l—x)je * nc . .^nx . , , ..wcf 

( 11 ) 


The series in this case converges like 2 r~* and again there is an upper bound to the dis- 
placement. The force at a? as 0 is now sinnj and the velocity is a series of cosines, so that 
again after a long rime as much energy comes to be taken out as is put in. 

The system is supposed to be of finite extent. If we make 2 tend to infinity we get an 
infinitely long string, which is hardly a practical possibility, but the same analysis would 
apply £urly well to a gas in a long tube open at both ends. Simply letring 2 increase we 
see that tbe waves arising from terms with aiguments oontaining 2 take longer and longer 
to return, and the solution for any given x will reduce to the first term so long as 22 — r < c2, 
and therefore for a longer range of rime the larger 2 is. Proceeding to the limit we see that 
the distorhanoe oonsista of a wave of fixed amplitude extending fitw a greater and greater 
distaaoe from the origin; the energy therefore does inetease indefinitely. It is therefore 
y e ri M e for a finite foroe to produce an indefinitriy large amount of energy in an infinite 
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system provided that it is made to act long enough. It will Ik* noticed that in thLs case the 
operational solution reduces to the first term in the wave expansion and could be found 
by writing the subsidiary equation as 


and taking the solution as rejecting the solution on the ground that it 

W'ould represent a wave travelling inwards aiul therefore a source of energy at a large 
distance. 

It has been supposed in (0) that » is not an exact multiple of ttc/I. in ( 1 1) that n is not of 
the form (a + i) mjl, where e is an integer. In the s|)ecial cases where this re.striction is not 
satisfied we have resonance and the disturbance will grow*. The modification of the solu- 
tion to take accoimt of the double poles Is straightforward, but not of any special interest 
since indefinite increase of the disturbance in the case of resonance is fonually poasihle 
even for a system with one degree of frefslom. The main concltt«ion is that a harmonic 
force of limited amount will never impart more than a given amount of energy to a system, 
however long it acts, unless either the system is of infinite extent or the period of the force 
agrees exactly with a firee i>eriod of the system. In the latter case the solution wUl ulti- 
mately need modification to take account of neglected higher powers of the displacement. 


19*07. Problems of spherical symmetry. The equation of propagation of sound 
in three dimensions is 




c*VV. 


( 1 ) 


where {5 is the velocity potential; the velocity components are 


and the pressure is 


?6 


( 2 ) 


(3) 


(Capital P is used because we want p for the Heaviside operator.) Now if is a function 
of r and i only, where r is the distance from a fixed {>oint, 


Henoe 



(4) 

( 8 ) 


and this has the same form as the equation of vibration of a string or transmission of sound 
in one dimenaion, the dependent variable being now f^. Henoe a general solution is 

mf(r-et)-¥g[r+et). (6) 

Tlw first teem trili represent a disturbance travelling outwards, the second one travelling 
hswivda. 
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Examples 


When r = o the outward displacement is, say, - sin nt when t>0, and the outward velocity 
ooant. Hence 




(p® + w®) (1 +po/c) 
c%* 




c®+a®n® 

c*+a®M® 


exp I ~ ®)| |®o® ^ sin^it - exp ^ ~ 

t L r~a\ m . 1. r-a\ ( c«-r+o\"l 

j-exp^ —)y 


( 8 ) 


when ct>r—a. 

The solution has a periodic part with a period equal to that of the given disturbance, 
together with a part dying down with the time at a rate independent of w, but involving 
the size of the sphere. As there is no corresponding term in the problem of the explosion 
we may regard it as the result of the constraint introduced by the prescription of a definite 
motion of the sphere. Its effect on the velocity or the pressure is to that of the second term 
in a ratio comparable with (clm)\ 


EXAMPLES 


1. A string of length Zl and line density p is under a tension P = pc^ and fixed at its ends. Two 
particles of mass m are attached to the points of trisection. A transverse impulse J is given to one 
particle. Show that the operational solution for the displacement of the other particle is 

PJ smhpllc 

c («^sinhpZ/c+2P/ccoshpZ/c)*-"PVc*^ 

and find the explicit solution up to time 3Z/c. 

2. A heavy uniform string of length 3Z and line density pis fixed at the ends, and a particle of mass 
m is attached at a distance I from one end. The tension is pcK A transverse vdocity v is given to the 
paartiole. Show that the displacement of the particle is 

mvmxkhplfo sinh 2pZ/c 

« S5 .1. — 1.— .1 — I . ■ II ■■ I ■ « .1^.. 

mp sinhpZ/c sinh 2 pll 0 -^pcmxih Spljc 

and evaluate ^ up to time 4Z/c. (M.T. Sched. 1927.) 

3» A dosed pipe of length I contains air whose density is dightiiy greater than that of the outside 
air in the ratio 1 +So« 1- Eveiything being at rest» the disk dosing one end of the pipe is suddenly 
drawn aside. Show that after a time the vdooity potential is 




cos 


(2r^l)nx . (2r+l}^cZ 

I. Bin ■"■II- — , 

21 21 


the bemg taken at ths pemanentiy cdoeed end and c being the vdooil^ of sound. 

(M/o.BairtIII,ma*) 

4. Sind the motion produced in the oonditions of Ex. 3 exoq>t that the pipe is a narrow oone 
instead of a oylinder. 



( 'hapter 2<> 

COXDUCTIOX OF HEAT IX OXE AXJ) THREE OIMEXSIOXS 


Tlioii roM, lutd hnt, ami ait 1 *lr\\ 

111 iinh^r t»'* tlinr j^tatioiiH If-aja 

jroHV jiJiViiKN', ‘/ay 


20*01. Equation of heat conduction. The riite f»f traiiMiiiMi'.a «>f heat ii<.'ru,<rf a 
surface by conduction is equal to —kdV'r.n jH‘r unit an-a. where 1’ i.' the temperature, 
k a constant of the material called the thennal eondnetivity, and tin an eleinont of the 
normal to the surface. Hence we can show easily th.it iti a unifonii material the rate of 
flow of heat into an element of v(.ilume dxilt/dz is kVH’drthftlz. But the quantity of heat 
required to produce a rise of tenijK'ratuw dT in unit muss is rdV, where r is the specific 
heat, and therefore that neede<l to produce a rise dl' in unit volume is f/edV, when* p is 
the density.* Hence T satisfies the equation 


If we put k fjc — A®, 

A* is called the therraometrie conductivity, and the equation becomes 


HI 

(2) 


cj 

ct 


A*v*r. 


i») 


In addition there may be some internal source of heat. If this wouhi raise the tem- 
perature by P per unit time if it stayed where it was generatwi, a term P must be addefl 
to the right of (3). Chemical and nwlioactive changes are the chief pro<iua>rs of heat 
at intenuil points. 

In applying the operational method of solution it is usually convenient to write AV 
for p. The operational solutions are then functions of q; but q must be expressed again in 
terms of p Wore interpreting. 


20*02. Rod cooled at one end. Consider first a uniform rtxi, with its sides thermally 
insulated, and initially at temperature 8. At time 0 the end x * 0 is cooled to temperature 
zero, and afterwards maintained at that temperature. The end x = I in kept at tem- 
perature S. Find the variation of temperature at other points of the rod. 

The problem being one-dimensional, the equation of heat conduction U 


8F .,0*r 
3< 0x* 


** 0, 


(I) 


while at time 0, V 


or 


<S. Hence the subsidiary equation is 
d*V 

(i*V 


( 2 ) 

(3) 


* Tlwnnodynunkflflfoeii requite ■onwBMxiifieationofthisstatMneiitiStnoe there will be in general 
a thermal axpandott, aad soate of the heat k uW is doing worii against the piewiue of the nmuadiag 
material. TheooReetkmnqui»dwa«»io«sf(>ragiui,botnotiinportaatfurasoUdorliqaid. Cf.JeOrajrs, 
Carttrim Ttmmn, Cheptar 8 , or Proe. Crnub. PhU. See, 88 . 1880 , 101 - 6 . 
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The end conditions are that V = 0 at a? = 0, f > 0; ^ at a; = Z. Hence 


F 


= 5(. 


sinh q{l — a:)' 
sinhgZ 


')• 


(' 


The operator is an even function of q and therefore a single-valued function of p. Tl 
poles are where ql = ±iniT, that is, p = where n is any integer. But ti 

negative values of ^(q) give the same values ofp as the positive ones, and therefore whe 
we apply the partial fraction rule we need consider only the positive and zero value 
The part arising from = 0 is 

l—x 


The general term is 
-S 




siahw7r(Z— a;)/Z 


( — hhihr^fP) (cosh inir) {PIZhHnn) 
and the complete solution is 

L* «-iWr ‘ J 


Q-n»n»A<m = 

nn I ’ 


If we use the Bromwich integral we have 


-=Ar 

2injz 


e^ll- 


suihg(Z— a;) \dz 
sinh gZ 


) dz 


(£ 


(« 


(7 


(8 


where = z. The integrand is a single-valued frmction of z with poles at 0 and — n^hhr^jl* 
It is immaterial whether we define ^ to be real and positive or real and negative when i 
is real and positive. We take it positive. The path 
can be deformed as shown; and then into a loop 
about z ss 0 and small circles about all the negative 
poles. The residue at 0 is x/l. For the negative 
poles, = + inn II, and 


c-^sinhgZ = Jf^sinhgZ = ]fgZcoshgZ =* iinn{-iy 


da 



Hence the residues are 

— 1)* nn I 


The values f — —mir/l do not arise, since at the negative poles arg^ = |args * Jwi 
when the path is taken as shown. Hence we recover (7). The path might also be taken in 
tither of the following two ways: 



It is easy to ^ow that either of these leads to the same result. 


20-03 
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The series (7) is rapidly convergent if nht' '* / is inwlerate; if it is I the second exponential 
in the sum is e~* «= 0-01 s, an<l the next e • = At this stage there is clearly consider- 

able cooling for half the length of tin* rfwl. 

If 7ikf '^:I is small the convergence is slow. In this case we can adopt a fonn of the 
expansion methfsl applied to waves.* We write { ti in the form 

r = a/* ♦/'-...i]. (!>) 

For if we interpret this as an itktegral along the jKith L. the argument f»f iTis lK*twt*en * !»■ 
at all points of the path, an»l tin* .'Ories eonverge-' uniforniiy anrl ab-toluti'Iy. Integration 
term by term is therefore justifiable, atid we may interpret term hy tttnu. Now 



qjc xp' A, 

fiO) 

and by 12*120(19) 

» =. 1 -erf {t> f). 

111) 

Hence 1' « .S' 

[-rf jjy ■ - ( 1 - I - ( 1 - 1 *■•■•]• 

(12| 


W^hen w is great, 1 — erfir Is small coinpiireri with c""'*. If then x iAt'* is moderate, but 
large, this series Is rapidly convergent, and can in most case.s lie reduced to its 
first tenn. This solution is therefore convenient whenever (7) i.s not. 

The separate terms of (9) do appear to depend on which sign we take for ^ when z is real 
and positive, whereas the original integral does not. But if we took the negative sign the 
series would diverge on L. There would, however, Ije a convergent exiiansion on L with 
positive signs in the exponents. But since 91(^} is now negative on L we are led again to 
precisely the same series. The choice of the positive sign for 91(^) is convenient, but the 
negative sign would lead to the same answers if the work is done correctly. 

The temperature gradient at or » 0 is, for large I, 

This equation played an important part in Kelvin’s estimate of the age of the Earth. 
Negleoting the curvature of the Earth, he treated the cooling problem as one of one- 
dimensional flow, S being the melting point; then measures of the tem{)erature gradient 
at the surface led by (13) to an estimate of f. Knowledge not available in his time has led 
to considerable olumge in the result. 

20*03. One-dimenaional flow of heat In a region infinite in both directions. 
First suppose that at time 0 the distribution of temperature is given by 


V - H(x). 

(1) 

We have seen that the function 


m 1 -erf (< > 0) 

(2) 

satiafiee the diffareatiel equation ^ 

(3) 


* BsaviihU, Jl ialn umym a 'B Thtarjf, t, SS-TS. t87~a. 
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for positive values of «; and it -will also satisfy it for negative x, since both terms in ( 
are odd functions oix. Also when t tends to zero this function tends to zero for all positii 
values of a:, and to 2 for all negative values. It follows that the function 

satisfies the differential equation for all values of x and all positive t\ and when t tends 1 
zero it tends to 0 for negative x and to 1 for positive x; and therefore to H{x). Hence th 


function gives the solution for positive i if F = H{x) when t = 0. 

Suppose now that the initial distribution of temperature is 

F =/(*) = [“ M)dH{i-x). (£ 

J 00 

The solution that reduces to E{^—x) when t — Otis 

Hence, by the principle of superposition, the solution of the more general problem is 

Put now | = a;+2Af‘*A; (8 

then F (9 

This is the general solution obtained by Fourier. 


20-04. Imperfect cooling at the free end of a one-dimensional region. Witl 
the initial conditions of 20*02, let us suppose that the end a; = Z is maintained at tem 
perature S as before, but that the end a; == 0 is not effectively cooled to temperature 0 
Instead we suppose that it radiates away heat at a rate proportional to its temperature 
At the same time heat is conducted to the end at a rate kdV /dx per unit area. These effect 
must balance if the temperature at the surface is to vary continuously, so that insteac 
of having F = 0 at the end as before we shall have a relation of the form 

3F 

— — aF = 0 (ar = 0). (1, 

The operational solution is again 

F = 8{1 -A ^q(l-x)}H(t), (2! 

where A has now to be determined to satisfy (1); then 

jAcosh^Z— tt(l— Asmb^Z) => 0, (3; 


and 


F = ffh. 


gBinhg(Z— g) 
g cosh ^Z + a sinh gZ] 
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The roots in p are real and negative, and w<* can proe»'*>«l to an interjiretathjn in {tartiiil 
frat‘tif)n.s as usual. Or, usint; the expansion in ‘waves’, we have 

L 'J 

If the length is great enough to make the tenii.<s involving * ■ *•' inappreeiulile. we ean reduce 
this to its fir.st two term.s. thus 

If X is g«*at, the .solution reduces to that «»f 2ien2: fhi.> is to he exis'cterl, fur (1) then 
implies that T' 0 when x = 0, which i.s the iKuualiiry coriditif»n adojrf«*d in 20*02. If x 
is small, T reduces to »S'; the reason is that this implie.-* that then* 1 *^ 0 ** l*.»sofheat from the 
end, and therefore the temiwrature <loe.s not change anywhere. For interinediate values 
of a we proceed as follows. If 

r/ •*“ Jt 

Bromwich's rule gives 

I r ah / , 

»“2,i.hi'v+-a“i'(='- * |-=- >"> 

Put s = The path for is a curve from Re~''*** to iUc’ where It is great, [tassing the 
origin on the positive side. Denote this ftath by A’. Then 






= e-9*H{t) « 1 -erf., 


(t>h). 


For the second integral in (9) we put ^ p; and this imrt of y is 

- J ~ exp |;t*< — /I ^ 2xh < + 1 j | ®*P {a*hH + ax) dp 

--exp(a*A*t-|-a*)(l-*erf*'|^~*J. (II) 
Hence y -« l-orff-exp(7*-j-a4r){I-erf(g-t-7)}, (12) 

where g » zJ2hi^, y *• oiU’*; and 

V - 5[erf|*f-exp(y*+a*){l-erf{J+y))]. (13) 

This is the same as Biemann’s solution.* 

The temperature at at ■■ 0 is *9 exp y* ( I — erf y ), whence the gradient at the end follows 
by (1). For t small this has a convergent expansion in negative powers of f and thaaefore 


* RNtMum-WabOT. PoraMI* S, ISIS, BS-8. 
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falls continuously. The temperature fall at x = 0 is not instantaneous, nor the grn^icTt ^ 
momentarily infinite, as in 20*02. For great values of t we can use the as3nnptotio expan- 
sion for erfy: 

~ ah^int) 

This is equivalent to one found by Heaviside.* 


r 1 1 1.3/ 1 1 

2a?liH^2.2\txViH} '■j' 


(14) 


20*05. A long rod is fastened at the end x = 0, the other end x = Z being free. Initially 
it is at temperature 0, but at time 0 the clamped end is raised to temperature 8 and kept 
there. Each part of the rod loses heat by radiation and convection at a rate proportioi^ 
to its temperature.t 
The differential equation is now 


dt 



-oi?V, 


( 1 ) 


where a is a constant. Put 

and write the equation 
The solution for a long rod is 

V = 8e~^ 

Put z+a^ = then 


p •+• a® = A®r*, 
02F 


ax® 


= r®F. 


But if 

the term in lf{^—a) becomes 


^ = a+ji, 


( 2 ) 

( 3 ) 

(4) 

(5) 

(6) 


}S6ip(-f)(l-arf2^), {7) 

as in 20*04 (11). The complete solution is 

If is small the error functions are practically unity so long as xl2M^ is large, and F 
is very small. F can be comparable with 8 for small values of the time only if x/21l<’*» is not 
large, and then aaejh is small. Then the solution is practically 5^(1 — erfx/21iZ'*), which is 
the solution in the absence of radiation from the sides. 

If ed^ is large and xl2Jtil^ not laige, the first error fimotion is nearly — 1, and the second 
■f 1, and F This is the solution for a steady state, and will hold so long as 

od^ — xf2Jt^ is large and positive, even if x(2h^ is itself large. The steady state is therefore 
reached approximately, for given x, when both t > or*, and t > x(2aeh. 


* Meatromagnetie Thtory, 2, 15. 

t Ingea-Hsiw^s eoperizamt: of. Bdser, Htatfor Admnoad Sludeitig, 1008, p. 424. 
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Cooling of the. Earth .*>37 

If there arc several r(Kl« of diifereiit eoniluetivities but siiuiiar fiiirfacc**, so that x i> 
the same for all, the values of jr where F attains a given steady value will 1 m,* jjro]rt*rtif;iial 
to h. 


20*06. The cooling of the Earth. C«Mjlinji in the Earth ,'irue if first bei*aiue solifl 
has not had time to Iwcome appreeiable exeefrt at »lejji li«, small e< (tiifiansl w it h the radius. 
It is therefon* legitimate to negleet the effeet.*- of eiirvatUK* and f leat the problem as one- 
dimensional. Radiation from the outer .'Uriiw*** mtist ha\e >of»ii rediieetl the tenijMTaturc 
to that maintainerl by solar radiation. .sf» that we iii.iy .-upfMis*- the ,-urfuee teiM|)erature 
to be constant and adopt it as our zero of ternix-ratun*. The efiief differeuee from the 
problem of 2(h(j:J Ls that we must tiliow for the heatlui,' «.*tiVet «tf radioaet ivity in l he outer 
layers. Sup|K>M<j tirst that the quantity P detined in i.s erpiui to a eonstant .-1 down 
to a depth// and zero lx*low that depth. Take the initial temijerature tu Is* S -f- tux (x > 0), 
where w is a constant. Then the suh'^idiary equation i.s 




-y=r 


A 






11) 


and the solutions are 


= — qH S -f- mx) (// < x), 


(2) 


A 

V = + .S' + mx -f Be-9* + Ctfi* (0 < jr < // ) (3) 

= S + »«ar+/fr~«* (H<x). (4) 

A term in e«* is not required in the solution for great depths, because* it would imply that 
the temperature dropped suddenly by a finite amount in conse<juence of a disturbance 
at the surface. V must vanish at j; = 0, and F and rVirtx are continuous at jr = //. Hence 


B+C+a+A/p »0, ] 

J5e'«^+f.’e*^+A/p = Df**, • 


(S) 


Solving and substituting in (3), (4) we find 


A 

F = /S(l -«-«*) + mjr + ^{l~e-«''-«-«»8inhgx} {0<x</f), (6) 

F » S(l-e'«*) + mx+^(co8hg/f— !)<"»* (H<x). (7) 

P 


The solutions and their derivatives with n^ard to x involve operators of the forms g” 

These can be evaluated by using Bromwich's integral and integrating by parts; 
or we can start with 


and if 


e~vf 


1 -erf 


X 






-erfv}dr, 




0,{a) « J" 4>|(v)dp, 


( 8 ) 

(9> 

( 10 ) 
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The explicit forms of and <E>a are 

— erf«), (Hj 

= {l+W (l-erf«)-^«6-^. (12) 

The functions have been partly tabulated by Jeffreys and Hartree (of. 23*08). They are, 
however, intimately related to the functions Hh^ and EDha treated later and tabidated 
in the Britieh Aasociation Tables', it would be useful to have the latter tabulated to four 
figures at a short enough interval to permit linear interpolation. 

In the actual problem a considerable simplification arises firom the fact that H is »Tnn.l l 
compared with 2%^*^. On this account we can expand the solutions in powers of H and 
retain only the earlier terms (the path for the Bromwich integral being modified to M). 
Then for the surface temperature gradient we have 

(9F\ A A 

AH 

=3 8q+m + -^{l-iqH)+... 

/„ lAH^ 1 AH 

and for the temperature at depths greater than H 

A 

F = /S(l— €"«*)+ 


= mx + 




. X AH^ 

2A* ' 


The age of the earth is now known to be of the order of 2 x 10* years; with this value the 
term AH/h^ in (13) accounts for about f of the observed temperature gradient. 

An alternative possibility is tibat the radioactive generation of heat, instead of being 
confmed to a uniform surface layer, may decrease e:^onentially with depth. The sub- 
sidiary equation becomes 

- ?*F = 


at aU depths. We already know the part of the solution contributed by S+mx. The 
remainder is 



^ Ae-^—e-^ 

A* g»-aa • 

(16) 

But 

h^{qi - a*) ~p-h*ofi~ 

(17) 

and 

q>—a* 2\q+(t. q—a) 

(18) 


* J[e-«®-exp(-)^+aa:){l-erf(S-f-y)}] 
i-iCe~«®“e3£P (y*-a«){l -erf (g-y)}], 
§ SB xJ2h0», y a= 


wuerD 


(19) 

( 20 ) 



20*07 Hphfrical thermmnf^Ur bulb 

Hence, collecting the terms, 

W = j,~ [I -erff — C'-"*- Jexpl-/®-4*aj;))l— erf{?-y); ■*• Icxply®- Jtr) ;1 

ft** CL** 

lii) 

which is the same as the solution obtiiin«*<I hy Ingersoll and ZoIh-1.* 

The contribution of ra<lioa<?tivity to the teiniwratun* gratlietit at the *!urfaee is 


I I “ 1^* ■* - -‘‘rfyi!- 

\ cje h^q + x //-x' ‘ 




WTien y is great, a> it actually is. 



1 

zk 


I- 




To reconcile the various data it is necesnary that the radioactivity must la* practically 
confined to the outermost 20 km. 


20*07. *4 spiff rkal therjumiuU r built is inhialhj af a uniform tempt rotiirt < qaal to that of 
i*s surroundings. Th< temperature of the. air decreases xcilh htight, ami the the rmomett r is 
carried upwards hi a bnllwni at such a rate that the temperature at the oulsUli of the glass varies 
linearly with the. turn. Find how the mean temiteraiure of the. mercury mriis.f 
The temperature within the bulb aatiafies the equatkui 


and the subsidiary equation is 


f r A* 

= h^*V = - v-j(rr), 
c t r tr* 


^(rV)^g*ry. 


HI 


(2) 


The solution finite at the centre is P’ = (-4/r)sinh5fr, where *4 is a function of t. The 
temperature at the outer surface of the glass is Ot, where ^ is a coitstant. But the glass 
has only a finite conductivity, and the surface condition at the outside of the mercury 
is nearly 

= A'(«t-P’). (3) 


K depending on the ratio of the two conductivities and the thickness of the glass. Then 


a>Ka/p 


jCa sinh gw + JO cosh gu — sinh go ’ 


H) 


where a is the inner radius of the glass. 

The mean temperature of the mercury is 


gwcoehgw— sinhgw 




a|gr* ~ 9° 


(«) 


• MaOmiatlea Thtmy of Beat CeaduoMoa, Oinn. 191*. 

t A. R. MoLaod. PkU. Mag. (6) *7, 1919, 1*4; Bromwioh, ibid. (6) *7, 1919, 407-19. 



Periodic supply of heat 

In applying the partial fraction rule, we notice that near p == 0 


20*08 


k; = 


ZKO 

apq^ qa{Ka + \Kqhi^ + 

= 4 - r :( n - ' 


■■•■soir))' 


( 6 ) 


Thus there is a systematic lag in the temperature of the mercury in comparison with that 
ot he aj^ which must be allowed for in the measurement of upper-air temperatures 

The other zeros of the denominator give exponential contributions, which are evaluated 
m Bromwich’s paper. 

20*08. Periodic supply of heat. Reference was made in 18*012 to the possibility 
of peno^c solutions of the equation of heat conduction when there is a periodic 
sourw of heat. As an example, we consider a one-dimensional region where the tem- 
perature at « = 0 is given to be ^cosyi. Regard this as the real part of Sexpiyt. Then 

dw dv 

and the solution tending to zero for large x is 


where 

Then 

and taking the real part 


V = 

A® = iyh^ A = ^Vy-A = (1 +i)K. 

V = Sexp(iyt—(l+i)Kx}, 

V — fife-*® cos (yt—Kx). 


The v^ation is ^riodio but its ampUtude falls off exponentially with depth, and the 
p ^ IS cbntmually retarded. At a depth tt/jc the phase is opposite to what it is at the end 

Se ^ 

This is ob^ed to occur for the diurnal and annual variations of temperature in the 
g^d, the former being inappreciable at depths more than about 1 and the latter about 
18 metres. It is important in meteorology, because the ocean is turbulent and heat is 
greater depths by mixing. This, even more than the difference of 
^wfio heats, aocomts for the greater abflity of the ocean than the land to store the heat 
it receives during the summer, and to warm the air passing over it in the winter. 


.w .sa. xul, iu. JT Xi JGi O 


«'«<«¥»« • “.i tiMiramW. omdmKrt., J. fa fa, fa„. 

» «fah . Ufa 


•.IP,. 2P 

•'-5ii(--*)+SK 




ain «P { - **»*jr**/a*). 



Examples itil 

If i is umAll show that an approziiuatinn to —f r,t*r at tho outw(h' i.s 

P • I M.T. S.fh.*d, fj, UWO.t 

2. A uniform Hjihore, origimiily at tf‘inpfTOtijr<» fp/ trn th+' siirfiv'^*. Ti’i*' u mpr. rut ur»> gnuiiont 

at the siirfactr is — /r tinK*s tho th#T**. that aft*'r a tirnr t}*** t#mjH rat iirf at 

tlio surface is nearly 

.Si xp j (M.T. Sfh'sl. ft, 192H4 


3. A long uniform striiiu: is ,hu as tt> {>ro|)4ijrato wav> witii v» l»*C'ity r. Th»T*’ a r^'^i-^tanre 

to tranH\x*rsc» nn*vement rapablo of r»n>ificiiig a n tanlatjori to A tinit.s flit- volfii ity. *uil is 
fluddoTily drawn twide a dwtance .yo- tiiat ♦!» then* I- tah inotioiA at distiirire x lroni tiiat <*nd 

until tirn** x c, lii) the sIojh* at th** di^turU^fl en«i is .AflVmplMtK iilly 


r iTTf! \ 4/< 


4/<t 32/12/2 




If M.T, Sa h<‘d, H, Itt2s.A 


4. A spliuri'i of nuiius a with initial triupA/ratiw Tq js .sniTouij<k‘ii b\' an infinito imsiiutn ttf Jho 
Humo material, and with initial teiupiTOtim^ M. Prov»‘ rhiit the t»'jn|MMt»re *it di'^taiie** r\ >ni from 
the centre at time t is 


V 


>■ 



w’here 


^ r— « r-rn 

^~ 2 h\,r 


(I.C. 1942.) 


5* Determine the solution valid in the range 0<ar<7r,/>0, of the tK|UHtu»n 

€Z th 

Tt r. >’ 


such that 3 = 0 for = 0 and j: = ff, and 3 = x for / = o. 


{U\ 1941.) 



Chapter 21 

BESSEL FUNCTIONS 


‘Mine is a long and a sad tale ! ’ said the Mouse, turning to Alice, and sighing. 

‘It ia a long tail, certainly’, said Alice, looking down with wonder at the Mouse’s tail; ‘but why 
do you call it sad? ’ 

XiETWis CABXtoUi, Alice's AdveTUures in Wonderland 


21*01. Definitions of J±„(a;), J±„(ar), We hare already had (16-10, 18-03) the funetionB 


4(*) = s(-ir 


r*» 0 


r\(n+r)V 


*L„(*) = s(-iy 


r-O 


r\{—n+r)V 


( 1 ) 


The corresponding series with all the signs taken positive are 


00 


4(*) = S 

r-O 


(|a;)n+8r 

r\{n-\-r)V 


I {x\~T 


Clearly 4(®) = Jn(xe^”*) = J^(pixr^) 


4n(®) = 


( 2 ) 

(3) 

(4) 


The difieirentiaJ. equation satisfied by and is 

and that satisfied by 1^ and is 

and are often palled Bessel ftmotions-of^iipaginary argument. 


21*011* Complex integrals: operational forms. Convenient complex integrals 
for these functions can be foimd by starting with the operator in terms of t real and 
positive, 

_ ■s.-^ (7) 

j>-"eip(oj)->)a(i) = »-<>«<*. a Bif) _ (|)'‘”i;{2^(<i()}ir((). (S) 

Heacefor »> —1, t>0, 

Ifweuowmodifythepathto JIT, which has termini at 9t(«) »» —oo and crosses the positiTe 
zeal axis, the integral is significant for all n and can be need also to express I_n{2 
Ag^, we may put 


zt =s1t. 


( 10 ) 
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Nckldfli's intfigrnU 

543 

Then ((») becume.s 

* nA 1 "A 

111, 

and 

- a,-''"' 

<12, 

which is valid without rtNtricti(»n on t and /■. 

If wv no»' put t - a ^ 1 . we lia\ e 




• 13; 

an<l with a = — 1 , 


111) 


art i>> obvious from comparison of flio «crit> (1^ iin«l (-’j. 
Another intert.>ting form is got by putting 


then 


M = IxA; 


valid if the termini of M are where SH(arA) = — x. These are Schlatii's integrals. 
(16) put 

A 2/<; 

then A *// + (/**- 1)'*, 

the positive sign being taken for /i real and > I. Then 

and similarly •^n(*) ;r" f • ■ •.i 

Thus we have the operational forms for IJ,x) and JJ,x) forn > — 1, 


(l’») 

(16) 

U") 
Now in 

(IS) 

(lb) 

( 20 ) 

(21) 

( 22 ) 

(23) 


21*03. The Hmnicel functions H8,t(j;),Hi«(«);T]i(x). Now integrals ofthe forms (13), 
(14) will also satiafy the differential equations if oiw terminus is taVxn at u » 0, provided 

that the approaohtoOisinsuohadireetion that-j-^—oo for J«(4r) and to +oo for y„(jr). 
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This may be verified directly by the method of 16-10. It is convenient again to take* 
real, and to use (16), (17). Then X+ 1/A is stationary at ± 1 and A- 1/A at ±i. These 
are saddle-points and we may take the paths through them as follows, for 4(*) 



In either case the sum of the iutegrals along the two paths, in the directions indicated, 
is /„(*) or J^(a;), as the case may be, since the paths are together deformable into if. 

In the latter figuire we denote the integral along the upper path by ^Ea„(*) and that 
along the lower by •iHi„(*).* Then 

2JJ^x) = Hs„(aj) -f Hi,i(a:). (24) 

Since the dominant parts of the integrands near* the respective saddle-points are exp ( ± ix), 
we see that the three functions are related in the same sort of way as cos*, espi*, and 
exp ( — ix), and if we also take 

2ir„(*) = H8„(*)-Hi„(*) (26) 

I^(*) win be analc^ous to sin*. Also 

The way of writing the limits in (26) means that the path goes from 0 to — oo hy way 
of {. These integrals, being anedytio functions of *, will also be solutions of the differential 
equation for complex * such that 9l(*) > 0. 

The paths are transformed into themselves by the substitution 

A = -!/». (2&) 

* Thaw i^mdiione were intreduoed hy Nidsen and demoted by HJ(as), Sa(*). Watson denote there 
B^{x) aod HS*(*)> Ihe former notation has the disadvantage that the same n is a sufSx in 
' tfo latte is in petattog and writing, and almost fanpoasthle on a typ e wri ter. WeiiseHSal*} 

. end the *s' and *i’ meaning 'superior* snd ‘mfeite’ in aooordanee with the paths taken far 

tire Beitttflt jniegreila Cither iwtatkxw are in use. 
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But if we are to maintain the rule tliat argumentn an* to Ije taken aa 0 (not ’2n i for quan- 
tities on the positive real axis we must take re«p«*etiveiy, 

for {2H), A * f." ti; for (27), A = f ” « (2f») 

and then Hs„(j:) = "" | exp | ?/« 'du « r (30) 

Hi„(jr) = f'‘’"Hi.„(j*). (31) 

But we have also 

2J.„(j*) = Hs.„(^) + Hi_,,(,*) - (32) 

and therefore 

iainwjrHs„(.c) = .(j-j. (33) 


All functions in tin* lust two reintions heinjf unalytie in both rand «. they <‘ati la* taken as 
<lefinitions of Hs„{r) and Hi„(.r) without restriethm. In all euM-s they will Ik* e<juai to 
integmls derivable from (21i) aiwl (27) by eontinuoiis nioditi(*ation of the path in sueh a 
wa\- that t)i(j*A)-^-— x at one terminus. Also from (23) 

)•„(«) » ,34) 


When n is a posith’e integer/. „ (r) re<luces t o ( — 1 )" /„(x) ; but when n approaches a jiositi ve 
integer tliis expression for Y„ tends to a definite limit , which we can then take as the 
definition of r„{r). We take then* 

r (r) = lim 

c-iko Bin(n4i*)n 

nt 


The terms in (1) fail into two classes according as there is an infinite factorial in the 
denominator or not. The general term of J„{x) is 

(..lyr 

' ^r!(n + r):’ 




<38) 


where f is the digamma function. A similar result holds for the terms of with riin. 

But for with r < n we have 


dn 


m 


,-»-*+** 


r!(— n— e+r)! 

rite!!* 


i-ir- 


rfOJ 


(-l)-»-*(n-r-I)! - (**)-+». 


(38) 

(») 


* An iwtonisbixig variety of notatioas ariata indiflhraat aaeounta of BMaal fttnetioni. Wataon’t 
and our F. ia oalM Iqr JahnlcB and Emda, -O, bjr Haaviaida, and ± %KJtr by varicnia other 
writan. GtKx) of Ony, Mathews and MaoBobeet is He Hai{n). 0. haa ako bean uaad in other 
aeiwea. For deteile of notation Ibr tbk and other B eeee l ftoeeationa sea ifnMemarienf SkMse and 
rider Aids «e OawjwrtaWen, 1, 1944. t07-30S. 

IMF 


ss 
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Integral on real paths for J„{x), Y„{x) 

21*021 

Hence 




7r,„o 

(40) 

Putr = 

n+a m the second series; it becomes 




(41) 

and 




7rr_o 

(42) 


for n a positive integer or 0. There is always a singularity of at the origin, and it therefore 
cannot arise in any solution that holds at the centre of a circle. It can, however, arise in 
solutions that hold between two concentric circles. 


21*021. Integrals on real paths for T^ix). Another integral expression for 
Hs„(a;) can be got by specifying the path of (26) definitely as follows. 



-1 0 

On the stretch 0 to + 1 put A = 6~**; then this part is 

If®® If” 

exp{ia:(e^— exp(—»sinh «+»«)(!». 

On the semicircle + 1 to — 1 put A = exp {id); then we have 

1 T" 

- J exp {ix sin 6) exp ( — nid) d6. 

Ibrom — 1 to —00 put A = exp (u+in); this part is 

1 f“ 

and in all 


(43) 


(44) 


A I exp(— »Binhtt)exp(— «7ri)<i«, (^) 

mjo 

Sb^(x) = i f exp(wsin^— 7w5)<W+i f exp(— a? sinhtt) {exp ««+ exp (—««—»»»)} d». 

TTjo mJo ^ 48 ) 

Since when x is real Hs,^ and Hi,^ are conjugate complexes 

Hi*(*) = i r exp(— ia;sin5+«»^)d5 — exp(— aJ8iiLhtt){exp»»+exp(— M«+»»r»)}^ 
TTjo Jrtjo (47) 

and - f oos(a!sm,^— »i^)<W— - f* exp(— atsudnt— ft»)sinft7r<i», (^8) 

WJ» JTjO 


afl) 



21 022 


IntKjrah nn rttul j/rttfM for Ijjr), f»47 

valid for 9i(jr) > O; the fir>t is hUo valid f*tr iKi.*') <• if jKiw > > •>. If t, in a |Mi.-<itivv intt'^or 

rwluces to the Hrst inte'jral. which i> known us Bev^'l’s iiitcirral. It occurs in the 
expression of the radius vector in planetary inotioi) in terms of the eecenfric aiiu'le. 

21*022. Integrals on real paths for the second solution Kh„'r). \Vc c.ui 
cet similar expressions for the integrals uionu tla* [Mtlm foi I > /• , hv takimr y to Is* com- 
plex with a positive' real part and <‘iioosins't1if*ap]iio}<iiatc pat h; or Hccan proewd direct ly 
as follows. Usiny (Hi) we take the [mth in tlic plane 



On the circle put 
Tlien its c(»ntribution to IJx) is 

1 r* 1 r' 

-7-1 exp(xco8(9 — n»d)di? ss - I exp (jr cos cos nWd/i. 

njo 

From — x; to — 1 and — I to — x put 

A = exp (u — ijr), A = exp ( ?i -r in). 


The contributions are 

roo 


(50) 


(51) 


(52) 


1 f‘ 

. J exp { — X cosh M — nu) e"*" du + 


1 f* 

2w«J« 


exp ( —X cosh u — nit)er '“’'du 


j exp{-xcoHhM-wH)d«. (.53) 
n j(i 


j| sin T^TT 

Henoe /_(x) *= - I exp (x cost?) cos n^dd- I exu{—xcmhu—nu)du. (54) 

^Jo rf Jo 

1 Bi n WTT r* 

Also /-III*) “ - I exp (xcoe 008 n0d0+ 1 exp(-xcoHhu + iiK)du (55) 

njo fr Jo 

(50) 
(57) 


and 


/-«(ar) — 7„(x) s* r exp(-xco8hu)coshnudu 

*r Jo 


» 8mn7rKhM(x) 

say.* Then Kh„ is significant even when n ia an integer, subject to {R(x) > 0. 

Again, take the int^pral from — x to 0 by itself, with arg A ■* — ir. Then the part from 

— xto —1 gives e*p (-" ar cosh tt-nu)d« as before. From ~1 too put 

A ■■ exp ( — u — fir). 

* Thk Amotion it that uted by Heaviaide; Wttaon, following Maedooidd, taket Kjx) equal to i* 
times this, though ho reoogniaet explicitly that the factor eompUaUea the relation to and 

Hia(x). It also oonaplioatea the relaticti to the L«egendn funetioa 4!Af*)' Published t a bl ee nSer to 
yaodon ald’afanetion; but the o o oee tflw a for ueing the wdationa b e t ween iCa,Hta,aod HI, are eonimaeg- 
ous that the moat eonvanient prooedure would be to divide thepubliBbodt4d)lee by ^w. We write, Haavi- 
ride’s ftmeriott oe Kh.(») to dktinguieh it flma-lfaodonrid’e. 
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21-03 


Forms for Kli„(a:) 


This gives 

and the whole integral is 


1 r* 

— — exp(— a;ooBhtt+mt)<J!tt 


^00 ^nin 

I exp (— a;coshti)co8hntidu = — 5 -:-Kh„(a:). 

m Jo ■"* 

KIh„(a;) can be transformed back to the Schl&fii form; we have ® 


(58) 


2 1*® If" 

Kh„(aj) = ~ J ®^P ( ~ * *’) ~7rj ^ ~ * v + nv)dv > 0). (69) 

Put e* = A; then i roo r / i\^ 

Kh7»(») = (9l(*)>0); (60) 

and if -larA = u, 

Kh„(aj) = i ( “ “ “ i ^ • (®^) 


Clearly £hn(rB) = Kh_„(a;), so that we can always take » > 0. 

By continuity the same forms will hold if Sl(») = 0 or = 0 provided that the 
integrals converge. In particular (61) is true if 0l(x^) = 0 and > 0. 

Kb jt can be expressed directly in terms of Hs„ or For, using our original relations 
between the I and J functions, we have 


sinre7rKh,i(a;) = I_n{x)-IJx) (62) 

_ gifeniri (63) 

= i sin Hs„(a!e’^), (64) 

sin rm Kh,t(a;) = J_^{xe~^i<^) — ^knari j^(a:e"^/*"*) (66) 

= — t sin W^{xe-^*) . ( 66 ) 

Hence Kh,i(a:) = ie'^"’^H8„(a:e^^’^) = — ic~^^’'*Hi„(«e"^^). (67) 


In consequence of these relations aU the Bessel functions for given n can be expressed 
in terms of the single function EIi, 4 (a;). When » is a positive integer or 0 we can represent 


by 

= (- l)«+i|4(*)log (i«) + (- i)»i J^_^fe^,{;r(^)+/(»+r)} 

and in particular Kho(®) = - log (Ja:) + ^ S ' ^^^ /(r)- C^®) 

21*03. Further complex integrals for J^{x). Other integral representations of the 
Bessel functions can be found by putting in the equation for J^i^) 

y — ar^. ' 

■ J 

Then oMf' — (2w— = 0. 



21 *04 Olhf-r forma for Jjjr) 

Substitute u -.r {f-'Zth 

<* 

along a path to be deterinijicil: th*-n 


rn" — (2»— \)u' ~-xii 


\\z--x\Z* -fh 

[1:2- . lijj;-. rl„ 


aiwl if the integrand is to vaiii'-h 


Z' 

Z 


(:!« - I fS 


r.Zjh., 


r>49 


1 7*t I 


t7M 


(<*M 




("♦‘d 


1 i' 

Then a solution will be " ~ . .1 , , - •I'- lT7l 

r.''* - 

where SRiar)-*- — x at the ends of the j>ath. If w > - J the intenral will eonverge oTi the 
standard Bromwich path, ami we have the oiwrational form p {//® - 1 The llrst term 
in the e-vpansion is p *" « a"*" This identities the s(.tIution as a emistant multiple 

i^Ti * 

of x"J„{x), nn«I indeed it is as we can verify by ilire<ft ex|mnsion of the 

denominator in desc«n«ling |>owersof z. 'rhmi using the multiplication formula for (2B)f 




(78) 


This result was found in this way by van der I’ol. Apparently, though the e<(uation (72) 
is of the second onler and must have another solution x"J. ntr), we have found only one 
solution. But the integrand in (77) has branch points at ±t. If we take a figure of eight 
contour surrounding them, or a l(K>p from — r about either, we shall obtain other solutions. 
Analogous integrals are used by Watson in Chapter tf of his lamk. 

tf n+4 is an integer the integrand is single- valued and the solutions will be expressible 
in finite terms, aa we have alrea<Iy sf^en in considering the asymptotic expansions for this 
case. The present form has one advantage over that used by Watson: he gets a factor in 
the integrand that would Ije ( 2 * H- 1 )" in the present notation, and if »— J wan a jKMitive 
integer or zero the integrals would vanish. This complication is avoided by having the 
factor {s*4- On the other band his form is more manageable when the i»ath is 
reduced to a loop about a branch point. 


31*04. Recurrence formulae. Returning to 

and differentiating, we have 

j'M - jii 


n^i 




( 1 ) 


( 2 ) 
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rafftoentiation if (3; 

== ““ (4) 

By subtraction j;»-i(») +4+i(®) = (6) 

Aiso from (4) and (6) J'^{x) = Jn-i(*) (6) 

Ju 


These differentiations hare been carried out on the integrals over the path M, which 
give Jn{x). But they could equally be done on the paths used for Hs„(a;) and Hin(a:), 
which therefore satisfy the same reorurenoe relations; and then by the definition of !],{*) 


this also will satisfy them. 

The corresponding relations for IJix) and Elh„(a:) are somewhat different, on aoconnt 
of the difference of sign of \ju and 1/A in the exponent. We find 

/;(*) = j4(*)+44-x(®) = -54(*)+4-i(*) = i4-i(*)+i4+i(*)> (7) 

4 -i{ 3:)-4 +i(*) = ^ 4(*). (8) 

Kh;(*) = ^Kh„(a,)_Kh^^(*) = -^Kh„(a;)-Kh^i(a!) = -iKh,»_i(*)-iKlVrt{a:). (9) 

Kh„_i(*)-KlVHi(a;) ^Kh,(a!). (10) 

In consequence of these relations it is possible, given any Bessel function for n ss o and 
» = 1, to build up the same frmction for any integral n. 

Particularly important cases are 

Ji(a!) = - 4(0!), 

4(*) = 4(*). ^{*4(»)} = a4(»); . (i*) 

^ Kh^K*) = — Khi(a:), ^{a;ELhi(!»)} = —xKh^{x). (18) 


These oooux in hydrodynamioal problems relating to cylinders, where if the radial vdooify 
depends on 4 the azimuthal velocity depends on 4.> oonversdy. 

21*05. Asymptotic formulae of Stokes’s type. -These ace most easily obtained 
for Hs,t(a;), H4{a;), and Elhyj(a;), on account of the fact that the natural paths of integratiaii 
to use fo5r them pass through only one saddle^point. The foirms 21*02 (26) (27) are perhsps, 
the most convenient for getting the first term, since with them the positions of the saddle 
points of the exponential factor ace independent of X. Writing 



21 >05 


StokfMJt px^wmion.'i 


the intcgraml for Hh„{j;) at ^ = i ia 




ni 




<^1 


and the pjith of steeliest iiese<‘nt. fi»r x real urid i- at Jn to the jmsitive real 

axis. Then ^ ^ 

HhJx) !>j ^.ox\) i*x - - JjTj I exp ( Irri i 




(3) 

and similarly 

/ 2 i‘- 

Hi«(x) ^ exp I |xj}. 

<4) 

Hence 

/ 2 i’ • 

’^,M) 1^;^) '‘o^ U - Jwff - Iff). 



«hMJ*- V«ff- Jff). 

(«) 


These tieterrnine f he ooeflieients of the various first t<‘rms. The rest of t he (‘.xpansions can 
be determined from some of the integrals, Imt are most easily found front the differential 
equation as in 1 7- 1 2 1 . We iiave 


expiV-i«»r- jn-xr-iT), (7) 

ex|){-*V- Jnrr- iffjlir + iT). (H) 

/ 2 \ * 

{f'coHi-r- Jnir- J7r)+ I'sm(j'-Jn7r-Jff){, (ft) 

/ 2 X'*’* 

= (r«in(ar- reo«{j;-inJt~Jff)}, (10) 

\ TTJl r 


where r~l O--*"*)*®--*”*) . (l-‘*n*)(»-4«*){25-4«»){«-.4ii») 

l-4«* (l-4n«)(9-4ii*)(26-4««) 

3!(8x)» +•••• 

These are Stokes’s expansions. We have taken x m real and positive, but we see that this 
condition can be relaxed. For with a complex x we atili obtain the correct integrand at 
A » i by direct substitution. The direction of the path is rotated by ~ j)argx, and this is 
allowed for by the factor x-\ Yet there is a limit to the range permitted to argx. For, let 
us suppose it increased continuously by 2ff. J„(x) is multiplied by exp(2m» and returns 
to its original value ifn is a positive inte^r. But each term of (9) is multiplied byexp( - tir). 
We know already that an asymptotic expansion cannot be coneot for all values of 
argx nnleas it oonvergM*, we see here that to permit unlimited variation of argx would 
lead to seriously wrong results. To trace the origin of the ehange we notice that aa 
argx in e r e aaca, if we keep to paths of steepest descent the path near each saddle-point 
rotates negatively by half as much as aigx in cr ea s es, and further argA must decrease 
at |A| » 00 and inmesse at ]A| small, by the same amoont as argx incieaaes. 



652 Stokes's expamiona for I J^x),'KhJ^x) 21 • 06 : 

Let Bxgx increapse from 0 to 2n. Then the paths of steepest descent are exactly as a 
the start, but the directiona of travel through the saddle-points are reversed, amd ih&refor^ 
they me traversed in opposite directions to their original ones if we try to maintain th( 
continuity of the approximation. But this is clearly wrong. Bor with n a positive integei 
we must get back to the same value of and Hs„(a;) is always an integral from 0 tc 
ooexp(i?r— *arga:), and Hi^(a:) one from ooexp(— iarga?) to 0, the two togethei 
constituting a loop in the positive sense about the origin. The reversal in sign must come 
from a failure of the as 3 miptotic expressions to represent Hs,i{a:) and Hi„(a:) over the 
range 0 ^ arg x < 27r, and the reason is that at some value of arg x continuous deformation 
of the steepest descents path near a saddle-point makes it change from one going from 
the origin to infinity instead of from infinity to the origin. Thus let arg a; — \n. The 
path for Es„(a;) is straight along the imaginary axis, and there is no trouble. But 
that for Hi„(a;) is as shown, a dotted line indicating the path 
for arg a; a little less than \it. If arg a; is a little greater than 
we could take a path in a suitable direction from mfinity to i, 
round the circle, and from i to the origin again in, a suitable 
way, and Hi„(a:) would be given correctly. But such a path would 
not be the steepest descents path (the other dotted line), which, 
ifit is going from left to right near — i, would cross the circle from 
inside and go from 0 to infinity. We can see that the difference of 
the integrals along the two paths is 2HSn(a;). This is irrelevant 
to the definition of the asymptotic expansion; for every term in 
Bs„(a;) contains an exponentially small factor when 0 < arg x<7r, 
and the whole series, when | » | is large enough, will be small compared with any given tram 
of the series for Hi,j(a!). The expansions are therefore both valid when 0 < arg x<7r; but at 
aegx = n the moduli of the first terms become equal, and the new portion of Hi„ will 
become the larger. Hence the asymptotic expansion of Hi„(a;) is not valid when arg x>7t. 
That of Hs,i(a;) will similarly begin to represent a function with a multiple of Hin(a;) 
when arg* = fw, and the new part will become the larger when arg* = 2?r. A little 
further consideration shows that the range of validity of the asymptotic expansions is 
— jr<arg*<27r for Hs„(*), — 2jr<arg*<?r for Hi,j(»). The expansions of J^(x) and 
YJje) based on them are therefore valid for — tt < arg x<n, but of course not at argx = ± m 



21*051. Asymptotic formulae for ijj(*) and Kh,i(*) can be derived from these by change 
of aigument, using (3), (4), or directiy from the mtegrals 21-022 (61), (60). The later 
terms are found from the differential equation. 


4(®)' 


^(2itx) 


l-4n» (l-4»*)(9-4n.») 




2 ! ( 8 **) 


+ 




-4TOa^(l-4«®)(9- 


8 * 


21(8*)a 


•••| 9 


(13) 

(14) 


It can be shown that for real argument the error in stopping at any term of , the series 
U and F has the same sign as the first term n^ected, and therefore the function lies 
between the sums of r and r+\ terms of the series if the uumbmr of teems retained is so 
large that consecutive terms alternate in sign.* The same is true of £h,t(*), but the 
.ooiTespondiag inequality for i^(*) is more complicated. 


* Wate<m, Theory of Beaad Fvnetkma, p. 200. 
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21-052 tote^retatlonool ^(j,*/.).j,Kl^(j„/e),Kl^,(j„). The physical opplioa- 

hom of the todsom OSS. he dialmgmehed by the exponential factors in the 

e^ons. Thus trhere we s^nld write for a w«™ tayelling in the positive dit^n 
of the axis of z, m one diTnftTiCTnTi 

ooB K(ct-z) = Sftexpi/f(c«-a;), 

we stould write fox a symmetrical wave in two dimensions the phase of 

whM*, whm Kw IS large, will travel ontwards with velocity c. The fcnctdon D.(it) need in 
Istmb sBjrfrodpa^msis -iHi,(w). The fhnclionHi,(x) is themfem sperislly eonvmnent 
for treatmg spreadmg hajrmonio waves. ^ j 

The finiteness of /„(*) at the origin maJces it the suitable function to be used for 
problems d^g jath the interior of a circle; but since ^z) tends to infinity mth » the 
pro^r fimotion of imaginary argument to use outside a drole is Kh,^{a:). Kho(®a), where 
p IS the Heaviside operator, occurs regularly in problems of the spreading of oylLdrical 
tob^ces and plays a part similar to exp ( -ph) in one dimension. Ssimplest form 

^ exp (-a:coshtt)dM. 


( 1 ) 


Then 


‘»(‘<?)^ =IJ. 


( 2 ) 


rooBh^^dlw 


du 

Jo 

1 <5/ 


(3) 


and therefore in general = -oosh-i- H'lt--] 

Tt w \ cj 

The operator B^(pm/c) therefore gives a disturbance beginning at time wjc and spreading 

magnitude at a given place will ultimately increase indefinitely 
with tune. Differentiating, however, we get a more usual operator 




(4) 

These Jow at once a characteristic feature of waves in two dimensions; nnlilrA waves in 

one or t^ dimensions, there is no sudden end to a two-dimensional disturbance, but an 
mdefimtely prolonged trail. 

^>0,p = AV, (6) 

■ " 1 “ (^) (») 



664 Functions of large order 

Dijfferentiating •with respect to t we have for f > 0 


1 TO® 

fKh^igm) H{t) = - ^ » 

0 

and also qajKhi{qw)H{t) = -qvjKh.Q{qm) = 

nvj^l4JhH^H IT 


21*06 

(7) 


( 8 ) 


These operators, which occur in problems of diffusion about circular cylinders, are 
special cases of some that lead to the confluent hypergeometric fimction. 


21*06. Functions of large order : approxima'tions of Green’s t 3 ^e. Asymptotic 
approximations for large n have been found (17*132), apart from constant factors, by 
direct study of the differential equations. The constant factors can be identified by com- 
parison with the Stokes expansions for x much larger than n. The approximatiom can be, 
and originally were, found by Debye by the method of steepest descents. We illustrate this 
by means of ij^pe) and Kh„(!e) for x real and positive. We have from 21*022 (67), 


Kh„(a;) 


exp ( — a; cosh it) cosh Jittdw 


=.?r 

ffjo 

If" If* 

= -( exp(— !COOshit-t-itit)d!it = - exp{/(it)}dit (1) 

njo iTjo 


since the term in exp {—rm) decreases steadily "with increasing it and is easily shown to 
be negligible in comparison "with that in exp (mt) when n is large. The path of steepest 
descent is the real axis. The integrand is a maximum when 


/'(it) = «— arsinhit = 0; 


and then sinhit = n/x, /'(it) = — acoshit, /(it) = w smh"^ -—(»*■+- ?t®)’/», 
Fb^/ai) «-» J |^j*~*(ii*-(-a^)'^^«-l-(it*-f a!®)’/»}“exp{ — (»®+ai®)^/»}. 
For IJ^x) we can use 21*011 (20), 

where f(ji) = /tx—nlQg{/i+(ji^— 1)’/*}. 

There is a saddle-point where ^ _ n ^ 

fijt) = (®*+n*)V''-»log|(l . 


.( 2 ) 

(3) 

(4) ' 
( 6 ) 
( 6 ) 


(7) 
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Since fift) is positive the path of steepest descent is parallel to the unaginaiiy axis, and 
•we find T 

( 8 ) 

( 9 ) 

(10) 

( 11 ) 

(12) 

where secv = x/n. 

Later terms in approximations of tbis type have been obtained and are given by 
Bickley* to order n~^^, but the recurrence relation is more complicated than for the 
Stokes expansions. The fibrst term for x>n actually gives quite a good approximation 
down to the first zero of JJix). 


4(«) ~ «”(»* + exp{n^ + 

The corresponding approximations to JJx) and Yjp) are, for «<», 

*^»(®) *”(’*'* ~ {» + (»® - »*)’*'}““ exp («2 — s^)^, 

T^{x)r^ —J ar®(»® — a!®)~*/« {n + (»“ — a:®)^^}” exp { — (»® — «*)}’*, 

and for a; > » Jn{x) ~ J{^ (®* ~ sm {»(tan v—v) + Jtt}, 

I^(a;) ~ — J(^ (*® — cos {»(tan « - «) + Jir}, 


21*07. Applications of the Wronskian. Write Bessel’s equation in the form 

y'+|V(l-J)y = 0. (1) 

Then if the Wronskian of any two solutions y-j^, is taken 

i 

( 2 ) 


In particular 


l^(S^x.y2) = ^e:sp(-J*^)=^. 


•^;(*)*/-»(»)-.l’-n(*)j;(*) = : 


( 3 ) 


The constant can be fixed by considering the fifcrst terms. 

Jfa;l = ^4. J {x\ j'(x)-^^+ J' (x^ - I 


and 


A = 


2n 


(»— 1)1(— n)! (— »—!)!»! »!(—»)! 


2BmM.w 

TT 


(4) 


It follows at once that for n not an integer J^(a;) and J^{x) are two independent solutions, 
but become proportional when » is an integer. Also 

J^{x) 7U{x)-J'^{x) T^{x) = I:, (5) 


TTX 


r^{x)-EK{x)-u^)EK(x) = - . 


( 6 ) 


The factors in (5), (6) also follow easily by considering the asymptotic approximations for x 
large (21*061) . (The existence of asymptotic expansions of the derivatives follows at once 
from the recurrence rdations.) 


pm. Mag. ( 7 )‘ 34 , 1943 , 37 -^ 9 . 
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21*08. Functionsof order half an odd integer. We have seen from the asymptotic 
expansions(17-121)that these can be expressed in finite terms. This can be done compactly 
by means of the recurrence relations. We take in each case the relation that contains the 
function of order %+ 1, that of order n, and the derivative of the latter. Thus multiplying 
the relation for (21*04 (2)) by ar" 

+ nar^V„(a;) = (1) 


and by induction 

In particular 
and therefore 


( d X*" 


sin re, 


= (If 


(3) 

(4) 
( 6 ) 


Since we know the exponential factors for the Hankel functions, we infer at once 

% 


- (If 


( 6 ) 

m 

( 8 ) 


Since hfjipe) consists of the same terms as <7i^(a;) with aJl signs taken positive we have 
inxmediately 

/ 2 

and ficom the recurrence relation (21*04 (7)) 


sinha;, 


(9) 


whence 

Also 




( 10 ) 

(11) 

( 12 ) 

(13) 


21*09. The fanctLoiis her, bei, kher, khei.* These are defined by 
T^«(«) ±*Tt>eiit(») = .^(a;6±^ = 
kher„(«}± tkhei,i(a;) = = »Hs,j(a;6=‘=^<®<). 

t 

♦A. Bussell, pm. Mag. (6), 17, 1909, 624r.652; C. S. Whit^ead, Quart. Joum. Math., 42, 1911, 
316-*42; H. Q. Savidge, PhiL Mag. (6), 19, 1910. 49-68. 
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They occur especially in problems of periodic heat flow and slow periodic motion of 
a viscous fluid with cylindrical boundaries. kher„(») and khei„(aj) are 2/w times the 
tabulated functions ker„(a;), kei„(a;). The properties of the functions are easily inferred 
from those of IJx) and Kh„(a;) for complex argument. 

If I a; I is small, Kho(a:) = -^log 

2 

whence khero(a!) = --logJla:|, kheio(a;) = - J(a;>0), = J(a:<0). 

If denotes J f{t)dt, 

= «Vsne-%«»<^er„2V#+»bei,,2V«}5(<). 

21*10. Expansions and definite integrals. It follows immediately from Schl&fli’s 
integral and Laurent’s theorem that if » is an integer, positive or negative, Jjpi) is the 

coefficient of A® in the expansion of exp-J^aj^A— in positive and negative powers of A. 

This can also be shown directly by multiplication of series. Eor this reason the Bessel 
functions of integral order are often called Bessel coeffi^mis. We therefore have 


exp^(A-j)= S j;(a;)A® 

\ n»»— 00 

without restriotioB on x and A. Put A = exp id. Then 

00 

exp(ia;8m^) = S 

Multiply by exp ( — mB) and integrate from — ?r to w; then 

J exp i(x sin ^ — nd) <i0 = 2wJJ,(x), 
1 /•» 

cos (a sin 5 — nd) dd. 


and 


1 f’ 

4(«) = - 


( 1 ) 

( 2 ) 

( 3 ) 

(4) 


a particular case of the result for general n. 

Hn. = 0 we can replace ^ by i?r in (4), and 


1 r® If" 

Jo(a) = ^ J cos (a cos 6) dd = ^ J exp (ia cos 6) dd. 


Kow consider 


=i: 


e“®* ^ (a > 0, a, 6 real) 


(5) 

( 6 ) 


= 7 ^ f er°“dx j exp {jihxsva.d)dB. 

2wJo J-jT 

Integrate flrst with regard to a; then 

~ 27rJ_a.a— tfism^ ~ 27rJ oe *®— irij bs^—2az—l 
taken round the unit ofrcle. The poles are at 

bz — a±^{a^+b*). 


( 7 ) 



568 Belqtion to Kio(ao) 21*10 

For real a, b these are real, and one is inside and the other outside the circle. The integral 
is then found to be ( 0 ®+*®)"^^. With a change of notation 

j\-‘«MKUj)dK = ■ ( 8 ) 

with z>0,z,rff real. We can regard ru,z as cylindrical coordinates ; then the right side is 
simply r~\ and we have expressed the fundamental solution of Laplace’s equation in 
terms of solutions of the equation in cylindrical coordinates. This is valid for 2> 0; for 
z < 0 we evidently must take the exponent as + kz. 

Now we should expect that a solution of Laplace’s equation in cylindrioal coordinates 
(w, A., z) can be expressed in another way. For subject to convergence conditions, if we 
keep m, A constant, the solution ^ can be expressed in terms of cos ocz and sin az as a Fourier 
integral J/(a, ro. A) cos aada+Jp(a, tar. A) smozda, and the same will apply to V®^. But 
if V®^ =s 0 for all z, / and g must satisfy 



and must therefore be of the form {J.iii(aw) + J5Kh^(c«iT)}(oos»A,sinTOA). Such an 
expression has obvious drawbacks, since tends to 00 as m-^oo, and Kh„(am) to 

infinity as m-^O. But for a distribution with a singularity at ra = 0 and tendmg to 0 at 
infinity we may expect the solution to be admissible. It can be obtained as follows. 
We may think of the problem as a potential one, with a line density proportional to cos oz 
along the axis of z. Then the potential on z = 0 due to such a distribution will be 



oosa^ .7»._ocar*" .7». 


(9) 


with an indentation in the path about ^ = iw. Put and then k = mcoshv. Then 

we have, the integral up to x = u; being purely imaginary, 

dK 

“ *1. ‘ 

finm 21*022 (69). 

Alternatively, the potential close to the axis must be — 2 log m times the line densityc 

2 

But for 'OT small Kho(aeTa) behaves like —-log (Jaur), and therefore 7 rKh(((aw) cos oc^ will 
behave like ~ 2loguT cos a^. Then the potential due to a line density cos az will be 

7rKhQ(di'a;)cosaz. 

Now take the denaty ^ from z = — A to z = A and otherwise zero. Then we 
can express it as a Fourier integral J /(a) cos oasda, with 




( 11 ) 
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This is therefore the factor to be aissooiated with cos ccz in the expression of a line density 
uniform for —h<z<h, and the limit function is I/tt when K is small and the distribution 
reduces to a unit mass or charge. Then we have 


1 

r 


= Kho(aw) ooaazda 




(12) 


The integral converges at both limits except when n; = 0. 

It is instructive to see how the apparently quite different expressions (8) and (12) can 
be connected directly. Starting with (8) we write it as 




(13) 


The two parts must be treated separately since Hso(a:)->0 at a; = +ioo, Hio(a;)-^0 at 
jB s — too. Then 


1 

r 


/•^OO 1 /•— <00 

”2(0 6 -**Hio(/«zr) dx 

= i J e-**®iHS(,(iaw) doc — i J e*^H3o( — icaa) dec 

= i e-^Khfl(aiz7) dac+^j e*‘’^K\{ixm) da 

= I 'S}xJarn)<sosazda, 

Jo 


(14) 


by using the relations 21*022 (67) between Elhg and the Haokel functions. This type of 
transformation is frequently used in the treatment of waves over plane boundaries , and it is 
well to have it in its simplest possible application. A modification for ^herical boundaries 
is the basis of much work on the propagation of electromagnetic waves over a sphere. . 


21*101. Fourier-Bessel integral. Subject to conditions similar to those for 
Fourier’s integral theorem a function of position over a plane can be expressed in 
terms of Bessel functions. If ^(p, x) is the potential at Q, whose cylindrical coordinates 
are {p, x, 0), and P is (w, A, a),, where a > 0, 

= JJ ( 1 ) 

where q is ishe projection of QP on the plane z = 0, and therefore 

— p^+vT^—2pmoos{x—^)^ (2) 

We wish to have an expression in terms of (cos 7^A, sin wA), the typical solutions 

of Laplace’s equation in cylindrical coordinates. The reduction of Jo^Kg) to this form is 
unexpectedly diflioult and was apparently discovered by Neumann and Heine as a 
hmiting case of the corresponding result in spherical polar coordinates. The expansion 
required is «> 

Jo(Kq) = Joi/cm) Jo(kp) + 2 S J„(/cw) J^iicp) 00 s »(;t “ ■^)* 


(3) 
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To verify it, we substitute SchlMi integrals for the Bessel functions and choose the paths 
so that the variables of integration have moduli > 1 at all points of the paths. Then 


/„(/n!T)/„(>cp)cos»(x-A) = 


and 

Then the series is 


00 

1 + 2S 


n-l 


cosm(;^— A) 


_ 1 

~ 2ayffoos(x— A) + l' 


(4) 

( 6 ) 


and since the integrand is single-valued we can replace the paths by any closed contours 
such that I a I > 1, | yff | > 1. Write 

X-?i = 'd', a = crlP ( 7 ) 


where | o’ | = \a,p\ '>\. Then the index of the exponential is 






= f, say, 

We can now integrate with regard to fi and get 


and 


tr®— 1 


dcdp 


2croosd-+l crfi 


W 




cr— l/cr dcr 


2eosi&-|-l/(r <r ' 


( 10 ) 


The path canbetaiento beany circleof radius > Isoastoenclosethepolesatcr = exp( ±i^). 
Now if we put <r = l/c', and study the changes in sign, the form is unaltered, but the 
new path is a circle c of radius less than 1 traversed in the negative direction. Thus we 
have also, talring e now in the positive sense. 


jS = 


« 



gr—ljo- da 
0 -— 2cos'^ + l/(r <r ’ 


( 11 ) 


and by addition 2S is simply the sum of the iresidues at the two poles. This is evaluated 
immediately and gives 

S = Jo{K(p^—2mpoos&+m^fl^} — J^{Kq) (12) 

as was to be ediown. Hence 


^jp=a — + 2 aoBnix-^^pdpdxAfc. ( 13 ) 

Th© differentiation with regard to z can be done under the integral sign, and we have the 
expansion required. The reversal of the order of suztunation and integration is permissible 
m ^e same sort of conditions as for Fou^er’s integral theorem (applied, of course, in two 
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dimensions). The proof of convergence for the limiting integral over the surface obtained 
by putting 2 ? = 0 at the start requires additional conditions, as for Fourier’s theorems; 
if it does converge, it is equal to 0). What is called the Fourier-Bessel expansion 

theorem is then 

, 00 ^00 ^2jr ^00 

2 W ^(fi>X)JnO^)>^n{>^p)ooBn{x-^)KpdpdxdK. (14) 

J 0 J 0 JO 

It should be noticed that when p is large, J„(/c/o) is of order p-^l», and the absolute oon- 
vei^nce of the integrals requires that ^(p, x) ->■ 0 faster thaw p-%. 


21*102. Expansion between concentric circles. If u and v are functions of x 
satisfying 

xhi" + xu' + — Z®) = 0, (1) 

xh}" + «!?;' + — m*) « = 0, (2) 

we multiply by vjx, ujx respectively and subtract; then 


and by integration 


( Z®— 

»(«'» — wo") 4- {n'v — wo ') + 1 (A® — p®) x — | wo = 0, 

J “•/**) * ~ “ “ \x(u'v — wo')'\. 


( 3 ) 

(4) 


The boundary conditions are usually such that the terms on the right vanish there. If 
then A = p, l^pm, 



( 8 ) 


and if X^p, l = m, 


jxuvdx = 0, 


(6) 


the limits being any values g £ x where the terms on the right of (4) vanish. In particular 
if the limits for x are 0 and a, and A and p are two diGEerent quantities such that 


JJM) ^ J„,{pa) = or j;,(Ao) = /;,(/«*) = 0, 

then xJJ^M)JJjix)da = 0. (7) 

This might have been expected from the general orthogonality relations mferied from 
Green’s theorem. To determine the ooefBcients in the expansion of a given function we 
n^ also the int^al of aw®, where v is any solution of (2). Multiplying the equation by 
v' we have 

0 = xH'v" +QCio'^+ (phP —m.*‘)m' — ^{^®»'®+iOa®®*— m*)w®}— /t**®®, 
and thegrefore, between any limits, 


jxv^dx 


^[a!V®+ (p*a!*-m*) u®]. 


( 8 ) 
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EXAMPLES 


1. If 

dy 

CbOCr ax 

and 

J = a?”*, 2/ = 

prove that 


where 


2. If 


prove that 



and hence show that the Airy integral is a mnltiple of 

3. Express Bi(£t;) in terms of Bessel Emotions of order ± -J-. 


(Lommel.) 


(Nicholson.) 

(Miller.) 



Chapter 22 

APPLICATIONS OF BESSEL FUNCTIONS 


22*01. The majority of applications of Bessel functions are to vibrations of systems 
■with symmetry about an axis ; the z coordinate usually either varies little, as in tidal waves 
on droular sheets of water, or the dependent variable is independent of z. Even if it 
involves z, Bessel functions usually provide the best treatment if the boundaries are 
planes of constant z. Bessel functions of order half an odd integer, in combination with 
Legendre functions, arise in problems of vibration for spherical boundaries. They also 
occur in various one-dimensional problems, notably the oscillations of a light string 
loaded with heavy particles at regular intervals, and the transmission of electrio waves 
in a submarine cable. 


22*02. Cylindrical pulse. Consider the esrplosion problem of 19*07, -with the 
modification that the original excess pressure is within a cylinder of radius a instead of 
a sphere. With analogous initial conditions the subsidiary equation is 


■mdvj\ dm} 


pc 
= 0 


s (U7<a), 
(t!T>0). 


( 1 ) 


The complementary functions are the Bessel functions of order zero, J^ipm/o) and 
Kho(pu7/c). The latter is inadmissible within the cylinder because it is infinite when m — 0. 
The former cannot occur outsade it. For the interpretation is to be an integral through 
values of the variable with positive real parts, and when m is great the asymptotio expan- 
sion of loiznrlc) contains exp (zor/c) as a factor. Hence the solution would give a pulse 
travelling inwards. The solution is therefore 


- 

= BKho(^) (o<ur). 

Also d^/dt and d^jdm must be continuous at U7 = a. Hence 


We have the identity 
from 21*07(6). 

Hence for 


/i(a!)Kho(a!)-Ji(»)Khi(a;) = 2/w», 



( 2 ) 


( 3 ) 

( 4 ) 
( 6 ) 
( 6 ) 
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Cylindrical pulse 

22*02 

But 


1 f" 

Jo(a:) = - exp {x cos 6 ) dd, 
n'jo 

(1) 



2 ^00 

Kho(a;) = - exp ( — x cosh «) dv, 
ujo 

(8) 

and therefore 

II 

— f f cos0 exp(— cos cosh 

ncjojo c } 




— f f cos0H(i-|--cos^— — cosh»)d0d«. 
ucjojo \ c 0 J 

(9) 

Since 


d ^ w ^ tt w 

t -\ — cosfl COsh7?<t-| , 

c c c c 

(10) 


^ vanishes at any place up to time {w—a)fc', and if we integrate first with regard to v, 
we can replace the upper limit by oo^-^ {{ct+ a oob 6) /vr} and the unit function by 1, 
provided ct+aooBd>vj. This be true at least for 0 = 0 if ct>m—a. Hence 


_ _±_ r 

■Pq ^<5 jo 


COS 6 cosh“^l — 1 dd {d 


>v7—a). 


( 11 ) 


If ci>ur+o, (ci+ooo60)/‘OJ> 1 for all d, and the upper limit is 77. If w— (i<c#<tiT+o, the 
upper limit is cos“^ (ru— et)la. The disturbance can therefore be divided into three stages, 
according as ctKvt—a, w—a<ct<m+a, and vj+a<ct. In the first stage ^ = 0 and we 
have a cylindrical pulse travelling outwards with velocity c. 

We are interested chiefly in the pressure. This is given by 


P _ o f ooBddd 

Jq ~ 7rjo{(ci+aoos^)®— . 

Put for ur — o < < ur + a, 


( 12 ) 


ct+a—ru = ^, ci+ocos0— UT = 26oos®^ (13) 

' • 

and suppose b small. Then soon after the arrival of the pulse 


P 

Po 
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(14) 


The increase of pressure on arrival is therefore iPQ{a/m)\ as against in the corre- 
sponding one-dimansional problem and \Pf^ajvj in the three-dimensional one. The decrease 
with time is at first proportionately slower than in the three-dimensional problem, and 
P is still positive when ci = ta. But it tends to — oo at <A = ur-fo and returns to finite 
negative values for greater values of t. The approximate value near ct ’=vj+aia* 


P 

Po 



32a 

•nr+a—ct 



and when ct—m is large compared with a is 


(16) 


P _ 1 a®ct 

Po“ 2(ca«*-uT«)%’ 


( 16 ) 


* Jeffiefys, Pne. Oamib. PM. Soe. 39, 1943, 48-51. 
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This infinite disturbance of pressure does not imply infinite energy, since the infinity is 
only logarithmic; and it will in any case be modified by the inclusion of second-order 
terms in the hydrodynamioal equations. The instantaneous release of the whole of the 
surface of an infinite cylinder would be difficult to arrange physically, but an approxima- 
tion to it would be possible if the interior was filled with an explosive mixture and the 
velocity of the wave of combustion in it was several times the velocity of sound in cool 
air. The indefinitely prolonged tail of the disturbance is characteristic of two-dimensional 
propagation. It occurs also for a point source between two parallel plates and in the forma- 
tion of elastic waves in a soM;* surface waves are formed by diffraction at the boundary, 
spread out in two dimensions, and give at any place only an asymptotic return to the 
original position, in spite of the fact that the original disturbance may be of finite extent 
in aJl three directions. 

22*03. Light string with concentrated loads. We have seen that the operational 
method is universally valid for the treatment of a properly specified finite set of linear 
equations, and does not need the use of Bromwich’s integral. We have suggested that 
continuous systems are best regarded physically as derived from discrete systems by a 
limiting process, and the solutions found for them as the limits of the solutions for the 
discrete systems. It is desirable, therefore, to have a concrete example showing how the 
* ' kiad of operator that arises for continuous systems can also arise as the limit of a sequence 
of operators applicable to discrete systems. One such example is provided by the uniform 
stretched string under tension P = /9c*, with mass p per unit length. If we replace this by 
a light string under tension P, with particles of mass pi at intervals Z, we have a discrete 
system with the same average mass per unit length, and we can approach the uniform 
string as a limit by taking I indefinitely small. The equation of motion of a particle is 

I 

c® 

Vr = -J^{^r-yr-l-yr+l)> ‘ ( 1 ) 


which reduces, on putting x = rl and letting l-^O with x fixed, to 

dt^ ~ dx^' 


( 2 ) 


Suppose that the system starts firom rrat, that the particle with r = m is kept fixed, and 
that ^0 is made to wary with the time in a prescribed manner. Then the subsidiary equa- 
tions are 



(j^r— 1 3 /h-i) 


(0<r<m). 


( 3 ) 


These can be solved formally by putting 


then 




pH‘ 


4L—+2 — = 2ooshA 


(4t) 

(5) 


and there are two equal and opposite real vEdues of A for real p. 

* Lamb, PhU. Trcma. A, 203, 1904» 1-42. 
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Then if 


Wave, expansion 


sinh^A 


“ & 


(6) is satisfied; and if we now take the positive root, and take 

sinh(«i— r)A 


22*03 

( 6 ) 

(7) 


all the conditions are satisfied. But sinh«A/sinhA is a polynomial in sinh^A of degree 
2(a — 1). The operator is therefore a rational function of p, and its expansion in descending 
powers of p starts with (c/Zp)®". It follows that the further a particle is from the disturbed 
end the more gradually it will begin to move. But also we can expand in exponentials 


dnh (^ y ) _ A _ g-rA(i _e-afm-r)A\ (1 
sum 971 A 


( 8 ) 


For if we replace p by s and A by with 9li(s) > 0, then 91(0 > 0, and | e~£ | < 1. The first 
term in 9/. is then 

which again is expansible in negative powers of p and satisfies our fundamental rules. 
Further, ifZr = ajandZ-^0,ittendsformally to the operator characteristic of waves 

in a uniform string. It does not lead to an interpretation of by a li m iti ng process 
because if we change the sign of r or p we get an expression that is not expantible m 
negative powers of p. 

The physical string, however, has a molecular structure, and we are concerned to know 
how dosely the solution for the continuous strii^ approximates to that for the actual 
string. For this purpose we take pj = Hif ) ; we want to see whether Wf-^H{t—xlc) when 
rl = X is fibred and I is small. Then 


27riji, (\ "^407 "^201 
and we use the method of steepest descents. Put 

^5(s) = s«-2rlog|(l+g)’^+g}; 


then 


rl 




( 10 ) 

( 11 ) 

( 12 ) 

( 13 ) 


4c»(l+zaZ»/4ca)%’ 

If rZ = as, ®/ct = g, the saddle-points are at z = ± (2c/Z) (|® — 1)^ and therefore are on the 
real or the imagmary’ axis according as ^ is greater or lees than 1. 

If f > 1 we find 

which tendsexponentiallytoOforgiven|ifZ->-0. If|—1 is small, put ^ = ooshu,v = (5Zw®/Z 
and oansider values of ^ such that v is large. We find that if 

V » 6, * 0*0021, g = 1 -f 
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Hence if ctjl is large w, is negligible if x exceeds ct by an aiinoiint tbat incireaises only like 
and tends to zero with 1. If Z = 10“® cm., ci = 10 cm., ■» = 6, we have 1 == 1'7 x 10~*. 
With ordinary magnitudes, therefore, the motion is negligible at distances so little in 
advance of the ideal pulse that the continuous system gives as good an approximation 
as we should ever need.- 

If x<ct, the lines of steepest descent through -the saddle-points proceed from and to 
-Qo; obvioudy they cannot approach +cx), since the integrand tends to infinity there. 
Hence they are not together equivalent to the path L, since the pole at z = 0 lies in 
between. We must therefore include a loop from — oo about the origin, and this makes a 
contribution 1 to w,. We find then that for x<ct 


( I Vl» E r2/*f T 


When Z->0 this tends to 1, as we expected; but the correction term tends to 0 only like 
instead of exponentially, its wave-length tending to zero with 1. However, with 
Z/ci = 10~®, 1— f>6xl0“®, the term never exceeds l*7xl0~® and diminishes -with 
decreasing The sharp front followed by a constant displacement is therefore a good 
approximation. 

The change of phase of the correction term from one particle to the next is arnan if | 
is only a little less than 1, but approaches w if ^ is small. We therefore have dispersion. 
The disturbance can be regarded as including all possible wave-lengths > 21; the longest 
have group-velocity c, but the shortest grouprvelocity 0. This can be seen by returning 
to (10) and writing the first two factors as espi{yt—Kx), with 


z = vy. 


The wave velocity is then 


rl = X, 

1 

K 


yl 


= sin^. 


2c 
csind 


K = 20/Z. 


(16) 

(17) 


and values of d between 0 and are admissible. (Larger values would give the same 
displacement where x ranges through exact multipleB of I and are therefore irrelevant.) 
The wave velocity therefore ranges from c to 2c/7r, and the group velocity is 


^ = CCOS0, 
dK 


(18) 


which ranges from c to 0. 

Suppose now that the string extends on both sides of the particle specified by r = 0, 
and that instead of the motion of this particle being prescribed it is given an initial dis- 
placement % and then released. Its subsidiary equation is 




2c*\ 


(19) 


p® + j - 12 + y-i) = I'*"’ 

and if the time is short enough for waves reflected at the ends not to have arrived 


= 



( 21 ) 


from 21*01(23). 
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A Bessel function takes its maxiTnum value when the argument slightly exceeds the 
order, so that we see at once that the greatest displacement travels out with velocity c, 
and &om 21*05 (5) that when ct is large compared with rl the motion of a particle is 
oscillatory, consecutive particles diEfering in phase by amounts approaching n. The rapid 
variation of the phase of the movement suggests an analogy with heat conduction, but it 
is quite systematic, and the essential property of heat conduction is that the variation is 
not systematic. Consecutive particles in random motion are as likely to be in the same 
phase as in opposite phases. A little further examination shows that the analogy breaks 
down in another respect.* If we consider random initial displacements and velocities 
given to all particles in a finite length of the string, the energy is found to spread out so 
that the length of the string that contains a given fraction of the initial energy increases 
in proportion to In heat conduction the length in question would increase like 

There is a considerable change if there is any irregularity in the structure of the system 
itself. Let us assume a harmonic wave train coming from negative x, but that the particle 
specified by suGSx 0 has mass pl{l +a) instead of pi, where a may be small. There will be 
a reflected, wave; we therefore take 


y = ergiljt—Kx) + A expi(y<+xa:) {xfl ^ 0), 

y = B&sgiiyt—Kx) (a;/Z>0). 

Then 1+A = B. 

Also the equation of motion for this particle is 

{-(i+a)r*+^|yo “ ^(y-i+y+i). 

and substituting from (22) and (23) we find, with kI = 26, 

B = 4 s. 


( 22 ) 

(23) 

(24) 


(26) 


If d is small, corresponding to long waves, B is practically 1 and there is nearly perfect 
transnoission. But if d is nearly \rr, corresponding to the shortest waves possible, there will 
be nearly perfect reflexion even if a is small. Thus even a slight irregularity of structure 
will practically destroy the tail of a wave train. If there is a disturbance between two such 
irregularities much of the eneigy will be reflected several times before it gets past either, 
and a number of minor irregularities will give an irregular motion closely resembling 
thermal agitation, with a slow leakage resembling conduction. In an actual solid we have 
a three-dunensional form of the same problem, the irregularities arising fr»>m random 
motions of electrons even in a crystal and frx>m local departures frcom a regular pattern 
in a glass. 

22*04. Diflfrision as a limit. It is strictly meaningless to speak pf the temperature 
at a point, since the temperature expresses the mean energy of random motion of a 
number of particles; if we speak of the absolute temperature as specified within a fiaiotor 
of 10~* we must be considering something of the order of 10* particles. In the strict mathe- 
matical sense, therefore, the space derivatives of the temperature do not exist. But if I 
ia.a nffic i e i it ^ lasge for the difference of, temperature between two places I apart to be 

'* JeSceys, Pros. Oamb. FML Soe. 23, 1927, 776. 
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considerably more than its unoertainty -vre can convert the equation of conduction into 
a finite difference equation, the one-dimensional form of which is 

% = ^ (yr-l-^r+Vr+l)- ( 1 ) 


We take yo — H(t) and solve operationally. The analysis is very sunilar to that at the 
beginning of the last section, p replacing and we get as solution for the inward diffusion 
corresponding to (9) of 22*03 





1/ P 1\V» 1 1-a- 


( 2 ) 


which is .expansible in powers of If f is made to tend to 0 while rl tends to *, tends 
formally to that is, to our c“«®. Thus we have obtained the latter operator as the 

limit of one expressible as a power series in p-\ The difference (Wi— W q)/^ yields a deriva- 
tion of p^, namely 


n’* = Alim 




43P] ^2A/ J’ 


. Now 


1 f f/, ^dz 

2TriJi,[v'^4Ji^) ■’■2 a ) ^ z' 


(3) 


(4) 


By Dalzell’s theorem (12*101) we can reverse the order of integration and passage to the 
limit; then 


limw 

i-»-o 



dz . . 

— = l-erf 


X 

2A«>A’ 


(6) 


from 12*126. 

When Z is small but not zero the saddle-point is slightly displaced, but we may take the 
path to be the path of steepest descent for the integral in (5). On this path we can expand 
in ascending powers of Z, for the main contribution comes from the neighbourhood of the 
saddle-point, and an e3q>anBion exists if Z is small. Then 




“ “48AV(«rf®) (~i^) ’ 


( 6 ) 


If is large both terms are small irrespective of Z. The important values of x are of 
the order of 2h;^^ or less. At these the last term is of the order of of the first, so that 

it can be neglected if Z > ZV^SA®. 

If we take Z = 10“*® cm., h = 0*1 o.g.s. (a value for a bad conductor), the critical value 
of Zis 2 X 10“^ sec. Thus for a short time after the initial disturbance of temx)eratuie the 
usual solution is invalid because the temperature itself is meanin^ess; but this time is 
very short and would be shorter for better conductors. The approach through the finite 
system therefore coiifixms the results obtained by treating the continuous case directly 
and answers the logical objection to that method. 
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Submarine cable 


22-05 


22-05. The submarine cable. This is a uniform conductor with self-induction, 
capacity, resistance, and leakage. At distance x from the end suppose that the charge per 
unit length is y, the potential and the current J. Then the following equations hold: 


y = Tc4>, 

IdJ r 9?^ 
dx’ 


( 1 ) 

( 2 ) 


. dt dx 


8 ^. 


(3) 


I, h and r are the self-induction, capacity and resistance per unit length. The leakage is such 
that a potential ^ produces a current 8<j> per unit length leaking away through the insula- 
tion. Up to i = 0, j/, J, and ^ are zero; afterwards ^ is raised to which may be a flmction 
of t,a,tx = 0. Then the subsidiary equations are 

(^-l-r)J = -^, {kp+8)^ = -^, (4) 

whence |^ = (^ +»•)(%>+«) ^- (5) 

Put {Ip -I- r) {hp + a) = = lh{{p +pY— o'®}- (8) 

Then the operational solution, neglecting reflexion from the far end, is 

(!> = ( 7 ) 


If self-induction and leakage are negligible we have ? = 0, a = 0, g® = hrp. Then the 
solution has the same form as for conduction of heat. This condition occurs in ordinary 
telegraph wires. If in this case « H(fy, 

( 8 ) 

For given x,^-^l for large t, and the approach is quicker if )br is small. Por frdrly short 
lines the time needed is short enough for successive, aiguala to be transmitted without 
overlapping. But for long ones, and especially for submarine cables, the time needed to 
built up the requisite potential at the receiving end is long enough to interfere serioudy 
with the practicable speed of signalling. Reduction of hr means thicker conductors and 
therefore prohibitive cost. The modiflcation introduced by Heaviside was the deliberate 
introduction of self-induction and leakage far above what the simple cable possessed. The 
principle of the self-induction can be seen from the rough analogy of a projectile thrown 
through air. If it has negligible mass the resistance damps down the motion quickly and 
it does not travel far. But a heavier projectile, though it needs more effort to give it the 
same velocity, keeps its velocity better and travels further. Self-induction acts in much 
the same way as inertia. The effect of leakage is less obvious, but will appear in a moment. 
We put 


Since p <r =s r/Z and p - o- = . 
If <r =s 0 we have simply 


Ih = l/c®. . (9) 

: are both positive, p is positive. Then 0 < | <r | < p. 


^«exp|-(p-)-p)^|0g 


( 10 > 
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Hence the variation of ^ with time at distance a; is an exact copy of that at the trans- 
mitter except for the delay xjc and the constant attenuation factor e~f^. The velocity c 
is very high and the attenuation can be compensated by amplifiers at the receiving end. 
This arrangement is the distortionless cable, and is achieved ifU = hr. 

JfcriB not zero, we take = H(t) and the solution is 

4 , = exp[^-^{(p-l-p)a-(ra}VaJ = ^ J^exp|[««-^{(z-|-p)2-o-a}VaJ^. (11) 

The current is 

= -l(p+p+a-) i 

First omit the term ia p — o" firom the first factor. What remaios is 


=-— f 

lo 27 Tiji 


exp 


[^-^{(2-tp)®- <r*p + zt 


dz 




1 ^ ^ exp 


(13) 


Put ^ = i<r(u+ 1/m); then 

T 1 r./ C 1 XU x\dM 

The part omitted follows by integration; we have 


(14) • 


(16) 


crh: 


2{p+p)c 




(16) 


For 4i notice first that 

. , expj^— ^{(p+p)*— cra}VsJ = e-<p+pWteexp|; 

the second exponential being in descending powers of p+p; hence 4 is zero up to time 
fc/c and then jumps to e~^, afterwards varying continuously. Secondly, we can i 
termini to have real part — 00 , and then difterentiate with regard to t; then 




( 17 ) 
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But we know 56 just after t = as/c; hence 

22*06. TJrift source of heat: line vortex. The equation of heat conduction, for the 
case of symmetry about a straight line, is 

0F A® 3 / 3F\ - ... 

dt vfdvjx dm) 

The same equation is satisfied by the vortioity ^ in a viscous liquid when the motion is 
in circles about an axis,* being replaced by v, the Idnematio viscosity. Take first a 
concentration of heat k per unit length along the axis at t = 0; the operational solution 
wiUbe 

F = ^Kho(?w). (2) 

A being a function off. If pc is the heat capacity per unit volume the excess heat within 
distance m of the axis, per xmit distance parallel to the axis, is, 

Ttu fw 

2ir I pcVmdm = 27rA I pcmEh^{qm)dm 
Jo Jo 

= — 2nv4pcg“*|^2wKhi(gw)J . (3) 

When f-> 0 this must tend to /c for all w > 0; but 

^ ^[9^^111(207)] = lim ^{207Khi(207)) = 0 (4) 


and hmjwKhiCguT) = -. (5) 

Hence k = 4Apcq-^ (6) 

JK* k’ 

^ P) 

/ 

Similarly if /c is the original drculation about the axis and we put p = we get (2) 
for € instead of F, and the circulation is £77 j* ^mdm. Proceeding similarly we findf 

47rvf 

The circulation is ic(l — and the vy.ooity is therefore 




* LaxEib, MydavdynarnMf 1982^ p. 591, 

'f Qoldsteia, Proc; Lfmd. Maffk. Soc. (2) S4r, 1982, 62, 
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EXAMPLES 

1, Ah elevation of the form sin ^07 on the surface of a highly viscous £md can be shown to de- 

crease with time like exp ( —AgtjvK), Show that if the initial elevation is ± J according as a; 5 0, 
the elevation at any later time is ‘ 

3Eho(2e-^^*^y(Affxe/y)} 

and that the discontinuity at a? = 0 persists. 

2. A unit e.m.f. is applied at = 0 to the sending end of a non-inductive line of resistance i2, 
capacity 0, and leakage 0 per unit length. Show that the current J at the sending end at time t 
is given by 



where A = QjC. (LC. 1943.) 

3. The curved surface and the base {z = 0) of the cylinder m — a are maintained at zero 
temperature. The other plane end z = bis maintained at temperature T. Prove that the steady 
distribution of temperature is given by 

V:=,— V 1 

a* Jli/tnO) ’ 

where /ii, are the zeros of Joijia). (LC. 1939.) 

4. A uniform chain of length I and weight w hangs freely from one end, and makes small 

oscillations. Calculate the length of the simple pendulum equivalent to the slowest mode of 
vibration. (LC. 1938.) 



Chapter 23 

THE CONFLUENT HYPERGEOMETRIO FUNCTION 


'All changes trying, he will take the form 
Of ev’ry reptile on the eaiiih, will seem 
A river now, and now devouring fire; 

But hold him yo, and grasp him still the more.’ 

HOMBB, Odyssey (Ck>wper’s translation) 


23*01. The hypergecmetricfuricHon is defined in general by the series 


ot>-b _ , a(a + 1) 6(& + 1) , o(a + l)(a+2)6(6 + l)(6 + 2) ^ 


and satisfies the differential equation 


3!c(c+l)(c+2) 


*»+... ( 1 ) 


z{l-zi^+{c-{a + b + l)z)'~-abu = 0. 


( 2 ) 


A second solution is c+1,6— c + 1; 2 — c; 2 ). (3) 

It can be sho-wn by direct transformation that any second order differential equation 
with three regular singularities (one of which may be at infinity) and no other singularities 
can be reduced to tbia form, and that all the solutions about them can be expressed in 
terms of the hypergeometric function. The function has a large literature and several well 
known functions can be expressed in terms of it. We notice at once that if 6 = c it reduces 
to the binomial series, and if o = 6 = 1, c = 2, it gives the series for — 2 “^ log (1 — 2 ). The 
series expressing the Legendre fcmctions in terms of argument 1 — a; is also of this type. 

If c is not an integer both series are significant for 1 2 [ < 1. There are several complica- 
tions of the types discussed in Copter 16 if c is an integer, positive, zero, or negative. 
If we put 

1 

* = - 
2 

the singularities of the transformed equation are at 00 , 1, 0; and if we put 

X = 1 — 2 


the a n gu la ri ties are at 1, 0, cx}. By successive applications of these transformations we 
can express the equation in terms of any of the independent variables 




1 


1 - 2 , 


1 2-1 
1-2’ 2 


2 

2 ^’ 


and in ealsh case it retains its hypergeometric form, and there are two solutions expressible 
in terms of hype^eometric functions of the variable used. The equation therefore has 
12 solutions of the forms (1), (3), any of which can be expressed in terms of two funda- 
mental solutions. All have radius of convergence 1. Twelve more can be obtained, of the 
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types (1 - zy-^F(c -a,c-b;c;z) and z^-^{l - a)®-®-* ^(l -a, 1 - 6; 2 - c; a). Each of these 
is equal to one of the original twelve. 

23*02. Series and differential equation for the co nflue nt hypergeometric 
function. If we put bz = x and then let b tend to infinity the function becomes the series 

% = = M{a,y,x) = .... ( 1 ) 

In this notation the above hypergeometrio series would be JB'j{a,b',c',z), the first suflfix 
denoting the number of factorials in the niunerator of the general term, the second the 
number, apart from ?»!, in the denominator. The notation can be extended to series 
containing any number of fisictorials in the general term; such series are known as general- 
ized hypergeometric functions. The Bessel functions come under the type and can 
evidently be derived by putting os® = y and then making a tend to infinity. 

Evidently y, ®) is an integral fimotion. It satisfies the differential equation 

ihi , , .d/u, 

Another solution is found to be 

= »i-riJi(l + a-r,2-y,®) = ^ ^t+l-y) 

except possibly when y is an integer. Hence there are two independent series solutions 
except possibly if y is an integer (positive, zero, or negative). If y = 1, (1) and (3) are 
identical. 

If y is an integer > 2 all terms of (3) from r = y — 1 onwards have a zero factor in the 
denominator, and (3) will not be a valid form of solution unless there is also a zero fiictor 
in the numerator, that is, unless a is an integer such that l<a<y— 1. 

If y is zero or a negative integer, and r = 1 — y, all terms of (1) from af onwards have 
vanishing denominators, and (1) will not be a valid form of solution unless a is an integer 
such that y<a<0. 

Hence for certain special values of a there are two series solutions even if y is an integer 
different firom 1. A tenoinating series can be found in each case. 

If y is not an integer, and a is a negative int^er or zero, (1) terminates; if a— y is a 
li^ative integer, (3) terminates. 

Ify > 0, (1) is always significant. We aball see that (1) can also be expressed in terms of 
a complex int^ral, and that all solutions of (2) can be expressed in terms of the integral 
used for (1), with suitable changes of the termini, just as all solutions of Bessel’s equation 
can be expressed by changes of the termini in the complex integrals used for where 

9l(») >0. ~ 

Since the function depends on three variables it is practically beyond the reach of 
tabulation in general. If a function of one variable takes a page to tabulate, one of two 
variables ■will take a book, one of three variables an ordinary sized room of bookshelves, 
and one of four variables a large library. Consequently the theory of this function, and 
still more of the hypergeometrio function, is mainly a matter of general propositions with 
detailed application to a few special oases. 
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23*03. Complex Integral solutions. Complex integrals representing the fonctions 
can be obtained at once by operational methods. We write 

, . * a(a + l)...(a+r-l)(y-l)! 0 ^+^-^ 

®r-i y, X) = S (y+r-1)! 

= (y- 1) ! S j)-<r-K-n ^ (y- 1) 1 (4) 


(y-1) 


and similarly 


1)!/* d^dz _(y-l)ir 
“ 27ri ~ J i «y(l - 1/*)“ ~ 2;ri J i - 1)“ 

/ i\— (1+a— y) 

3^-^tFi{l+x--y,2-y,x) = (l-y)l|^l--j 


(i-y)i 

2m 


r ^ 

j£{*- 


€f°^~^dz 


IJl+a-y* 


( 6 ) 

( 6 ) 

(7) 


These are to be understood in the first place as valid for x real and positive; and then Tre 
have by analytic continuation, patting zx — X, 


eXA«-y 

(A-a!)®*^^’ 

(8) 

f e^A»-i 

Jsf(A-»)"+“-^‘*^ 

(9) 


^F^{l+x-y,2-y,x) = ^^^ 

valid for aU a?. If the factorial factor is omitted, both ace intelligible even if y is an 
integer. If we put A = /c + a? in (8) we get 




» Jj 


e*x” 


d/c = iJ?i(y - a, y , - x), (10) 

( 11 ) 


I j,(x+a:)>’ 

and similarly = a^“»’iJ^(l+a— y,2— y,a!) = a;^-i'e®iJi(l— a, 2— y, —x). 

(10) is very useful if y —a is an integer < 0, since the last factor is then a polynomial. 
Sitnilarly (11) is useful if 1 — a is an integer < 0. Hence if either y — a or a is an integer, 
irrespective of sign, one of the secies solutions reduces to an elementary function. Many 
recurrence relationB exist, analogous to those for the Bessel fonctions.* 

d ^ (y— l)!af e^A®-’' 

(y-l)lg 
y! 


■iJPi(a+l,y+l,a!) 


a 


-ijPi(a+l,y+l,a!), 


(12) 


s is also obvious by differentiation of the series. 

If we put oat =‘y ai^d tben let a tend to infinity, the integrals tend to the forms of 
tehlSfii’s for the Be^el fimctions, apart firom some simple factors. 


' * IBJk.. Beporta (QamcaiMae for the Gedoolatioxi of ‘Matbenoatical Tables), 1926. Tables also in 
#$S7;.i8iqK>ri. 
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23*04. Asymptotic formulae of Stokes’s type. 23*03 (8) represents an analytic 
function for all values of x, real or complex, but cuts mU be needed if a and y are 
non-integral. K x has a positive imaginary part we can replace the path Jf by a pair of 
loops about the branch points, and we can show that each loop separately gives a solution 
of the differential equation. Take any integral of the form 


7 = 




(1) 


where the limits are independent of x. Then 
dU 




I <v x)^^ gJ- I “ ]d.\ 12) 


In the numerators replace a; by A — (A—®) and rearrange in powers of A— «; then 

® A 1 


a(a-l-l)® a(7-®) 


(A-®)« (A-*)“ (A- *)“-!’ 

a(a+l)A a(a-l-l) 


a 


otA 


ay 


( 3 ) 


( 4 ) 


(A-®)“+a (A-®)“+i (A-®)“ (A-®)“+® (A-*)“+i (A-«)«+i^(A-®)“+i’ 

and the integral cancels the integrals arising from the last three terms of (4). Hence (1) 
is a solution of the diflferential equation provided that the 
integrated part of (5) vanishes, and this will be satisfied for 
any path such that 91(A) = — oo at the ends. Hence integrals 
on the paths and in the figure give separate solutions 
of the differential equation. 

OnJl^wemustattendspeoially tothephase of A— ». A*is 
taken real and positive on the positive real axis, and there- ^ 
fore (A — a;)*, when A — a; is real and positive, is also real and 
positive. If X tends to a real positive value, the contours 
being deformed so as never to overlap, we can get from A 

real and greater than a; to a value near the origin only by turning through —n about x; 


^ 

N 


,® j 


Af* 

^ 1 1 _ _ 




0 





hence on 


(A-a:)* = (aj-A)«c-^. 


On Jfi we can now expand in descending powers of x; 

Ji” f = f e^A“"^e“^ar»(l — dA 


ro 


_ xr*e*^2m(- 




«A“~^+i , «(«-h1)A“~^~* 


X 


2!®a 


...) 


+ • • < ) dfX 


a 


a(a+l) 


\( 7 — a— 1)1 (y— a— 2)!® (y— a— 3)12!®* 


....) 


•_ 2fff®~*e**" /, a(y— g— 1) , g(«-H)(y— «— l)(y— a— 2) 




® 


2 !*“ 




( 6 ) 
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On we put A = « + /f ; then 


/•— 00 

= 

J-<o, 




0+ 






f “ e^yc"«(l + 
J ~ 00, 0+ \ 


{a-y)K , (a-y)(a-y-l)/cg 


a; 


2!a;2 


+ 




(2k 


= 27ne?®**~^ 


(a-1)! 


[ 1 , a-y , ( a-y)(«-y-l) , \ 

\(a-l)! ,(a-2)!a!’^ (a-3)12!a:*' '^"7 

/, . (a-l)(a-y) , (a-l)(a-2)(a-y)(«-y-l) 

2!^2 



(7) 


If 9li(a!) is large and positive any term of (7) is large compared with I^, and in Poincare’s 
sense Ix (san be neglected. With actual values of 8i(a;), however, may be comparable with 
some terms of the J, series and is then worth retaining. Then for ^{x) > 0 


i^i(«.y.») 


(y-l)l ■ («x-l)(«-y) ■ («-l)(a-2)(g-y)(«-y-l) 

(a-1)! V X 2!aj* 


(y-i)i 1 «(y-<^-i) I «(«+!) (y-«-i)(y-a-2) 

(y— a— 1)1 \ X 2!a!® 


( 8 ) 


If ^(x) < 0 the same holds provided that Af, still lies above Mxi but if we draw as would 
be more natural, so as to lie below. Jfi the factor e®*" must be replaced by c"®*". This is 
another instance of the discontinuity of constants in asymptotic expansions. 

It follows that, again for Q(x) > 0, 




,(-a)l • \ X 



(9) 


and the two series in (8) and (9) are identical, but their coefELcients areun different ratios. 
If 9t(a!) is large, however, the portion arisin g from Jfj is negligible in comparison with that 
from Mg, and the two solutions are almost proportional. If 9t(a;) is small, and especially 
when X is purely imaginary, we must keep both series. 

It follows that for varying x, Jx and J, are constant multiples of Ix and I^, subject to the 
same expansions remaining valid. For all four frinotions are solutions of the differential 
equation, and Z^ and are not proportional. Hence and can be linearly expressed in 
terms of Z^ and Z,. But if »^ = .dZ^ + BI^, and jB+ 0, will increase like ^ as 3l{a!)->oo, 
and it does not. Hence jB = 0. Sinoilarly by making 3l(a;)-»-— oo we show that Z, is a 
constant multiple of I^. 

This result makes it possible to express k, k> terms of the series solutions 

^ It, when these exist. For if we write 


(y-l)l j* 

^ 2m Jjif, 


JX a (y— l)*r j-» O 

(A-»)“ 2m Jjif.(A-a:)“ * 


( 10 ). 
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we have 


whence 


?7(a, 7 , x) 

Vr^ = + Sjn, 


We make use repeatedly of the identity 

siaocTT = 


7T 


(a-l)!(-a)I‘ 

Then the coefficient of on the left of (14) is 


TTsmyne 


—ian 


Now if A = —ft 


(— a)I(a— 7)!sma7r sin( 7 — a)7r' 


(a-7) rr (^(a-r) > - 1), 


*^1 = - ma) > 0), 


TT 


and from, the latter, 

^ (7-a-l)!(a-l)l Jo 


« /j-tt/ia-l 






dpt, (31(a) >0). 


We write >Si = U (a., y, x); 

^ (y— a— 1)! ' 

then 

iofar /• 

I7(«.y.«)— ftom(20), 

6 om ( 11 ). ( 13 ) Mid ( 20 ). 
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( 12 ) 

(13) 

(14) 

(16) 

(16) 

(17) 

(18) 

(19) 

( 20 ) 
( 21 ) 
( 22 ) 

(23) 

(24) 


= (L-^)! ^'^ (a-l)l ^ non-integral) from (14) and (16) (25) 

~ 1) (r -ZfL r i) + ...) from (6). (26) 

(26) is a teiminatiag series ifa— lora— yisa negative integer, and is then an exact solu- 
tion. In either of these cases one of the series solutions in (26) is multiplied by zero, and 
U reduces to a multiple of the other. 

Ify— a— lor — aisa negative integer, (21) or (22) is defined by continuity. 


37-2 
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A fall discussion of the functions was first given by Baines, who conveirted the Hftriag 
into complex integrals involving z !, where * is a complex variable of integration, the 
terms of the series being the residues of a function at the poles of a factorial. We abg.n 
also give another method due to Goldstein. 


23*05. Goldstein’s operational expression.* We now consider a different treat- 
ment, in which the operational form for a confluent hypergeometrio function is obtained 
in terms of Bessel functions, and the result 23*04 (23) is again derived. In reducing the 
series to operational expressions we have introduced such a power of * that the operator 
takes an algebraic form, the y factors being removed from the denominators. We could, 
however, remove the a factors from the nmnerators. We first replace x by and 

if p is now the operator corresponding to t we have 


p® = 


(-«)!’ 


pn+X 




( 1 ) 



1 + : 


(-a)! 


a‘ 


(-a)! 


-f" .. 


(-a-l)!lly4« (.-c6-2)! 217(7 + 1) 

“ ‘W l(-a)l\4i) ■^(-a-l)ll!7\4f) ''■••7 

(( 4 ) +iT7;(-t) +•••) 


= (_ a) 1 (y _ 1) 1 (^a)i-vi«p«-%y+^&J^_i((^%). 


( 2 ) 


( 3 ) 


This is exact for all t with a positive real part. For if we interpret ly-iiap^) by means of 
a complex integral on the path M it gives a factor of order exp (aa^), which is over- 
whelmed by the factor exp (te) when t has a positive real part and 00 . Then using 
23*03 (3) and (10), we find 


= e“’/*‘(a - 7 ) ! (7 - 1) ! (4a)i'^ti'-“p'*’'-«+>& j^_j(fl^%). (4) 

Similarly, uong 23*03 ( 11 ), 

1-^1 { 1 + * -7» 2 - 7. ^ =■ e“*/«(a - 1) ! (1 - 7 ) I ( 6 ) 

The constant footers are in the same ratio as in 23*04 (14). Also if o is large i^_i(a 8 ’^) 
and are nearly equal, and a suitable solution with a different behaviour at 

infinity wfil be 

U = 7re»*/«(io)i-Y«y-^^/ir-“t%Khi_y(<^’&). ( 6 ) 

To investigate this we use the expression 

Bj,(*)==^(i*)-«J^ exp^~«-^ja*-idM (8fl(a;*)>0). (7) 


* Pne. Lmd. Medh, Soe. ( 2 ) 84, 1931, 103-26. 
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If we interpret (6) by using tbe path L, U converges since 

K]i^(s!) = 0(er^e-*), 

and on this path tbe relation > 0 is satisfied. Then 
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Khi_.j,(fl^^) = ^ (lq2>*^)’'~^J exp ^ ^ j u-^dsi 



- “ (io2>^)’'~'J e-^-^H ^ 



1 r® 

= - e-^-ydu, 

TT J o«/« 

flpVay-a+VsKhi («^^S) = (ita)y-^pr-^{ e-^-^du. 

J a'lU 

(8) 

(9) 

But 

\F{p)g{f) = I* f{t-T)g{T)dT 

P Jo 

(10) 

and 

{Si(a y)> 1). 

(11) 

Hence (9) is 

(iay-^f i— r) /^rf e-^-ydw. 

Jo(a-y-l)l Jo«Mr 

(12) 



The integration is over the shaded region in the diagram. Beversing the order we have 
for the limits a^f4u <T<t, a*j4i <u<oo; and we have 

jav« Ja«/*«(a-r-l)5 

(®-y)U«« \ W 

(a-r)! Ja^/« \ 

Hence U = (g— y)l J ^ (9l(a— 7 )> — 1). ' (14) 

is the solution required. Also, using the definition of Kh,,^ in terms of and 'we have 

U{a,y,x) = -, — n I e-^v^(v+x)-*dv (16) 

(a-y)ljo 


= — TTOOSeoyTT 


{(<*-!)! (i-y)!“* (a-y) 


|!(y-l)!*^} 


Ua-7)l“"+(a-l)!'^r 


(16) 


The numerical factors can be checked by taking » = 0. This result is identical with 
23-04(26). 
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Solution small at —co 
KIi^(*) = Kh„(2) 


23*05 

(17) 


Now 

and therefore also 




by HiTnilaT methods; then 


U (a, y, x) — - — f — a;)*-^ du 

(a— 1)1 Jx 

1 


fco 


(a-1)! Jo 


aji-r I e~^v^~^v+x)y~“~^dv (3i(a)>0). 


(18) 


(19) 


The two forms (16), (19) were found in 23*04 by using the two loop integrals andJ^. 

Since 23*04 (21) (22) are analytic functions of a and y for all values, they can be 
taken as providing dednitions of U for unrestricted a and y; and then (16), being true 
for a continuous range of values of a and y, will be true for all a, y, the right side being 
defined by continuity when y is integral. They become ambiguous if a; is real and negative, 
BO that a cut along the negative real axis is needed for x, but a sinulai out is needed to 
define if y is not an integer, so that this involves no loss of generality. 

The integrals are inconvenient for finding the convergent series expansions directly; 
for if we try to expand a power of « — a; in ascending powers of x the series will diverge for 
I ‘U I < I a; I and it is impossible to find a path passing between the singularities such that 
the series converges at all points of it. 

If we take the loop JM^ for either integral we find without much trouble that it is a 
multiple of ^J7(y— a, y, —a?); but iliere is a complication because —a; is to be interpreted 
as a»~*" for 3f(a;) > 0 and as xe*” for 3(a:) < 0, on account of the out in the x plane. It is 
awkward to have such a distinction, and in particular to have an arbitrariness when x 
is real and positive. To some extent this is inevitable because we do have to decide then 
whether to make the loop Jfg pass above or below the origia; we can define a new 
function as follows: 

7(a,y,a!) = &‘(x+K)’^K-*dK 

im J-oo,o+ 

_ , y)* gg^-y f gK/j. ^ 

27r» J-«>,0+ 

~ (20) 


and 


= iJi(a,y,a;) = Jy ^ ec^?7 (3f(®)>0), • (21) 


% = SBi-^iJ^i(l + a-y, 2 -y,») = ^-^j7+^i-^ea-H*^)*'^ (3f(a:)>0) (^ 2 ) 


w enoe ” siny 7 r((y-a-l)l(l-y)!^‘^(-a)!(y— l)l“^)' 

IfS(af)<0weoanreplaoe*bv — 


( 23 ) 
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The interesting property of F , apart from its simple asymptotic expansion, is that it 
tends exponentially to 0 as 81(3?) — cx). Ihirther, F as determined by either of the in- 

tegrals (20) is a solution of the differential equation, independent of Z7, even when y is an 
integer and the two series solutions coalesce. 

In practice the ambiguity of F when x is real and positive makes it an inconvenient 
function to use; the diB&culty corresponds to the ambiguity nf TCh^^(y) when x is real and 
negative. The most convenient pair of solutions are usually TJ and either ijPi(a,y,3?) or 
flji-y J^(l + a— 7, 2“7,a;), according as y is greater or less than 1. These correspond to 
TCh^ and respectively, n>0. 

We have also seen from 23*03 (10) and (11) that one solution is expressible in finite 
terms if either 7— a or 1 — a is an integer. In particular 

a, X) = e» y,x) = 1, ~l,y,x) = l- xjy. 

23*051. Convergent expansion of U{a,y,x) when y is a positive integer. Put 
y = m + c, where m is a positive integer, and let c tend to zero. 

Uia,m + c, x) = m + o,x) 

+ + a — OT — c, 2 — OT — c, ig). 

When c-> 0 the terms up to a:”-® in the second series give negative powers of x and have 
no counterparts in the first series. The corresponding terms in U tend to 

where Q{x) consists of the expansion of iji^(l+a— w, 2~m,x) up to the term in 
Next, take the term in sif in the first series with that in af+^i in the second. With their 
proper multipliers they give 


^ _ (— w— c)! «(«+l)...(«+r— 1) ^ 

’■ (a— m— c)!r!(m+c) ... (m+c+r— 1) 

(m+c— 2)1 (l+«— w— c)...(r+«— I— c) 

(a— 1)1 (r+m— 1)1 (2— m— c) ... (r— c) 

_ (— TO— c)! («+r— 1)1 (m+c— 1)1 ^ 

(a— m— c)! (a— l)lr! (m+c+r— 1)1 

(m+c— 2)1 (r+a— 1— c)l (1— m— c)! 

(a— 1)1 (a— m— c).l(r+m— l)l(r— c)l 

^ 1 / (a+r-l)l ^ («+r-l-c)l 

8in(m+c)7r (a— l)l(a— m— c)!\(m+y— l+c)lr! (m+r— l)l(r— c)! , 

-».(-l)« — : 

(a— 1)1 (a— m)l 




*''®“'"^(m+r-l)lrl^ 
«(a+l)... (g+r— 1) 


(m— 1)1 (a— m)!rlm(m+l) ... (m+r— 1) 


(from 16*04) 

afpog X — F{m + r — 1 ) — F{r) + F(a + r — 1 )]. 
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But 


23-06 


Whittaker's form 
- f (m + r — 1) — F{r) + F{a>\-r - 1) 

= -/(m- 1)-/(0) +F{a- 

11 1.1,1 . 1 
“l 2”* r ■^a'^a+l'-’^a+r-r 

00 / 1\OT 

Hence = S«r = \ j {^og - ■^(”^ - 1 ) - -^(0) + - 1)} + iJ, 

where 

77 = V (-1)” «(«+!)... (g+r-l) 

* r~i{m—l)\{a—m)\r\m{m +\) ... (m+r— 1) 

^/1 1 11 111 1 \ 
\a'^a+r"'*'a+r— 1 1 r m 7» + l ■” m+r— 1/' 

and U{a,m, x) = Ui + U^. 

This solution is due to Stoneley.* A function partly tabulated by H. A. Webb and 
J. R. Aiiey t omits the terms U^. 

If m= 1, the terms do not arise. 

If a is a positive integer less than m, U reduces to Vy In this case, and also if a is 
a negative or zero integer, U is given exactly by 23-04 (26). 

If y is 0 or a negative integer, a convergent expression for U may .be obtained by 
aimilftT methods, but the chief practical case is that discussed directly m 23-07. 

23*06. Whittaker’s transformation. If in the original difEerential equation 


xu''+(y—x)u'—otu==0 (1) 

we put u s= (2) 

we get + = 0, (3) 

and the further substitution v = x'^'*v> (4) 

giv« (5) 

Putting V3 = a^y (6) 

we have the further form 

(7) is interesting because if a = it reduces to a form of Bessel’s equation, and solutions 

are In particular we find 

1, X) = e'I^I^(\x), iPid, 3, X) = ^ey^Uix). (8) 


When the term in a: is not zero, however, it can produce a profound change in the cha- 
xacrter of the solutions. Evidently Khi^y_i)(|®) will be a farther solution of (7) if a = 
and oorrespoiids to the solution U; but if this condition is not satisfied it is possible to 
g and y such that U is a multiple of one of the series solutions. The Bessel analogue 
woWilt.be that Kh„ could be proportional to either or J_„!. 

* MJ!r.BJL.S. Geoj^s. Swppl. 8, 1984, 226-8. 
t Pha.^Mag. (6), 36, 1918, 129-41. 
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23*06 WhiUah&f^s form 

(5) is Whittaker’s form, and is 'written by Tiitti as 


0)" + 


( I , h J— m®\ - 


( 9 ) 


SO that k = ^-a, m==i(l-y). (10) 

TTiia notation simplifies the •wri'ting of the differential equation slightly. But if we •try to 
solve (3), (6) or (7) for general y, a by a series we get a three term relation between the 
coefficients, and it appears that in any useful series a and y will enter explicitly into the 
solutions. We shall therefore write solutions of (5) as 

e-%®a5*/ar{jJ?^(a,y,a;); x^-^jFi{l + oi-y,2-y,z); U(a,y,x}. (11) 

while those of (7) need an extra factor ar^ and therefore, unless y = 1, one of the series 
solutions tends to infinity at the origin. 

An alternative form comes by putting x = 2fiz; then 


dho [ 


+ 2a)- + 


II y(2-y) 


j w = 0. 


( 12 ) 


In many applications /t is ± 1 or ± ». 

A case of special interest is where a solution of (5) is required to tend to zero at a; = + oo, 
and also 'to be small compared with a^ for x small. The former condition requires that the 
solution shall be that in XJ. But 17 is a linear combination of two solutions of (1), of 
which one is bounded and not zero near x^O, and the o-ther behaves like except 
fm y= 1, when the second solution behaves like log x. The corresponding solutions of 
(6) wiU behave like asb' and or a^loga;. Thus if y> 1 only the solution of (1) 
hounded near the origin is admissible, and if y < 1 only the one that behaves like 
In the former case the solution required is y, x). But this increases like ^ for 
large x xmless a— 1 is a negative integer, 'when we take the series to end 'with the term 
in ar*. In the latter case the solution is x‘-~^ i^(l +a—y, 2 — y, x), wMoh increases like ^ 
unless « — y is a negative integer, when we take the series to end with the term in 
In either case -the admissible solution of (5) is a termina-ting series multiplied by er*^. 

The function U is therefore of great physical impoirtance. Whittaker’s solution 'bakes 
the form ^.OT+%g— /•« 

= e-^f«^U{a,y,x), (13) 

a=J— m— fe, y = l — 2m, a—y = m—h—\. (14) 

^m(*) = ( 16 ) 

when the cc, y notation is being used. The differential equation is xmaltered if x and k are 
replaced by — a: and — k\ hence aqother solution is Wlj^»( — »)• The asymptotic expansion 

whiohterminatesifm+h—^ is an integer > 0 or ifm—i: + i is an integer <0. Also 
whifihtermmates if m+h+^is an integer <0 or m— h— J an integer >0. 


with 

We shall 'write 
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23'07. SchrSdinger’s equation for the hydrogen-like atom. The radial wave 
ftmotion jB satisfies a differential equation reducible to the form 


dr* r dr \ r r* / 


( 1 ) 


where Z is a positive integer, and Z is positive. R is required to be bounded for 0 <r <00. 
If we put 

jB = Pjr (2) 


we get 


d*P 

dr*' 




If Jr is negative (bound electron) we put 2E = — J/c®, kt — p, and then find 


d*P 

dp* 




(3) 


(4) 


which is in Whittaker’s form with 

7 = — 2Z, OL — —1-~2Z[k. (6) 

The solutions have indices Z + 1 and — Z at p = 0. The latter is excluded, and the solution 
required is 


P = e-^&PptH-iiPi(l+Z-2^/A:, 21+2, p). 


( 6 ) 


Wnten p is large this will be large like exp (Jp) unless the series terminates (compare 
23*04 (9)), that is, unless 1 + Z •— 2ZIk is zero or a negative integer. Hence 


K = 22f/(Z+s+l) = 2Zjn 

where d is an integer > 0. » is called the principal quantum number. Then 

J? = -i/c* = -~* (n = Z-hl,Z+2,...), ' 


m 

( 8 ) 

( 9 ) 


R oc p*e~^w'ij^( — a, 2Z + 2, p). 

The polynomials in this case have a compact operational expression. From 23*03 (4), 
if y is an integer > 1, 

= (y-l)!^l_iyi,i-^ = (y_l)l(3,_ 

P(p— a) 1 = e“®P(p)e“*' 


But 

and therefore 


( 10 ) 

( 11 ) 


= (y_l)le*^--^ 
= (y-l)!e® 


(p-H)i'+^i 


d\» aJ5'+»-^ 


(y+a-l)! 


(p + l)y+« 

« 

provided all derivativeB vanish at « = 0, which is true if y > 1 . The polynomials 


(12) 


(13) 



23*07 Free electrons 

are called the Laguerre polynoimcds.* Now 


687 


—s,2l + 2, p) = ffer^p-'^^{2l +1)16^ j 


dy p 




(2Z+a + 1) ! 


e-P 


d -r. 

Writing 


= (2Z + 1) ! p-*-VAip 
A(/>) = (i>-i)V 


8 pSl+g+l 

(2Z+a+l)! 


erP. 


(14) 

(16) 

(16) 


and (14) may be written /a/ 4. m 

If J+i denotes the (2Z + l)th derivative of the (2Z + a + l)th Laguerre polynomial 

= i)SH-l(i)- l)»HH-lp»i*+-l. (17) 

Oomparison of coefficients shows that (16) is equal to 

sl(2Z+l)! 


[(2Z+«+ !)!]»' 




:+«+i- 


(18) 


If jE is positive (free electron) we have to replace k by ^a:; but for large r the exponential 
factor will now be exp {iter) and will not tend to infinity for r large and real. The differential 
equation now reads, with E = J/c*, inr — p. 


d^P 


dp» 


\ ^ Kp p* / 


(19) 

( 20 ) 


The solution can now be written, 

P = e-^‘*^{Kry^^jFi ^1 + Z + 2Z + 2, i/cr j . 

Here a is complex and iicr is purely imaginary. Hence in the asymptotic expansion for 
large r we must keep both the series in 23*04(8). We have 


and tKT must be interpreted as /crexp (^wi). Then 

2Z, 


(KT)--- 


■WZiK 


{l-2izlK)l 




I 


( 22 ) 


2(2Z+l)!e-"^/'' /, 

in which the constant factor is independent of r.f 
(20) can be put in another form. It is equivalent to 

\a(ziic-i-i 


47r(Z + 1) -t- —log ('»■) - arg (i + 2«2/x) Ij , (23) 




( 2 *) 


* OF. Coiizant-Hjlbert, Me/Jtodm der metOtema/Aadhen PhyaUk, 1, 1924, 77—9; £. SohiGdmger, Ann. d. 
Phynk, (4), 80, 1926, 487-90. 

t Bethe, Handb. d. Physik, 24/1, p. 289. His i is the present i*r. 
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Now ( 19) is unaltered by writing -I -1 foil. This suggests considering the expression 


g-^hiKT/icr)-^ (2? + 1 ) ! r gX\aiZiK+i^\_iKf'^-uziK+i^^^ 

2m Jjf 


(26) 


Expanding the integrand in descending powers of A and integrating, we find that (26) 
is equal to 


so that (20) differs from (25) by a constant factor. 




(26) 


23*08. The parabolic cylinder, Hermite, and Hh functions. Consider the 
equation 

g+(JL-£»*)S/ = 0 (1) 


where A and S are real. Clearly all solutions are integral functions of x. Put £ = 
Then 

which is in the extended Whittaker form 23*06 (12), with 

= r = i « = 

and solutions of (1) are 

exp ( - i J5V»*s) {iJ5i(a, J, ; XjFji^ + a, f , B^x ^) ; U{cc, h By»a^} (4) 

‘with three others obtained fix)m these by changing the sign of ^JB. Naturally not more 
than two of the six solutions can be independent, and in particular if we take the positiTe 
sign for aJB and put 

exp ( - ^ £%«») i^i(a, J, jB‘/»ic*) = exp (i B^l^x^) y,Fj_{a', i, - E^a^), (») 

a!exp(-i5’&»*)j.Ji(i+a.i-B’***) = a:exp(i5V.a:a)iJi(i+a',f, -15%®*). (7) 

For the expressions in (6) are even solutions, and those in (7) are odd solutions; and the 
ratio of the two sides of ea& equation tends to 1 when x tends to 0. The same follows 
fioip 23-03 (10). 

, Three ^>eoLally important cases are distinguished according to the signs of A and B. 
•First, the equations 18*04 (7), (8) satisfied by the parabolic cylinder functions are of the 
, forpi (1). For their solutions to be oscillatory for large |i or large defined in 18-04, 
we must have and therefor B is ne|ative. This case, in tidal theory, would coite- 

sjxrod to a p^reaoribed harmonic motion at a long distance from a parabolic cape, or at the 
mouth of a i^ng parabolic bay. Hence in this case the parabolic cylinder functions are 
eapicessible in tqcjtps fA ocmfiuent hypergeometric functions of imaginary argument. 
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With A real, a will be complex; but the solutions will be real as in the case of the wave 
equation for free electrons near a nucleus. The same differential equation arises in wave 
mechanics for a linear repulsive field. 

jB is positive in the case of the harmonic oscillator in wave mechanics, and in tidal theory 
or acoustics in the ci^se of a local disturbance due to a parabolic projection. In the latter 
type of problem we have as a limiting case difi&action by a semi-inOnite screen, which is 
one of the few diffraction problems that have been worked out exactly.* If we require a 
solution to tend to zero when x tends to infinity in each direction, no linear combination 
of the odd and even solutions can satisfy the conditions unless one of the coefficients 
vanishes, and then the solution with a non-zero coefficient must reduce to a polynomial 
multiplied by an exponential. Hence 2a is an integer <0. This is the case of the 
Schrodinger wave equation of the harmonic oscillator. 

One solution also reduces to an elementary function if 2a is a positive integer. For 
then, since a-|-a' = one of the series on the right of (6), (7) reduces to a polynomial. 
But in this case, since it is multiplied by the elementary solution 

will usually be forbidden. We can however still find a solution based on U that tends 
to zero as 00 . This will not be an elementary function, but the functions that occur 
in problems of heat flow in one and three dimensions, and the T{h^ functions for n > 0, 
which have importance in statistics, are of this type. 


These solutions are conveniently derived by using the function U and its operational 
expression. Since 



p^exp (-apy^) = 

(8) 

and 

Klii^(a:) = 1— ) e-» from 21-08 (13), 

(9) 





/ 2 

— ( — ) mng-ap*^ 

\jraJ 

(10) 

But 


(11) 


J" er^da = p-^l»er^^, 

(12) 

and therefore if 2m is an integer > 0, 

(13) 

and if 2m is 

an integer <0, 

(U) 

Now 

u(a, i, from 23-06 (6), 




(15) 


* Lamb, Hydrodynamics, 1932, p. 538. 
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gg0 Eh^fvm^ions 

Put a = -m; then, if 2a is an integer < 0, 

a(«, j,t*) = 

= - 1)®“ (1®) 

(g \ — 2a 

_j (17) 

These solutions axe known as the Hemite polynomials-, and their products by 

exp(-iBV*a*) satisfy (1). For a given a. where 2a is an integerjO, (17) ^ the osly 
solution that tends to zero at either a = oo or a = -oo; it does so at both. If 2a is not 
an integer < 0 there is «o solution that tends to zero at both a; = oo .and a = - oo. 

If 2a is aninteger >0, 

U{a, i, E^x^) = (2jBV«)a»6®^®* (19) 

Thus the solutions can be bmlt up by successive integration or differentiation acwrding 
to the sign of a. The forms (16), (18) are convenient as they stand in problena of diffim^ 
(including heat conduction). For other purposes is probably best to mahe use of the 
tables given in the British Association Tables, vol. 1; though a supplementary table of 

the commoner functions at closer intervals and to four or five figures woidd be very useful. 

A table of the related functions ierf a = J“ (1 -erf to) dsv, iierf a = ierf adiu to four 

figures is given by Hartree* (cf. 20-06 (9)). 


23 * 081 . For n. an integer >0, 




and for n a negative integer 


In particular 


Clearly for all n 


Hh.W.{-l)*-*(^) 

Hho(») = f e-^l^du, Hhj(— oo) = V(^)» 

J X 

Hh_i(a:) = 


£Hh„(*) = -Hh^i(®) 


it is easy to show that Hhn(a7) satisfies the equation 

g+„|_„j, = 0. 


( 1 ) 

( 2 ) 

( 3 ) 

( 4 ) 

(5) 

( 6 ) 


♦ Mem. ProCn Mandi$8ter Lit. Phil. Soo. 80, 1936, 86-102. 
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The functions satisfy the recurrence relation 
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(to + 1) Hh„+i(a:) + a:Hh„(*) - Hh„_i(a;) = 0. (7) 

If we put y = (8) 

d^z 

we find + i + = 0 (9) 


for all integral to, positive or negative. This is of the form of 23*08 (1), which is reduced 
to it by taking 

X = (10) 

Then the solution of 23*08 (1) that concerns us, in the cases that we have investigated, can 
be written compactly as 

( 11 ) 


for any integral to, positive or negative, and 

A = -i2n+l)^B. (12) 

The function jD„(£c) is defined by 

/771» 

D^{x) = eV^‘Hh_^i(») = eV4**( _ (13) 

for to positive. It clearly has to real zeros. It also has an orthogonal properfy, as we should 
expect because it arises in the solution of the wave equation. In fact 

If m 4= TO, we can take m to be the greater. Then the function differentiated m times is a 
polyuomial of degree to, and the derivative is zero. Hence the integral is zero unless 
m = TO. If m = TO the term of highest degree is ( — I)"*"’, and 


r {D^{x)ydx = f" to ! e-^dx = ^(2ir) 
J —00 J —00 


nl 


(16) 


The functions are all positiv’e when n'^0 and there is no question of orthogonality. 

In terms of the series solutions of (6) 

CO 


V(^) /i I \ 

“2%»(^)!\^‘^ 2! 41 ^•■7 


V(M 






(TO-l)** (TO-l)(TO-3)a;* 


3! 


• + 


61 




(16) 
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23*082. Asymptotic approximation to Hh„ («) for x large, «. > 0. 23-081 (1) 

1/2®* 1*00 

( 1 ) 

( 2 ) 

( 3 ) 


1/2®* /•OO 

Hha(a;) = — j- 

Jo 

~ nl J( 




§\ I 1 

nl ' 2™m! a:an»-Hi+i' 


^Ki -») + (-!)" Hha(a:) = ^ JJ +(-!)» e-W+«)‘) 


= — I df 

nlj-a 

1 r“ 

mio m\{n—m)\ ’ 


(4) 


stumnation being over even values of m < ». The latter expression is exact but is given with 
the asymptotic expansion because it is in descending powers. It is useful in estimating 
Hh„(— aj) for large x, since Hh„(») is then small. 

23*083. Asymptotic approximation to Hh,^(a:) for n large, >0, a; moderate. 
Hha(aj) is very small when x is more than about 3, but n may be large. Then if 


4>{t) = n\ogt—tx—\t^. 


m=‘^-x-t. 




( 6 ) 

( 6 ) 

(7) 


Thenformlarge and a; moderate, 0'(t) = Ogivest = as a first approximation, = —2. 

Then 

^{n^) = ^log7»— »^a;— ^ (8) 


and 




( 9 ) 


Tatog ar = 0 and applying Stirling’s formula we recover the first term of the ascending 
series to order Ijn; the approximation is therefore nb^ f^Vad. 

23-OM. Asymptotic approximation to D^{x) for large n. This is most easily 
found from the differential equation 23-081 (9) with -n - 1 in place of n, which is 


0 . 

n+i = m, a: = 2^1’. 


( 1 ) 


( 2 ) 



23*09 

Then 


Accuracy of steepest descemts approximations 
dH 




+ 4»»a(l-|*)» = 0. 


593 

(3) 


The solutions are of exponential type for | > 1 or g < - 1 and oscillating for < 1 ; and 

= (I = Sind), (4) 

l)di = «i(isinli2u-tt) (g = cosha). 


( 6 ) 


Then a solution decreasing exponentially as 4-oo is 

- iain 2d) + in}. (6) 

The constant factor is determined firom the fact that when x is large !>„(*) is asymptotic- 
ally exp (—Ja:®); it is thus found to he 




(7) 


A check is obtained by taking a: = 0 and therefore d = 0. Evidently jD„( 0) = 0 for odd »; 
for even n the right side of (6) is + 2. But for even n 




( 3 ) 


Hence to obtain an approximatian to D^{x) with an error 0{lfn) we must multiply both 
sides of (6) by 

2-^{nley^. ( 9 ) 

23*09. Accuracy of steepest descents approximations. This approximation to 
Hh„(a;), when n is large, suggests a way of estimating the error in stopping at the smallest 
term in an asymptotic expansion found by steepest descents. In the expression 


I=r e-^l»»^{z)dz _ 

J —00 

put/(») +/( — z) = g{z); then g{z) is an even hmction, and 

I^j^er^h<^g(z)dz. 

Int^rate 2n times by parts; then, since odd f>*^{z) vanish at z = 0, 

1 = ij7(0)Hho(0)-H?^Hh,(0)-f- ... +^^Hh^(0)+iL, 

where BK.(az)g*^^{z)dz - m^^{az)g^^z)d^. 


( 1 ) 


( 2 ) 


(3) 


(4) 


Now let the singularity of smallest modulus of /(«) be at re^®; then g{z) has singula ri ties 
at + re^“, near which we suppose that g{z) behaves like a negative power or a logarithm. 

JMP 38 
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The oontribntioiis to g{z) j&om these will have the forms 


23'09 


(re*'-z)«*'''(re**+z)”* log (rV^“ a®) (gj 

where m is independent of a and n. We assume that a is large enough for the smallest 
term to he at a large value of »; now 


^an.)(2.) ^ 


{m+2n—l)\ . ( 1 ' 

(w — 1)! \(re** — a)”*+®* ^e** + g)»H- 2 n 


^ {2m)\M 


for z small, 


( 6 ) 


in the sense that M can be chosen so that the ratio of ^^\z) to an expression of this form 
tends to 1 when n is large. Also if is the general term of (3) 

^ ^a„+a(0) ^ 1 (2»+ 1) (2n+ 2) 1 . 2» 

“sto ■ aV®"^(0) Hh«,»(0) ‘a* 2(»+l) 

The smallest term is therefore specified by 


and 


2 » = [r‘a% 

r^Hha„(0)e*<« ®’^2n+i(a*)oosh^da 


r“ 


4= «an«(2»)’*' e-““J ^ exp ( - ^(2n) az - cosh Q{2n) aze-*^) dz. 


( 8 ) 


(9) 


If » is large and a not small, the integrand becomes small before the term in aV becomes 
important, and reduces to* 

/•oo 

-®s» 4= e-«oo8h(a»--**)(fo; 




(10) 


■“an+J!^ =? = (i-iHoota)a«a,j. (11) 

The.simple rule found for the incomplete factorial function that we should take half the 
smallest tenn is therefore true for steepest descents approximations only if a = ± 
and this will be shown by successive terms being precisely opposite in phase. ^ wiU 

exceed in modulus if cot a > ^3. 

This discussion, is rough, but serves two purposes. Most discussions of the error is 
stopping at a given term of an asymptotic approximation treat special functions and ‘take 
■tt® general term. But the method has a wide generality and should be capable of a more 
geper^ treatment. We see that the feet that the early terms give a rapid decrease in the 
error is due to lihe rapid decrease of the early Hh,j(az) with increasing in> at az when o is 
^ IsiTge, early derivatives of ^(zl can be treated as approximately constant in the range 

/ 

* See Aireyi PA«. Mog. (7), 24, 1937, 626. 
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where the Hh^ factor is appreciable. But when we approximate many times by integration 
by parts, though the Hh„ factor decreases, the factor varies more and more rapidly 
with z until when 2n = its variation becomes as important as that of HhaJa^), 
and nothing is to be gained by further attempts to approximate on these lines. This 
explanation is probably fa m i l i a r to many pure mathematicians, but possibly they have 
not succeeded in stating it with the precision that they like; but a physicist likes to see 
even a rough discussion that brings out the point. 

The approximate formula (11) makes it possible to allow for the remainder by simple 
inspection of the terms near the smallest, a being determined directly by comparison of the 
phases. It breaks down if a = 0, that is, if all the terms have the same sign. This might be 
expected, since it means that the path of integration passes through a singularity. 
.Difficulties have been found, for instance, with the estimation of the remainder in Ini^) 
with X real; but the path of steepest descent passes twice through the subsidiary saddle- 
point at — 1 , and the integrand is infinite there. The situation is saved to some extent by the 
fact that the improper integral exists, but it is necessary to break the range of integration 
up if integration by parts is to be used. Our approximation (9) is extremely crude in this 
case, but if we put a = 0 we get 

•Ban =? i«an(2»)"^J^ exp ( - Ja:*) dx = ^^{nn) (12) 

and the factor ^nia & warning that the size of the smallest term is no safe guide to the 
accuracy in such a case. 

Similar considerations are applicable to the integral 

/•= JJe^/(z)dz = (13) 

The same methods will apply except that, C/(C*) being an odd function, it will be the terms 
in even derivatives that vanish. (11) wiU still hold with 2ji— 1 for 2«. 


1. Prove the xecuireiice rdlations 


EXAMPLES 


X + 1, 7 + 1, ®) = 7[i J'i(a + 1, y. ») - 7. ®)]. 

0 LiFi(a+l,y+l,x) = {a-y)iFi(a,y-^l,x)+y-iFi{a,y,x), 

(a-f«)iP'i(a+ 1 , 7 + 1 , as) = (a-7)iJ'i(a,7+l,as)+7iJ'i(a+l,7,*), 

ay + 1, 7, as) = 7{a + x) 1 J'i,(a, 7, as) - as(7 - a) 1 J’i(a, 7+ ®)» 

<X’\Fi{a,+ l,y,x) = {x+ 2 a-y)iFi{a,y,x)-\riy-x)xFi{a-\,y,x), 

(7 — a) as iP'i(a, 7 + 1, as) = 7(as + 7 — 1 ) 1 J'i(a, 7, as) + 7( 1 — 7) 1 7 - 1, as). 

(B.A. Report, 1926.) 


2. Prove that 


6xp(-ias*+a:t— J**) = S 


Hence jsrove that 



e*"'‘DJx)dx = 2^*“I)„(2#r). 


S. Prove that for real o, b, c the hypergeometrio series convenes at s — 1 if o*+6 and diverge^ 
if o<a+ 6; and that it convergeBat e = — 1 if c+l>o+6. 





Chapter 24 

LEGENDRE ETJNCTIONS AND ASSOCIATED FUNCTIONS 


*You boil it in sawdust; you salt it in glue; 

You condense it with locusts and tape; 

Still keying one principal object in view. 

To preserve its symmetrical shape.* 

ZiBWis OABBOiiL, The HurOmg of the Snarh 


24*01. Associated Legendre hinctions. We have seen that the solutions of the 
potential, wave, and sound equations for spherical boundaries depend on the solution 
of the equation 

' -2(s + 1)/4^+(«.-«)(j!.+s+1)0 = 0, (1) 






where — Potential problems concerning the outside of spheroids depend on 

the same differential equation, with /{> 1 for prolate spheroids and ji purely imaginary 
for oblate ones; in these problems we require the solution that tends to 0 when ji 
tends to oo. Except when the contrary is stated, we shall take s to be integers, 
n>s>0. Then one solution has index 0 at /( = ±1 and the other index —a. The 
latter'may contain a logarithm, and in any case will be infinite. Since one solution is an 
odd and the other an even function of /t, the solution with index 0 at /« = 1 will also have 
index 0 at = — 1, and will be the soluinon needed for problems of spherical boundaries. 
It can have no other singularities and is therefore an integral function. Series solutionB 
can be found easily. They are given expUoitly for « = 0 in 16*04. An expression in finite 
temis for the solutions analytic at /t = ± I is found by the method of 18*061 to be 




( 2 ) 


We can build up the solutions with singularities at ± 1 from those found by taking s = n 
in (1). We have 

One solution of this is a constant, and successive integrations wiU build up polynomial 
solutions for smaller values of a; but these are already given by (2) without the need of 
special attention to fix the constants of integration. The other solution is given by 


= ?: 


( 4 ) 


and if we chqose the constants so that the solutions tend to 0 at /t = oo they will be 

■ ( 6 ) 

where the path does not cxoss the real aTia between — 1 and 1. 
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The indicial equation for /t large has roots n—s and — » — s — 1 ; the former corresponds 
to (2), and the latter shows that we are justij^ed in assuming for all 8 the existence of a 
solution vanishing at inftnity. It is easy to verify that (6) satisfies 


—0* = ©»+i 
dii^ 


( 6 ) 


and therefore it must be the second solution required. If we take m * « = 0 it becomes 


e" = (7) 

SO that there are logarithmic singularities at /t = ± 1, and a special convention will be 
needed to give a definite value to the fiinction for — 1 ^ 1. Sxcept in this case we can 

agree to take the value given by (6) for /i real and greater than 1 and define the function 
by continuation, excluding the real values of /< between — 1 and + 1 by a cut. For 
— 1 < /K 1 we shall see that a modified definition is possible, but in any case the second 
solution will become infinite at ;( = ±1. 

24*02. Solutions of Laplace’s equation in spherical polar coordinates will 
then be 

= (r®, sin*d. 0. (cosaA, sinaA) (8) 

where 0 is given by either (2) or (6), with an appropriate constant factor; for a complete 
sphere the single-valuedness of <j> will require that for a =» 0 the term in A, which replaces 
sinaA in this case, will not occur, and the finiteness of ^ at d = 0 or tt will exclude the 
solution (6). We shall see that any function satisfying Laplace’s equation inside or outside 
a sphere can be expressed in terms of spherical harmonics, @ being taken as in (2). 


24*03. Potential in a cavity. Consider a closed surface not surrounding any matter. 
Within it a potential function exists satisfying Laplace’s equation. We can draw a sphere 
about any point in this region and lying wholly in the region; and within such a sphere 
the potential is given in terms of its values on the ^here by Green’s integral 6*092 (8). 
Now if we take r < a, 

o®— a®— y® 

N* ~ (o*— 2orcos'^+y®)^* 

If we for a moment regard r as a complex variable, this function and any of its derivatives 
have singularities only at r = ae***, and therefore have expansions in power series in r, 
uniformly and absolutely convergent with regard to r for [ r | < c < a. But the terms in 
y” are the sum of terms of the form (y®)’“(ycos'^)““®’’’, and rooB& is a linear function of 
a, y, z. Hence for any ^ integrable over r — a, the terms in r” can be expressed as a homo- 
geneous polynomial in x, y, z; and the series is rmiformly convergent with r^ard to d for 
I y I < c. Hence ^ within the cavity can be expressed as the sum of a series of homogeneous 
polynomials in x, y, z, valid for y < o, and any derivative of ^ of any order with regard 
ca,Ti also be so expressed. Hence suffioientLy near the centre we can write ^ as 
the sum of a series of homogeneous polynomials in x, y, z 


( 1 ) 
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being of the »th degree. Since = 0 for aJl points in the sphere, = 0, by equating 

terms of equal degree. Thus <f) can be expressed as a series of polynomials each satisfying 
Laplaoe’-s equation. Obvious solutions are 

^ 0 = 1 ; = 4)^ = iey,yz,Z!iB,x'^-y^,2z^-a^-y^. 

Now when a = 0 let = g{x, y), = h{x, y). (2) 


can be expressed as a terminating Taylor series in powers of z. But 
a*" . . . ._/ 9® 9* \*‘ , 9*^+1 




(3) 


and hence the derivatives with regard to a at a = 0 can all be found 
g{x, y) and h{x, y). If we write 

9*8^ 9ya 

MStmr^X 

= S ( - 1)« (- ir 


( 4 ) 

(6) 


and is completely determined given g{x,y) and h{x,y). But g{x,y) is a polynomial of 
degree n and therefore contains n + 1 terms; h{x, y) is of degree » — 1 and contains n terms. 
If we substitute (6) in with arbitrary coefficients in g{x, y) and h{x, y), we find that 
= 0* Hence exactly 2n.+ 1 coefficients can be assigned independently, and can 
be expressed in terms of 2»+ 1 linearly independent polynomials. 

If we take a = 0, 1 » in 

»*sin»d^^(/t®-l)»(cos«A,Bin«A) (6) 


we have 2n+ 1 solutions, which are clearly independent since none of cossA and sinsA 
can be linearly expressed in terms of the A factors for other values of a. The solutions ate 
esqpressible as polynomials in x, y, z. For r” sin* d(cos sA, sin aA) are the real and imagiaary 

Hn+s 

parts of (x+iyY and therefore are polynomials. Also , ^ ® polynomial m ft 


of degree «— a of the form S and 




Hence the solutions (6) axe 2n+ 1 linearly independent polynomials. Any pol 3 momial of 
-degreen in that satisfies = Qoau therefore be^xpressedlinearlyintermsofthem. 


24*04. .Solid and surface harmonics: explicit forms for Laplace’s 

equation can be written 


9r 




9V 


sin^dfiAa 


= 0 . 


If ^ A) the first term is m(n+ 1)^, and the coefficient is unaltered by changing 

» into — » — 1. Hence if r^8^{d. A) is a solution, A) is another, and conversdy. 

Such, solutions are called 8<Md harmomce of degree n or —n— 1 as the case may be, and 
^ called a 
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This fact leads to another way of developing the standard solutions. For since 1 jr is 

a solution of Laplace’s equation, of degree — 1, any derivative — r — i is another, of 

degree — wi— ti— 1. If we multiply it by shall therefore get another, of 

degree Z + m+n. Hence the functions 




0»W»+*» ^1' 


( 1 ) 


constitute a set of solid hannonics of degree Z+m+». Those of given degree are not 
iadependent, since, for instance. 


da^r dy^r 32®r r 


( 2 ) 


It is easy, however, to obtain an independent set in terms of them. We take 

va .8V/9\®^1 

\^) r‘ 

This is a solid harmonic, being a linear combination of derivatives of 1/r. Suppose that 
2 *>a:®+y®. Then 


a:^+y\^ 1 




-+ s (-ir 

» «t-«i 




«2m4‘l 


Now 


( 0 0 \ 

= 9’{!e+iy)-g'{x+iy) = 0. 


{^) 

( 6 ) 

( 6 ) 


d . 0 


Successive operations therefore introduce powers of aj+iy, but farther differen- 

tiation of these gives nothing; and 

/iri. (_U.^+ ? ( „.... 1.3...2»-l(8»+«)l(»’+ifl- , 

\0«/ r ' ' ' 2*^! (2ot)! ^ 

\0* *0y/ \ 02 j r 

2*^1 (m— «)I (2m)! gam+n-w-i ' / v / 

Every term contains the factor {x+iyY and therefore The lowest non-zero term has 

w = «, and reduces to , ^ v. 


Hence 




( 10 ) 


Sinceilihis is a solid harmonic of degree proportional to e^, and of order 

c2?*^ 

sin®0 for 5 small, must be a constant multiple of 
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DifFereutiatiQg by Leibniz’s theorem and picking out the only term that does not 
vanish at /t = 1 we have 


1)’"+ - 


n\s\ "•{»-s)l 
2”^nl{n+8)l 


(»—«)!«! 


+ C)(8ia®d), 


and 


„ 1 = - — gin* ^ (^2 _ i)». 

-“-1 2«%1 > 


( 11 ) 


(12) 


This form suggests the most convenient way of assigning the constant Motors in the 
standard solutions. We shall take 




(13)' 


The usual definition is to take the constant factor as lj2?H ! and call the resulting fimotion 
Pfi(ji). The present form has one considerable advantage in symmetry. With it, let os 
see what happens if we replace « by — s. Since 


^/1 

02* 




(14) 


we can make the interpretation 

02 ®+* \r/ ' \0a; *0y/ dz^\r} 




( 16 ) 


where the asterisk denotes that we replace iA by — iA. Now see whether we get the same 
relation by takdng — e for « in (13); we have , 

2«(nl)>p;‘W - («+»)l (1 1) 0»+ 1)}“ 


where terms with m>n—8 vanish. Hence all terms contain 1)* as a factor, and the 
sum is 

n~S tM 1 M 1 M 1 t tt 1 \7l—7n—S #*«_!_ I MTk 

( 16 ) 


f - f 1 - {n-8)\n\n\(ji-l)”^(p+ir 

^ ^ to5o ml(»— «— m)!{»— m)I(«+»i)I 


and terms with m<8 vanish; putting m — e+uwe have 

s < y*>! .- ";<^-‘)*'7»'(^ . + jg (18) 

u«o(«+u)l(7ir---a)! (71— a— 06)1 u\ 

which is the same series ^as (16), terms with u>n^s vanishing. Hence 

i»»*(/*) = (-i)*i4C“)* (1®) 



24*04 


Normalization 
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In otir original derivation we were not oonoemed with n^ative values of s, but we should 
naturally like jp^expi(‘yi— sA) and j>J7*®3cpi('yi+sA) to represent two waves of equal 
amplitude, passing around a sphere in opposite directions. With the present definition 
this condition is satisfied, and apart from it there appears to be no reason for considering 
negative s at aU. With the usual defiLuition, which omits the factor {n—s)\jn\, the ampli- 
tudes eJxpressed by the usual solutions are very different. Tor n = 8 = i the ratio is 
8! = 40320. The factor ( — 1)* presents a minor difficulty in securing symmetry, and 
could be absorbed by including a factor i®, but this would make the functions imagmary 
for odd 8 and does not seem worth while. C. G. Darwin* has already introduced the 
factor (% — a) ! into the definition for the sake of symmetry, but it seems best at the same 
time to divide by ! so as to retain the usual standard solutions when a = 0. 

Hobson associated the factor ( - 1)® with not with P»*(/t). In this respect he 

is followed by Condon and ShortIey,f who use normalized fonctions. 

A common modem procedure is to normalize the functions, that is, to introduce a 
constant factor so that the integral of the square of the function over the range used is 1 . 
This device simplifies the writing of general proofs in, for instance, the theory of integral 
equations. But in a simple application it would mean that we must not use cos x and sin a;; 
we must use (2/zr)^^ cos a; and (2/7r)*^siaa:iftherangeusedisfl', and7r'^®oo8a;and7r~^sina: 
if the range is 2ir. Presumably separate tables would be wanted in the two cases. Por 
more complicated functions the normalizing factor introduces square roots everywhere, 
and especially it needlessly complicates the recurrence relations. When the range is 

infinite the normalizing integral may diverge ^e.g. J xJ%{x) da;| and other devices are 

• needed. We shall therefore take as the standard functions of the first kind (i.e., bdbaving 
like sin®d near d = 0 and n) 


piW = 


(»-a)! 

n! 


Pki/t) = 


(!iriHsin®d— 




( 20 ) 


and the corresponding solutions of Laplace’s equation are 

(yn^y-ti-i)p#(^)(<j08«A,sinaA) (21) 

related to the solid harmonics of degree — 1 by 

The fcmotioiis usually called the Legendre furictions or ^lynoniicdSi or zoruil 

harmonica; it is usual to suppress the explicit mention of a when it is zero, is called an 
associated Legendre function,^ andp^(oos^A,sm5A) tesseral harmonics , apparently after a 
kind of dice known to the Romans. J£ a ^ n the tesseral harmonic is called a aectoriol 
harmonic. 

It is important to have a general idea of the appearance of the functions. By the 
general principle that the zeros of a derivative of a continuous function separate those of 
thfe function, since (/t* — 1)” has n zeros at + 1 and n at — 1^ its first derivative has — 1 at 
each of these values and one between, its second two between — 1 and + 1, and has w, 

* Proc. Boy. Soo. A, 118, 1928, 668. 
t The Theory of 4iormc Spectra, 1936, 62. 



UVJii 


UJ \l JUt iV \J\JK3 V tv f 


mvb 


all real and between + 1 and — 1. Powers of sin 0 never vanisb except at = + 1 in this 
range, and for s > 0, if we do not count the zeros at ^ = 0 and zr, will have n—a zeros, all 
real. Thus the zonal harmonics keep the same sign each over n+1 belts, as between 
parallels of latitude, counting each polar cap as a belt; each increase of a by 1 reduces the 
number of parallels where the harmonic vanishes by 1, but increases by 2 the number of 
meridians where it does so. We see easily jfrom 

on dififerentiating by Leibniz’s theorem that all terms but one vanish at ± 1, giving 

P«(l) = l. Pn(-l) = (-!)“• (23) 

Actually |p«(/i)l never exceeds 1. Por [i near 1 the lowest term in is got by 
taking u = n—am (18); we get 

(24) 


24*05. Expansion of (r*— 2rAcos^+A2)~^^: Green’s function for a sphere. The 
harmonics vrith a = 0 are particularly important, since many disturbances are sym- 
metrical about an axis. We have 


Consider the function 




( 1 ) 


( 2 ) 


jB + (r*— 2rAcos^-|-A®)’*’ 

which has a convergent expansion in negative powers of r if li<r. But since B involves 
z and h. only through z—%^, , 

(^r^(-iri 


and by Taylor’s theorem 




(4) 


This expansion is often taken as providing the definition of i^(/t) ( = jPn(/t)). The explicit 
form of Pnili) can be found from, it quite easily by Lagrange’s expansion.* But there are 
few practical oases where this expansion yidds explicit expressions for the general term 
vrithout great difficulty, and we prefisr to regard it as an existence theorem, in spite of this 
solitary instance of its use. In practice the associated functions are extremely important, 
wd it seems best to have a definition that can deal with them from the start. . 

If 0<a<l, 

• ,(1 — 2aoosd-t-a*)^ = — 

= ^l+|a6-f’-hya*ea» + ...j(l-Hicee-^+ya»6-««-l-...j, (6) 

and the coefficient of n* is a sum of cosines, all vrith positive coefficients. It is therefore 
greatest numerically if they are all ± 1; hence 

1 P»(oos(?) I <p„(l) = 1. 
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Gheen's function for a sphere : External potential 

A r^ted series of much importance is 

“ A” 

S ^ ^{2n+l)—^pM- ( 7 ) 

Differentiating (4) and multiplying by h we have 

,91 V / \ /I K 

and therefore 

which is the function that arises in the determination of a potential fonotion given its 
values on a sphere. If ^ > r the same expansions hold with the exception that h and r must 
be interchanged. 

24*06* Potential outside matter. To the theorem about expansibility of a potential 
function in a sphere within a cavity corresponds one about expansibility outside a sphere 
that contains the whole of the matter whose potential is being considered. Let P(x^ be 
a poiut outside such a sphere, the origin being the centre, and Q(g^ the position of a mass 
dpi then the potential is yjdmIB, where 

= = • ( 1 ) 

( 2 ) 

which is uniformly convergent on and outside the sphere, and therefore can be multiplied 
by dm and integrated term by term. Thus the potential is developed in a series of negative 
powers of r, which can be differentiated term by term as often as we like provided that r 
is greater than every value of p. Hence V^(j> is another convergent series, and is identically 
zero, and the terms in ^ of every degree separately must satisfy = 0. But if r~^^f{6, A) 

satisfies Laplace’s equation so does r^f(d,X), and therefore /(d, A) is linearly expressible 
in terms of our splutions. Hence ^ can be expressed by a series of the form 

^=^+21 S ;iK0“)(»iwOOs»^+&«*sin«A). (3) 

The condition that r is greater than every .value of is sufficient for the existence of 
this expansion, but not necessary. Consider any distribution of matter within a surface 8, 
the TnaTiTrinTn of p on wMoh is c. Take a further surface 8' outside it. The field outside 
8' is the same, by the theorem of the equivalent stratum, as that of a suitable distribution 
of sources and doublets over 8 ' , which does not need to be a sphere. Let a be the maximum, 
b the TniuiTYmTn ^ of p on 8'. Jf the condition that r must be greater than every value of p 
was necessairy to the existence of an expansion of the form (3), the expansion of the 
potential due to the distribution on 8' would exist only for r>a. But it is the same as the 
potential due to the distribution within 8, which has an expansion for all r > c. If then 
b>e the expansion will exist light down to 8' even though 8' is not a sphere. It is therefore 
possible for the potential outside a surface with matter on it to have an erqiansion in 
negaiave powers of r without the surface being a sphere, so that the expansion is bang 




' (r® - 2rh cos 0 + (r* - 2rA cos (9 + ’ 


( 8 ) 



applied at some places where r is less than, the largest value of p. This feature in potential 
theory is the analogue of analytio continuation in the theory of the complex variable; the 
expansion will exist if the potential outside S' is the same as that due to some distribution of 
matter within a surface inside 8' such that the largest value of p on this surface is less than 
the smallest on S'. It is particularly impoirtant in problems relating to boundaries that 
are not exact spheres, in particular in the theory of the figure of the Earth. The external 
potential can then often be continued into the body, but the result will not be the actual 
potential in the body, since the continuation of the external potential, if it exists, ■wifl 
satisfy Laplace’s equation and the actual potential within the body will not. There is also 
an analogue of singularities. In the case of a charged sphere with a projecting point on 
it there will in general be a local concentration of charge on the projection, and the 
potential due to this cannot be represented by that due to any internal distribution. 

24*07. Orthogonality relations : expansion theorem. Given that an expansion 
exists, it can be determined by considering the values of the function over a sphere. 
All our standard solutions are mutually orthogonal in the sense that the ^oduct of any tm 
of them, mvMplied by the surface dement dS, and integrated over a sphere, gives 0. Eiist, 
let and 8^ be any two surface harmonics of different degrees. Then = rf^S^ and 
= r'^Sn satisfy Laplace’s equation. Therefore if we apply Green’s theorem to a sphere 
of radius a 

(I) 

But this is the same as 

{m-n)a”^-^jjS^S^d8, ( 2 ) 

and the first factor cannot vanish if m + w. Hence 

jjS„,8^dS==0. (3) 

Also, for harmonics of the same degree, any pair of p^cossA, 3»^sinaA,PrtCOSfA,i4smtA 
are orthogonal since the integral with regard to A vanishes, except in the case where s = t 
and we take either the cosine factor in both oases or the sine factor in both and are there- 
fore integrating the square of a harmonic. 

Since we can take 8^ = ^ cos sA, 8^ = Pn cos sX, it follows that if m + n 

JfPml>nf>OB^sXdJi0d0dX = 0, (4) 

and therefore . J = 0 (m=t=a). (6) 

LineaiT independence between the standard harmonics follows immediately, thou^ we 
have already verified it by another method. For if we denote any of our harmonics by 
and there was a general relation 

= 0 , 

we could multiply by any with a non-zero coefficient and integrate over the sphere, and 
the result would be 0. But every term separately gives 0 by the orthogonality rdbitions 
except Tg, which gives ajJJr|d/S, and this cannot vanish since by hypothesis 
'Hence the assnnlption of any linear relation between the harmonics leads to a contra- 
'^otion. 
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It also follows that every zotuA haarmonicpj^ is orthogonul to every pdlyTurmictL in fi of lower 
deyree. For if f(/i) is a pol 3 nioiuial in yit of degree m<n, the term of highest degree being 
we can subtract such a multiple of as will remove this tarm, "We can then subtract 

such a multiple ofp,^i as will remove the term in in the remainder, and so proceed. 
The process ends in m + 1 steps and a sum of multiples of zonal Tiarmppics of degrees < m 
is found that is identically equal to/(/t). But each of these harmonics has degree different 
from n and therefore is orthogonal to Hence 

j_fWPnij^) = 0. 

Now suppose that a function /(5, A) has an expansion in spherical harmonics, so that 

00 n 

f(0yA) = S S (^nfiKoos5A+6^p5.sin^A), (6) 

0 0 

where we suppose that/(0, A) is known, and require to determine the coefficients a^, b^, 
assuming that the expansion exists. Multiplying by the respective harmonics and 
integrating with respect to emddddX we have, by the orthogonality relations, 

/•i ritr ri /•a*r 

«noJ_Jo f{d,\)d/idX, (7) 

t 

rl /•2jr rl /*2flr 

iJo /(^jA)oosaAd/tdA, (8) 

b^aj (p^)®8in®«Ad/iiA = J /(0,A)smsAd;4dA. (9) 


The coefficients are therefore determined in terms of definite integrals. For those on the 
left, integration with regard to A gives 27r or tt. Also 




( 10 ) 


Integrate by parts n times; the integrated parts all vanish at both limits and we are left 
with 


2a»‘(n!): 


( 2 »)! 


C%ir 

"Jo ^ 


sin*^^0d!0 


2a»(«l)2 

2(2n)! 27J.2»— 2...2 _ 2 . 

^ “2a»(«l)a2»+1.27i-l...l”2»+l' ' ^ 

The corresponding integration for (p»)* can be simplified a little by using p^*. We have 






d/i”^ 
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Integrate by parts e times; we get 
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(n-s)!(^+a)! p ( a_i)n\V (n-a)!(n+^)l p 2_(^ a)l(n+a) J 

^ (^!)2 ^ 2»+l («!)* 

(12) 

4^7T 

middddX^-^^^, ( 13 ) 


Hence 


/•l 

J-xJo 


J** (i’n)® (oos®sA, sin^sA) sin 6ddd4> = 


27t («.— s)l («.+a)! 

2»+l (»1)® 


( 14 ) 


whence the coefficients can be found from (7), (8), (9). 

It will be noticed that this expansion has the property, like the Fourier expansion and 
all other expansions in orthogonal functions, that if S is the sum of any finite number of 
terms of a series of harmonics, with arbitrary coefficients, and we adjust the coefficients 
so as to make JJ {f{d, A) — S)* d/idX a minimum, the resulting coefficients are the coefficients 
®jw> ^ns- There is an immediate analogue of Parseval’s theorem. 


JJ{/(^,A)}»d:;<dA= Sa«JJ(l5^)®cos®sAd/tdA+^i !h )®sm®®Ad/t<iA, 

expressing that the mean square off over the sphere is the sum of the mean squares of its 
harmonic components. 

24*071. The above argument assumes that the expansion exists. We have proved 
this only for the potential over a sphere such that matter is either all exterior or all 
interior to it. Extensions to more general forms of f{d. A) can be made in various wa3rs, 
as for Fourier series. A proof, on the supposition that f{6, A) has continuous second 
derivatives, is given by Courant and Hilbert.* If /(5, A) does not satisfy this condition, 
but nevertheless can be uniformly approximated to over the sphere, except possibly in 
a set of points capable of being enclosed within an arbitrarily small total area, by 
functions that do satisfy it, it will follow immediately that a series of the form (6) 
exists that will agree with f{d, f>) to any assignable accuracy, except in the r^on 
excluded. Such a set of functions can be assigned in many ways ; one is by an extension 
of the aj^ument of 14*08, but perhaps the simplest is- to note that if f{6, A) is the 
potential on a sphere of radius a, and JJ f{6, A) sin. 6 d6 dX over the sphere exists, we can 
take a set of interior concentric spheres of radii where 8^-^ 0, and the potentials 

over these spheres have derivatives of aU orders. Further, by a similar argument to 
that of 14*06, we can show that as 0 the potentials on these spheres tend uniformly 
A) in any closed region of 6, A such t^t f{6, A) is continuous. Consequently a 
sufficient oondiidon that f{d, A) can be approximated to by a series of surface harmoniot 
almost everywhere is that it shall be integrable over the sphere. 

As for Fourier series, this type of approximation is possible in soine oases whew 
there Is no expansion of the form 24*07 (6). Conditions that 24*07 (6), with ooefficientj 
given by (7), (8), (9), may converge tof{6, A) are more difficult to state than for Fomiei 
. finaties if /(d, A) has discontinuities. 

* M€ffu)den der McUihemcstiscihen Physik, 1924 , 421 - 22 . 
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24*08. Explicit forms of the functions up to » = 4, are as follows. The polynomials 
obtained by multiplying by r’^oosaA, and the mean square values of the functions, 
associated with their factors in A, over a sphere are also given. 


Mean 


n 

s 

K 

square 

Polynomial 

0 

0 

1 

1 

1 

1 

0 

OOS0 

k 

z 


1 

Bm0 

i 

• y 

2 

0 

f cos®^ — i 

i 

^(22®— r®— y*) 


1 

f oosd sind 

■is 

fac, hy 


2 

f sin*^ 

1 

|(a;*- 2 /*), Zxy. 

3 

0 

1 * 008 ®^ — f cos ^ 




1 

J sin ^(5 008 ®^— 1) 


j/*), 1^4**-** — y*) 


2 

|■^in®^cos^ * 

A 

5xyz 


3 

fsin®^ 

¥ 

Ka;»-3*ya), 

4 

0 

^(35 COB* ^ — 30 cos® 0+3) 

i 

- 248>(a!* +2/*) + 3(®* + y*)*} 


1 

f sin ^(7 cos® ^ — 3 cos 0) 

A 

- 3*(a!» + y*)}, |y{(4»» - 3z(a:» + y«)} 


2 

f sin® ^(7 cos® 1) 

is 

f(»*— y*)( 62 *— as*— y*), izyffts*— **— j/*) 


3 

■^sin® 6 cos 6 


¥*(»*- 3ay), 4^(3a5V-y^) 


4 

•^sin^^ 

¥ 

6**y*+y*), ¥*y(**— i^) 


, In the mean square values, when a 4= 0, the factor ^ obtained by averaging cos®«A or sin®«A 
has been taken into account. 

24*09. Analogue of Laurent’s theorem. The theorems of 24*03 and 24 06, 
rdiating to the expansions of the potential in a spherical cavity or outside a sphere, 
can be extended immediately to the case where ^ satisfies Laplace’s equation in 
the region between two spheres, one inside the other. We can apply the theorem of the 
equivalent stratum to the region in question: the potential will be the sum of those due to 
distributions over both the inner and the outer spheres, and can be represented by a series 
of solid harmonics, but these will now include both positive and negative powers of r. 
This is the spherical analogue of Laurent’s theorem, and has been much used in terrestrial 
magnetism. Part of the variable part of the magnetic field at the Earth’s sur&ce is due 
to electric (ionization) currents in the upper atmosphere, part to ounents in the Earth. 
The former will give a potential at the surface expressible by a series of solid harmonics 
of positive degrees, the latter a series of negative degrees. The variation of tiie potential 
over the surface can be found by integrating the horizontal intensity of magnetic force, 
and the vertical intensity can be measured directly. Now if the potential is 

^ S (A„r»*+ S^, 

the vertical intensity is 

The terms in each harmonic for r equal to the radius of the Earth bting found from 
observation, the coeffiments give a pair of equations for A„ and B„, from which it can be 
determined how much of the field is due to external and how much to internal currents. 

24*10. Recurrence formulae. Prom 


(1 - 2/ja + a*)-^ = 


( 1 ) 



uvo 


tJb! f O/CrOO J Uf 


24-10 


by differentiation 'with respect to a, we get 


It — OL 




(1 — 2/ta+a®)% 

Multiply (1) by — ex) and (2) by 1 — 2/ta + a®, and compare coefficients of a". We find 


( 2 ) 


(»+ l)l»n+i- (2»+ = 0» 

a recurrence relation connecting three conseoutl'^e zonal harmonics. 
Differentiating (1) with respect to fi we have 

a 


{l-2/KX+a‘)^ ^ dfi > 


and comparison with (2) leads to 




^ d/i d/i 

If we now differentiate (3) and eliimnate fidpjd/i we get 

. ^Pn+l ^n-l 


( 3 ) 




( 5 ) 


(2«+l)p„ 


and hence 


( 6 ) 

( 7 ) 


dll dpi ’ 

(2n+ l)jy^dii = 

These can be generalized by dififerentia'tion to give irecurrence relations between the rth 
derivatives, and hence between ■the 




( 8 ) 

( 9 ) 


Direct relations between the are probably less convenient, since it is desirable to keep 
the sin® 6 factor outside the differentiation. The following formula, however, is easily 
proved from 24*04 (3) and has the peculiarity that 8 does not appear in the coeflBlcients: 




(10) 


Other recurrence relations, the proo& of which'^resent no difficulty, are as foUows: 

= (»+l)(A^«-Pn+l) = »(j>n-l-/«2>n)- 

^/(/*) = 0 for/»<:a, and = 1 for /t>a, where | a| < 1, 
n 1 

J MPnifl) dll = (« > 1), 

J 1-a, 


* Adams, OoUected ScienUjic Peipera, 2, 243-96. 
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24*11-24’111 Potential d/ae to disJa 

and the expansion oifiji) in Legendre poljoaomials is 

i(l - a) + i i: {i>n-i(a) 

n-*l 

We can now give a few examples of the use of spherical harmonics.* 


24*11. Potential due to a uniform circular disk. We have seen (6*032) that the 
potential on the axis is 

= 2jTycry{b ^ +*»)-[»[}, ( 1 ) 


where b is the radius of the disk and x is the distance from the plane of the disk. Beplace 
a by r and expand in descending powers of r; this is valid provided r>b. 


. „ (16* i(- 




+ — ^5;;^+ 


m! 


= ?ryor6®ji-i; 


2lr* *“ ml 7 *ajn-i 




...) 


( 2 ) 


We now interpret r as the distance from the centre of the disk and introduce the polar 
coordinate 6 measured firom the axis of the disk. The above form of ^ is correct only for 
d = 0. But we know that the potential for r > 6 is expansible in a series of the form 
'LA^r-^^8^ and by symmetry it must depend on r, 6 only. Hence for every value of 
r the expression of 8^ in terms of the standard functions can contain only Further, 
for d = 0, and therefore the only form of ij> that (1) satisfies Laplace^ equation, 
(2) has symmetry about the axis, (3) reduces to (2) on the axis, is 


^ = 777<r6*^^— 


^ I (-i)- 


m! 


ftam-2 \ 


( 3 ) 


If r < 6 a similar expansion in ascmSAmig powers of r is possible. 


24*1 1 1. Potential due to given surface density over a sphere. By the expansion 
theorem we can express c as a series of spherical harmonics 


<r=S So«,Kco 8«^+S Sftn.f’^sinsA, (1) 

n— 0«-l 

which we can write shortly as S c^8^. The potentials inside and outside the sphere are 
expressible by series 


4>x = S A 





8^. 


( 2 ) 


The potential is continuous on crossing the sphere. Hence when r = o both and 
must reduce to the potential on the sphere, and A^a = •B** l>y expansion theorem. 
Again, the discontinuity in d^jdn is — 43ryo:; that is. 



* Integrals of products of three spherical haizaonios are given by AdamSy loo* oit. pp. 34:3-^00; 
A* Gaunt, PJi4l, Trcme. A, 228, 1929, 192-6. 
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Agfl.in using the expansion theorem, we can equate coefficients of all the harmonics, and 

- ( 2 »+ 1 )^ = - 4myc^, 

Qt 

A -n 

-“ns - 2,j+l • 

Thiis ^0 completely detexxoined. The treatment of all harmonics mth the hb-tha 

» is exactly similar; is therefore usually replaced simply by 8^. But if we are given the 
values of o* over a ^here it will be necessary in any case to perform the expansion with 
regard to a as wdl as % before we have the answer. 

24*112. Potential due to given density within a sphere. Wetahe 

P ~ ^ Pns^ns’ 

where will now be a function of r', the distance from the centre. Also 




’a\«+i 


>SL 


where will be a function of r, but will be a constant since must satisfy Laplace’s 
equation. Two methods are available. We can use the conditions that must satisfy 
Poisson’s equation and <j) and 0^/dr must be continuous at r = a. Alternatively, the shell 
between r' and r'+dr' can be regarded as a surface distribution of density pdr'. The 
potential due to this, for r < r', is 

and for r>r', is 

Adding up for aU shells. 




24*113. Potential of a nearly spherical conductor. We take the equation of the 
conductor to be 


r <lfl+ 2 S®n8^n«V 

• \ «— Is— 0 / 


( 1 ) 


where the are constants, small enough -for their squares to be ne^eoted. We 
assume also 




( 2 ) 


will'of course be a constant since the surface is supposed to be at uniform potential v. 
Sin^ ^0 "w^ould reduce to its^first term if all the were zero we can suppose that all the 

of the same ordw of ma^tude as the e„,. There is a dififioulfy here 
substitution of (1) into (2) directly, because (2) is not necessarily true if vis less 
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than some value of r on the conductor. But we can take a sphere r = a + A, where h is 
positive and just large enough for the sphere to enclose the whole of the conductor. 
(2) holds outside this. Outside the conductor (j> is continuous, and so are all its 
derivatives. Hence on the conductor 

“ (^o)r- a+h “ (a H- — r) + o{Jb ) , (3) 

= + + 1) -^na (» + ^ “ r) + o(h) 

= ^ns + o{h), (4) 

and we can apply (2) down to the conductor with a negligible error. Hence 

«» = 2 A^{1 - S (m + 1) 

= Aoo{l~'S(n+l)e^8„,}+^A^S^+o(Z^), (6) 

for all d, A. Therefore A^ = (to + 1) e^gA^a, ^oo = 

^6o = ® {“+S (TO+ , (6) 

to the first order in the departures from a sphere. 

24*114. The figure of the Earth. In the problems just considered the form of 
the surface and the values of ^ or d^jdr over it are enough to deterinine ^,at external 
points. We now come to a problem where the form of the surface itself is to be found, but 
we know a great deal already about both ^ and 3^ /9r over it. The Earth is not quite a sphere, 
the chief departures being the elliptioity and the elevations and depressions of the solid 
surface above and below sea level. The distribution of density inside is not known directly, 
but a great deal can be found out about the gravitational field outside the earth and about 
its external form from observations of gravity at the soM surface. The departures of 
the outer surface, gravity, and the gravitation potential from symmetry about the 
centre are small enough for their squares to be neglected in a first approximation, the 
range of each being of the order of 1/200 or 1/300 of the mean value. 

The external gravitational potential can be written 

U=(y+U',' (1) 

vhere/is the oonstaat of gravitation, M the mass of the Earth, and U' satisfies Laplace’s 
equation and tends to zero like r~^ for lai^e r provided that the centre of mass is taken as 
origin. The acceleration of a free particle is grad U. But the solid earth is rotating with 
angukur velocity o, and each particle of it has component aocelerations relative to non* 
rotating axes 

(— <u®aj, -r<t)®y,0) = — grad|<u*(»®-l-y*) = — grad^*r*sin*9. (2) 

Hence the difference betvreen the accelerations of a firee partiole and the ground is gradT, 

T = ?7+i<yV»ffln»^. (3) 

The function T is called the geopotential. Observed gravity is its gradient, and the 
sar&oes.of constant T are the level surfaces. 

t 
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612 Condition satined by potential 24‘114 

On the ocean surface T is a constant, which we shall denote by C. Take a standard 
value of r, which we shall denote by a and define precisely later; at present we need only- 
say that it is such that r over the Earth’s surface differs from it by small quantities of 
the first order. Then since T —fM /r is of the first order, it and its derivatives vary only by 
quantities of the second order when we change r from o to o+r', where r' is of the firrt 
order. If 


T ='^+^*r*sin®d+ Z7' = C—gh, 


(4) 


where h is small, and we choose a, so that 


0 = 


fM ^ _fM 


a 


90 - . 


-then to the first order 




(5) 

( 6 ) 


and r' = A+— (iwV®sin®^+ Z7'). (7) 

9o 

We shall show that to the first order h is the measured height above sea level. We shall 
denote the second term by A'; it represents the departure of the levd surfaces from 
spheres due -fco rota-tdon and -to the higher harmonics in the potential. 

In triangulation differences of level dh axe measured upwards, normally to a level 
sui&ce at -the point of observation; therefore along a survey route the change of T is 
—^gdh (the negative sign because g is the do-wnward gradient of T). T’ is a sin^-valued 
function of position, but g varies, and therefore the measured height of a given place 
-will depend somewhat on the route -taken frrom sea level. The difference, however, is of 
the second order in departure from a sphere and will be neglected. Hence on the surface 

Y = C-gh, (8) 

where g is the local gra-vity and A the measured height. 

Gravity at -the outer surface is given by 



and.the second and third terms are of -the second order. Hence to the first order 


9T fM dU' , . 

The rela-tions between g^^ and mean gravity, and between a and the mean radius, 'wiU 
have td be found. Then from (4) 


fM 




and from (10), (11) g = -^-cD*asinS0 


fM\ r J dr 


V ago/ ^ a 

^ ^ .flfo - ? ( 1 + - 2<i>*a(i - cos® 0) . 


( 11 ) 


( 12 ) 


( 13 ) 
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This determines the left side in terms of at the outer surface; hut as it is «nia.ll and the 
outer surface is itself nearly a sphere we commit only a second order error in supposing 
it to hold at / = a. The first order corrections have been taken into account by the terms 
in h and The observed value of gravity appears only in the expression g{l + 2hla), 
which is practically the result of multiplying it by (a+b)*/ffl® and would be the change 
required if gravity had been observed at the same height over the ocean surface and then 
the value at sea levd was calculated from it according to the inverse square law. Thig rule, 
given by Stokes and later by Helmert, is known as the free air reduction. 

To solve, we first take the last term. If 


dU' 2V* 

-g^+-^ = -2w*o(i-oosa5) (r = a), 

and since 1—008*5 = -|(|cos*d-^) = 

is a solution of Laplace’s equation. Then putting 

17' = Cri+C^', 


' 7o+ S 

n—2 


we find by equating coefficients 


= 5 




?o = ro 

A 




(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

( 20 ) 
( 21 ) 

( 22 ) 


Thus U' is determined. The elevation of sea level above the standard sphere is A'. If in 
the interior of the land we take a point at a depth below the visible surface equal to 
the measured height A, this point also will be at a height A' above the standard sphere. 
The locus of such points is called the geoii. 

Special interest is attached to the main eUiptidty term. Betuming to (4) we have on 

(23) 

(24) 

The constant terms in r give the mean radius, in terms of which our a is therefore deter- 
mined. Denoting this by and ignoring now all terms butpg) can denote the equatorial 
■and polar radii by ao(l -i-Je) and ao(l — •!«), and for a general latitude 

r = ao(l+Je)8in*5+Oo(l— fe)cos*5+0(^) 

= ao{l -I- e(i - cos® 5)} + 0(e®). 


the geoid 


whence 


^-l-^®a*+i«®a*(i-cos®5)-l- 17' = g^a, 

T 


Iw®®* 6<t>®a® 


fiffl'n* 


r-a = ^— + 5 — (i-oos®5)4- S g, 

3 ro 2 70 «-s(«-l)ro 


( 26 ) 
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614 Clairavi'’s formula 

e is the Mijpticiiy. Comparing terms in ^ — cos® 6 we have 

6<w®ao .S'ao 


( 26 ) 


and gravity, including the main eUiptioii^ term, is to the first order 

ro{l cos® 0)}, (27) 

where m = (o^aJyQ, to the present order the ratio of the acceleration at the equator due 
to the Barth’s rotation to gravity. This is Clairavi'a formula. Actually the analysis of 
gravity leads to a better determination of e than survey does. The extension to higher 
harmonics is due to Stokes. 

The analysis leads also to a deteormination of the difference between the Barth’s prin- 
cipal moments of inertia. In MacOuIlagh’s formula (18*09) we know that the 
terms are of order r-* and therefore oaunot contain any terms in the 8^^. Hence the term 
in I — cos® diaU' has an exact relation to the moments of inertia. If we take A = 5 

I = Asin*^+Coos®5, A-4 -jB+C— 31= (C-A)(l — 3oos®0), (28) 

the term in question is (i — cos® 6) = J (| - cos® 0), ( 29 ) 


where 


ZO-A 
2 Ma^ ' 


(30) 


But by (22) it is (4 " cos® 0). (31) 

Therefore J = => e-^. (32) 

To 

«r is about 1/600. Bcom the theory ofpreoessionoftheequiuoxesitisknownthat(C—A)/C' 
is about 1/300, whence C/Jfa® is about J. This ratio is clear evidence of the increase of 
density of the Barth towards the centre. 

The neglect of second order terms makes it likely that the quantities calculated by the 
first order theory will be inaccurate by about 1 part in 300. Modem observational deter- 
minations are capable of giving them with a higher accuracy, and for this purpose it has 
become necessary to extend the theory to the second order of small quwtities. 

24*12. Value of JJi>n(oos0);8,j(5,A)dw over a sphere. We know that there is an 
expansiou . ^ 

S i>^(o„,cos«A-f-h,„sinaA), (1) 

a— 1 

and therefore jJp„(oos 6) S^do) = o„oJJ(2>«)®<*ft> = • (2) 

Also sinoe a|lp^ vanish at d = 0 for a> 1, /Si,(0, A) = for all A; and is the value of 
^»(^» oil "tte axis 6 = 0. 


. 24*13. Ghaiige of axes of a zonal harmonic. Let ^ be the angnilar distance from a 
direction OB(i9, A). The «.T>giiiln.i» coordinates of a general point on the sphere are 
by a foiddamental formula of spherical taigonouaetry 

08*!^ = ops/? Qos0'+sia0 ain^ cos(A'— A). 


( 1 ) 
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Consider j?„(cos'0‘). This is a surface harmonic of degree n, since we oonld have taken OP 
as axis of reference. Hence it can be expressed in terms of the harmonics of degree n in 
d', A'. Take 

n 

p„(cos^) = aojj„(oosd')+ Si>»(<!os^')(®«oosaA' + 68sinaA'). (2) 

8-1 

Integrating over a tmit sphere we have 

J|i)„(cos^)p„(oos O') du> = (3) 

JJp»(oos^)p^(oosd') (cossA',sin«A')dw = ^ ~ | ^ ’ (<»«. ^«)- (^) 

But if in the result of the last paragraph we replace 8J^6,X) by pi(cos^')co8sA', and 
6 by we have 

= 2^-j^p^(oos5)oos8A, (6) 

with analogous relations; whence 

K, h,) = 2 i>^(cos 6) (cos sA, sin «A), (6) 

except for which the factor 2 does not occur; and 

p„(oosd') =p„(cosd)pJcos(9')H-2^S^ j oob8(A'- A). 

This result, due to Legendre, is often called the addition theorem for i^herical harmonics, 
ssxd p^{oo8'd') a biaoM harmomc. 


24*131. Derlvatioii from two-dimensional transformation. In the wave mechaoics of com- 
plex atoms it is neoessary to study the transfoimation properties of Pn(cos 0) under a rotation. 
This can be done by applying the method of 4-102, relating a rotation in three dimensions to a unitary 
transformation of two variables. We have the following corre^ondence of transformation properties. 


(a? + iyYz^-* like a|*(aJia?a)"“‘ = 

like (-l)»af{ajia?,)»»-«=(-.-l)»a?+'a^^- 


Hence for 8 positive 

-«c+n,yz»- like -oir^ • 

\ 

= like -(«-«»)•*-* like (-l)«a?««!r- 


(1> 

< 2 > 

(8) 

W 


The negative sign is inserted simply to get oonsistenoy when n = 1. Hence for all e irrespective of 
sign the functions J&n-x transform like — 

How for aH integral a, positive or negative, 


and transforms like a^^aij^. Forw= 1 this gives as befoi 

iy-^x like a^, 
z ^Ixke a^a?j, - 
iy+x like aj. 




(«) 
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Relation to Beasd functions 


Now asfxj,+se}x» is invaaiaait and so therefore is («?%+*?«*)*“. that is, 


n 

s 


(2n)! 


If we write therefore 


(n— 5)1 («-+«)! 
X.= 






{(n— 5)!(nH-5) 1}^ 


(7) 


( 8 ) 


XjI'Xj is invariaat imder our unitary transfomiatioiis of Xi, and the trauasfoiinatiozL of is also 
unitary. Therefore 

«(n-«)l(»+»)l 


(9) 


is invariant. But if we rotate the axes so that 8' becomes 0, 8 = •8 and all the Pnijt') vanish for « 0, 
and Pnifi') = 1* Then we have again 

37„(ooe^)=j?,(eos5)jp„(oos^') + 2S . . .... , 3 ?»(oosd)p»(oosd 0 ooag(A'-A). (10) 

«-l (^1- — 5)!(W + 5)! 


24*14. Relation to Bessel functions. Consider the neighbourhood of a pole of a 
sphere of large radius a. The curvature of the sucfaoe is small and we should expect that 
the suitable potential functions will approximate to those usefol with cylindrical oc- 
ordinates, * corresponding to r — o, m to o sin and A to A. The factor in r can be written 
approximately, for {r—a)la small 

/ t\ — ^ ^ 

I-) = 6“**, (1) 


with n = m. Neglecting the difference between 6 and sin d we have from 18*06(6) for 
the 9 factor 


VJ 


A. 

dm 




( 2 ) 


and the solution finite at tu = 0 is Jg[Km). Hence the solutions r~^^(cosaA,sinaA) 
correspond to the solutions in cylindrical coordinates e~^Jg{/cm) (cossA, sinaA). The usual 
n of Bessel functions, however, corresponds to the a of Legendre functions. An appreciable 
error will accumulate if 0 is large enough for the difference between sin 9 and 9 no longer 
to be neglected. The constant factor follows at once'from 24*04 (21) ; the first term inp^ is 


1 (n+a)l 
2* a!«! 


sin«d = 


(In sin ^)* 


( 3 ) 


if » is large compared with a, and this is the first term of Jg{n sin d) as it stands. Henoe’for 
given nB, as »->ao. 


i>»(/‘)->‘^(»sin0). 


(4) 


With the same approximation the fisiotors (%!)*/(»— a) ! (»+a) ! in the formula for change 
of axes tend to 1, and asin^ tends to kR, where B is the distance between two points in 
the plane. Hence 

Ji{A:A/(w*+p*— 2tErpcos(A— A')} = + S «l^(«!r) Ji(/cp)cosa(A— A'). (6) 

S—1 

which is the addition fcnrmula for Bessel functions, originally found ]?y Heme by this 
limiting process. We notice also that 24*04 (19) becomes 

^_^(>cor) = (-l)«j;(Kur), 

wlu^h is the return already found for Bessel frmctions whema is an integer. 


( 6 ) 
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« 

24*15. Asymptotic formulae for n large and d not small. In the differential 
equation for 2 )^ 

^+oot5^—«*ooseo®^y+»(»+l)y = o 

we remove the term in y' by the substitution 


y = ^-^dz. ( 1 ) 

We get _+{(»+ ^)a _ (^a _ j) oogg^* 6)z = Q. (2) 

When n is large and s not large asymptotio solutions are therefore simply 

V 

y ftiTi- yfl d ( 3 j 

m 

so that the relation to «^{(w+ J) 6} is much dloser than that to t/^(aisind) found by con- 
sidering only small values of d. The constants can be found by noting that we can take 0 
so that nd is large and n$^ small, and then comparing with Stokes’s asymptotio expansion 
for Jg in this range, namely (of. 21*06 (6)) 


Jg{(n+^) 6} ~ *oos{(7i+i)d-i«r-i7r}- (4) 

Hence ~ (5) 

whecre 6 is not near 0 or ?r. The full expansion of this type is given by Hobson, of 
course with a different coefficient on account of his definition of the ffmction. Un- 
fortunately in practice a, if not zero, is usually comparable with n, and expansions of 
Stokes’s type proceed in powers of a^jn and consequently are not often useful. In fact 
the approximation obviously breaks down completely when a = n, when the fimctiou 
has no zeros between 0 and n. 


24*16. Definite integral representations. We have 


fW{z) = 


-M—Af 


( 1 ) 


where /(<) is analytic within C and z is within G. Hence 
I>nW /I ) 2»(» 2»(»!)a 2m 


provided O encloses ft. Since n has so far been taken a positive integer there is no sin- 
gulaiity at £ = + 1, and O can be taken as large as we like. But even if n and a are not 
integers it is easy to verify that (2) satisfies the differential equation for and also 
holds for unrestricted ft, provided the path C is such that the integrand returns to its 
origmal value on describing it. 

,The integral (2) is due to SchMi, and is related to his integral for the Bessel functions. 


Hweput#— /t = A, 


2"»!«! ’ 2m Jo\ ^ ^ / 


/t*— 1\* dA 


A*+i’ 


(3) 
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and "with A = (1 


J>n(/i) = 


(n— a)! (n+a) 




««+!• 


(4) 


If (1 is smaJl, the contours fixed, and n large, this approximate to 




(») 


which is Schl&fii’^B integral for .^(n sin 0). A factor has been replaced by 1, so that the 
approxunation asstunes nd moderate and smaU. 

With integral n and a but /t complex we can take O in the t-plane to be a circle -with 
centre fi and radius | (/t® — 1 ) Pa general one of < = ± 1 is inside 0 and the other out- 
side. Then with 

t = n+{n^—Vp^e^, (6) 

we have 




2»(M!)a 2 tt J_„ (^2_l)W«+e)e(»+»X<» 


But {{fi~ 1 ) «- W + (^8 _ 1 yk {(^ + 1 ) + (^2 _ 1 )Vs gVai^} 

= (/i®— l)(e*^-l-e“^)-f-2/t(/i® — 1)*^ = 2(/t®— iy^{/t+(;t®-l)’*cos^}, (8) 

PnW = (>»“- iy/*cos^}»e-^<l^ 

Powers of oos^ up to the (d— l)th will give 0 on integration, and if we take (/^®“ 1)^* to 
mean i(l — we must take outside. This is Laplace^s integral. It will be noticsed that 
the integrand always has modulus <1 for — 1^/^<1 and therefore | p^fji) | < 1. This 
integral yields only one solution of the dijBPerential equation. If we reverse the sign of i 
and then put ^ = tt — ^ we clearly recover the same integral except possibly for a change 
•of sign. Similarly in (2), either the path C encloses [i and gives pJi,, or does not enclose 
and gives 0 if and a are integers. It is useless to take a path going to infin i t y since the 
integral diverges. Other solutions can be obtained if is not a positive integer, but the 
specification of the paths to make tlfe integrand single-valued becomes difficult. A fnll 
treatment of this case is given by Hobson. Unlike wlmt has happened in several other 
cases, we get no fundamentally new solution by varying the path for positive integral 


24*161* Another method is to begin with 

(1 - 2 V + ^ s hnp^ (h ''< 1), 

= ... («-i) (1-2V+A®)-^. 


l;3...2(r-l 


nl 




( 10 ) 

( 11 ) 

( 12 ) 

(13) 



24*161 

and 


1>» = 


De^nite integrals ' 
n\ ' 2m j, 


o - 2h/i+h^y^l^^ 


where C surrounds the origin but neither of the points h = e**®. 
To verify that this satisfies the differential equation, put 

where A is the constant factor, and 

l — 2Jiii+h^ = X; 

(1 — ytt®) ©' — 2(s + 1) /f©' + (% — a) (» + a + 1) © 
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(14) 

(16) 

(16) 


■Lt 


Now 


(^_'l'^)(^ + ®)(^~/*®) 2(a+l)(2«+l)/j («.—«) (J1+S+ 1)' 

An-*X»+% ;i»-8+iX«+V2 


'jdA. (17) 
(18) 


and we proceed to eliminate [i by partial integration. We arrange (17) as follows: 


J^[(2s + l)(2a + 3)(. 


\ 


p>rS-\X’^ 
2(«4-1)(2«+1) 


Now 

r /(2«+l)(2a + 3)(/{-A)® 2(«+1)(25 + 1 )(/j-A)\ 
I 1 hn-ax^ ' 


/ /i-h 1 ) 

(«-«)(«+« + !)" 




(19) 


if- 

- r(2^+l)(^-fe) '} nn-8-l)iii- 


/ 


dh 


. 1 , 2(a+l)(/t-A) ^ 


dh 


_[]_(2a+l) 


ii 


(7i+a+ !)(/( — h) 

h”-^X*+^ 




dh 


_^»-«X«+VaJ (« + « + !)(» ^)J^^n-a+lXs-i^h 




( 20 )- 


The first integral remauung cancels the last term of (19); the second, taken with the 
remaining terms of (19), gives an expression bontaining the factor , 


Hence 


(2tf+l)(2a + 3)-2(a+l)(2a+l)-(2«+l)«0. 

•(l-/t*)©'-2(a+l)y«©' + (a-a)(«+a+l)0 = -[^^^^fcr+^±^]. (21) 


and therefore the inte^al will satisfy the diJSiprential eqnatLon provided that the espres- 
sion in [ ] returns to its original value on desoiibing the path; and this is true not only for 
integral n and s. In particular it is true if <7 is any loop fin)m infinity around one of the 
possible singularities at — 0 and provided 7^+a+ 1 > 0. If w— a is an integer (21) 
vanishes if O is‘a dosed path about the origin, not induding the other singularities, and 
the integrand wDl be sin^e-valued if we break the path and complete it by two lines to 
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infinity, so that the infinite lines of the path will cancel. Hence if we take a loop fiiom 
infinity, passing about 0, it wiU afford a definition of when n and a are fractional 
1 > 0), reducing when they ace integers to the previous definition. 

If n and a are integers the integral around a large drole will be zero, and we can replace 
<7 by a path about the points h = exp ( ± id). It is usual to reduce the path to a circular 
arc I A. I = 1 about the origin ooimecting the points h = exp ( + W). The result is HfeiUer’a 
integral', but clearly it will diverge if s>-|. On the other hand we could replace a 
by —a, but then the factor outside the integral is proportional to (1 — which is 
not convenient in a function that behaves like (1 — when /t is near ± 1. It aftamp that 
integrals of this tsrpe can be useful in practice only for a = 0; then it is found that 


These formulae are due to Mehler. 


^ 2 p 

~JTj0 


oos(»+i)l4- ,, 

{2(oos^— oos^)}’^ 

(22) 

sin(«+i)i^ 

{2{ooad—co&t/r)yi^ 

(23) 


24*162. Bateman’s integraL A difierent type of definite integral solution is given 
by Bateman. We have, with some modifications of his method, if 


jB* = a:®+y®+ (»—<*)*, 

and a and 6 are small constants, 

i ^ f” ■ 

B~ TTj -OB a:®+2/*+(2— a)®+ (w— 6)®' 

• Then 

I* {x+iy)*{z—a+i(w-b)}”'-* 

\0a: *9y/ \0o ^06/ i? ' w J {a;®+p®+(z— o)®+‘(w— 


(24) 

(26) 

(26) 


But IjB is a function ofz—a and is independent of b. Hence the operation 0/06 gives 0, 
and d/da is equivalent to — d/dz, and if we make a and b tend to 0 we have 


\0a; 9y/, r ^ IT J-* (a:®+y*+»®+w;®)’^^ 

But the left side is 


(27) 


and therefore 


2n /^oo 

= — sin'dj^^ 

Om ^ 

= — sin*^ I 
^ , J— > 


{/i+iw/r)”^ dw 
(l + ti^/r^)'^^ r 

(l + f*)»+i®** 


(28) 


This converges for a positive if a + a > 0 and /t is not purely imaginacy; even if /{ is purely 
imaginacy the point t = —ifi gives no trouble if »>»— 1. It therefore provides a definition 
of the function in all practical drcumstanoes. If we put A = i< we get ^ 


2» 
7T% 


J — <oo (1 ~ 


(A+/f)" 


A*)«+i 


dX. 


(29) 



24*17 
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If we use a different path the integral may still satisfy the differential equation; for if 
we take 


0 = 


/ 




(30) 


^2) 0''_2(«+ l);t0' + (TO-a) (re+a + 1) © 

(n-s) (n-s-1) (1 -/t*) (/i+it)«-‘-‘-2(n-s) («+ («-a) (n+«+ 1) (/<+»«)•« 

“ “■ (l + i2)«+i 

»-a is a factor, and 

(n-s-l)(l-/ii)-2(s + l)ju(/i+it)+(n+a+l)(/i+it)‘ 

= n—8 — l + 2n/iii—(n+a+l)fi 
= n-a-l + 2int(/i+it)+2nt^-(n+8+l)fi 
= (n— a— l)(l+f®)+2i»^{/t+ti), 

{(« — a — 1) ( 1 + + 2int(/t + it)} {/i + {n+ 

(l+i2)«+i (!+«*)» * 

Hence 

(1 _^ 2 ) 0 » _ 2 (« + 1 )^ 0 ' + („_«) (^+ , + 1 ) © ^ ^ 

and vanishes for any path with infinite ends ifw-+5 + l>0. The path chosen for p% passes 
between the two singularities at ^ = i i; but we shall be able to obtain another solution 
by taking a path from t = i/iio infinity. The terms obtained from differentiating the 
limits vanish if 5 <7^— 1. For a « tz. they vanish, for s^n-l they cancel the right side 
of (32), Hence (30), with termini i/4 and oo, is a solution for 7 ^+«+l >0, 74 -s+l >0. 

24*17. Solutions when ji is not real and between - 1 and 1. Far the greater number of 
applications of Legendre’s equation require only the solutions The other solution may arise, pos- 
sibly with non-integral n, in problems relating to a ^herical boundary when the poles are excluded, 
and also in external problems for spheroids, ji is real and greater than 1 for the region outside a prolate 
spheroid, purely imaginary outside an oblate spheroid, and its modulus may be arbitrarily large. 
Hence it is convenient to replace the factor (1 — by and to take the first solution as 


(31) 


(32) 


This will be real and positive for all real /4 > 1. By 24*162 (29) we have also 


2”, 


/*<00 




(A+a^)" 


J -,»(!- A ‘)*+1 


dX 


( 1 ) 


( 2 ) 


wbidioaabeeztieadedtoalln,«BaQh't]iatn+ 0 +l>O. XfweputA. = —/(—» and theme = —(/«*— 1)^ 
we get . 




on /•! 


(— o)*“*dt; 


-<oo (l-/4*-0»-2/6t?)«+^ 


1 


dc 


(a) 
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infinity, so that the infinite lines of the path will cancel. Hence if we take a loop from 
infinity, passing about 0, it will afford a definition of when n and a are fractional, 
4. 1 > 0), reducing when they are integers to the previous definition. 

If n and a are integers the integral around a large circle will be zero, and we can replace 
(7 by a path about the points h = exp ( + id). It is usual to reduce the path to a circular 
arc I A I = 1 about the origin connecting the points h = exp ( ± id). The result is MMer’a 
integral; but clearly it will diverge if a On the other hand we could replace a 
by —a, but then the factor outside the integral is proportional to (1 — which is 
not convenient in a funoticoi that behaves like (1 — when /t is near ± 1. It seems that 
integrals of this type can. be useful in practice only for « = 0; then it is found that 


These formulae are due to Mehler. 


_ 2 r» 

nje 


cos(»H-i)^^ 

{2(cos^^— cosd)}’/» 

\ 

(22) 

sm(»+i)^i- 

{2(ooad — cos^^")}^/2 'r- 

(23) 


24*162. Bateman’s integraL A different type of definite integral solution is given 
by Bateman. We have, with some modifications of bis method, if 


JJ® = a:®+y®+(2— o)®, 

and a and h are small constants, 


(24) 


Jl_ _ 1 f" dw 

i2 ~ 7r J _oo + y® + (z — o)® + (w — 6)® ’ 

• Then 

la*''' 0yj tt J {*a+y® + (z-o)*+-(M!-6)®}»+^‘^"’‘ 


(26) 

(26) 


But IjR is a function ofz—a and is independent of h. Hence the operation djdb gives 0, 
and d/da is equivalent to — djdz, and if we make a and b tend to 0 we have 


•0 0y/0\”"®l_. (x+iyY{z+iw)”-^ , 

dx dy/_\dz) r ' ^ tt J_oo («®+y®+z®+«o®)”+® 


But the left side is 
and therefore 


(-I)*?!! 






^ J -00 r 


2n. 

— — sin^5 

TT 




(27) 


(28) 


This oonveiges for s positive if 7^+^ > 0 and fi is not purely imaginary; even if is purely 
imaginary the point gives no trouble if > s — 1. It therefore provides a definition 

thq function in all practical oirciinistances. If we put A = we get ^ 


7T% ' 


J-<«(l-Aa)’H-i 


dA. 


(29) 



24«17 


m 
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If we use a different path the integral may still satisfy the differential equation; for if 
we take 



(1 +«*)»+! 


(30) 


(l-/i“)0'-2(«+l)/t©' + (»-«)(n+8+l)0 

/•(»-«) (ra-«- 1) (1 -/t®) (ft+it)”^-^-2{n-8) {«+ (n-s) (»+s+ 1) 

-} (1+ <*)"+! ‘ 

n~8 is a factor, and ^ 

(«-a-l) (1 -/t®)-2(5+ l)/j{/t+it) + {w+« + i)(;i+i<)2 

= ft-#— l + 2n/tii-(»+tf+l)t* 

= ft— «— l + 2ifti(/i+tQ + 2fti®-(ft+#+l)i* 

= (ft-#-l)(l+**)+2ift«(/t+ti), 

{(ft - a - 1 ) ( 1 + 1®) + 2ira(/i + it)} (ji + if )»-*-* _ .d{/i + if 

(l + f2)n+l (l + f*)» • 

Hence 

(l-/t®)0*-2(# + l)/t@' + (ft-#)(ft+a4-I)0 = (32) 

and vanishes for any path with infinite ends if?i+^+l>0. The path chosen for p% passes 
between the two singularities at ^ = ± i; but we shall be able to obtain another solution 
by taikdng a path from < = i/t to infinity. The terms obtained from differentiating the 
limits vanish if a <?i— 1. For s^n they vanish, for a = n— 1 they cancel the right side 
of (32), Hence (80), with termini i/i and oo, is a solution for 7i+a+ 1 > 0, 1 > 0. 


24-17, Solutions when pL is not real and between ~ 1 and 1. Ear the greater number of 
applications of Legendre’s equation require only the solutions pj. The other solution may arise, pos- 
sibly with non-integral n, in problems relatiog to a spherical boundary when the poles are excluded, 
and also in external problems for spheroids, ji is real and greater than 1 for the r^on outside a prolate 
spheroid, purely imiagmary outside an oblate spheroid, and its modulus may he arbitrarily large. 
Hence it is convenient to replace the factor (!—/«*)**• by (/t*- 1)^* and to taJce the first solution as 


s)! ,, 


This wiU be real and positive for all real /6> 1. By 24*162 (29) we have also 


<a 


( 1 ) 


( 2 ) 


'wlualhoaabeez(ieadedtoaUft,ssudi1ibAt»+«-|-l>0. IfweputA = — /t— Dandtheavs 
wegeb 






(— !>)""• (ie 






flop 


J -loo 




l«_l oV-<"+» 


r 


6/0 



As in 24-16 (6), using 21-011 (16), if is real and > 1, this tends to 1)^} when 1)% is 

fixed i*TiH n 00 . The path must always be talmn so as to pass between the poles of the integrand; 
these tend to 0 and + cx). » 

The moat convenient form for the second solution is, for w —a + 1 and n + a + 1 positive, 


2«+i /•« (w 


where the path does not intersect the real axis between ±1. If we take a out in the plane fix>m - 1 
to +l,gJ(/«) will be analytic and single-valued except possibly at points on the out. Ifweput «-./4 = A, 
we get 

If n(ji^ — 1)^ = a?, and oo, 1 + we find 

->Kh«,(aj) = Kh.(!r) (6) 

by a flimifar argument to that leading to 24-16(5), using 21-022(60). Hence gfj(/t) defined by (4) is 
related to Kha{n^(ju,*--l)} in the same way as ^ to and pj to J,. 

a 

In the expression (4) put u = y — 

2n+l ri / 

then Si(/^) = /^““"*“^t?’‘“®(l--‘y)’‘+*|l — | dv. 

Ba^and in powers of /i”* and integrate term by term; we have 

2"+!^ . ,(w — a)! ^ (n-hm)! (n-Ha + 2m)! ^ 

8iW-— s / (L.+l + J)! '--'- P> 

This feonverges for | /t* | > 1. 

It is possible to eaqpress ^ in finite terms. Take first a = 0; then = Pn(/6). The roots of the 
indicial equation sAifi^ ±l are both 0, and the differential equation has no other smgularities. Hence 
any solution of Legendre’s equatjion has the form 

0 = log (/6 - 1 ) + log (^ + 1 ) + Ctni/i) -/»Ca), (8) 

where /„(/4) is analytic at /t = ± 1 wdis therefore an integral function. But tn(ji) and qn.{/i) are sin^- 
valued for | /^ | >l;hence A = — B. If 0 = qnWr ® = 0(/i“"“^)for \ ii \ large, and «„(/t) is a polynomial 
of degree n. Then the first two terms are together of order Take O zero. Then 0 will tend to zero 

as I I ->-00 if and only if t ■% \ ^ 




vrh&cefjji) must be the expansion of the first term in the brackets { } in descending powers of /», as 
far as the constant term. Evidently it is of degree n— 1. (Further the coefficients of powers from 
to must evidently be zero.) 

To determine B, return to (7) with a = 0, and notice that if m is large 
^ (n+^ (n+2m)! ^ W 

y ml (2n+H-2m)*. \m \m*// 


and therefore for | [ > 1 


= V-(-+ 0 (±)\ 

2n+H-2m)*. tt^ \m W*// 

\2to+1 V«»V/ 

2«(A) = • 


By.ooxnparisonwith (d),.siace ««(!) == 1, -B =s I/tt, and finally 




9«^) = (-!)' 






(13) 
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Formulae for g^(ji) 
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This espresaea 54(/t) in finite tenns. It ^ be noticed that the give teacms in 

^-l)^a^^+l)~*.'wiiiletheextravariablefaotorneededis(/t*- !)’*». Henoenear;j.= ± l,g;(^)-».oo 

Another definite integral for can be found as follows. We start with 
5 = S A»g„0«) =1 

^ 2 /•<*> du 2 /•« du 

J l-2i*A+2/iA “ w J ^ (M-fe)*-(l_2/A+A») 


on sununation under the integral sign, which is possible for all real M>/(>lif|A|<l; 


£f = 


ilog 


u—h+(l~2/ih+h*)y* 


ff(l-2/«A+A*)’A ^ft-h-(l~2fai+h*)y*’ 


which can be regarded as the generating function of 
On the other hand consider the series 


n-fl J -1 /i— — 


dv 


V)* 


With the substitution 


J i+h 


ch 


1 — = v^, 
1 


(14) 

(15) 

(16) 


2/4A+A*— V* (1 — L ® (1 — 


0 


log 


(l-2^+A»)’A'+'p"Ii+» 


+o~[» 

-»Ji 


ilog 




(1-2/tA+A*)'*' ^/i-h-{l-2/a,+h*j^ 
s= nS. 

1 rx ^ (y\ 

Hence hy equating coeflSxsients of h*, ^n(M) = — I — - dv. 

TT J _x/4— r 

Note that if n is even, is an even function, q^Sj^) an odd one, and conveisely. 
The following are specimen values of g„. 

• 1, /4+1 

=-logi- — 

TT /i— 1 

a. /t+1 2 

3i = ^l«>g^--, 

TT A ^ 

H+\ 3/i 


(17) 

(18) 


S, = — log 

TT /f— 1 


TT 


g, = ?2log^^ _i 

TT /t— 1 TT ® J 


(19) 


' 24*171* Asymptotic approximation for nlarge* The series 24*17 (7) is convergent, so that the 
need for approximations of Stokes’s type for given n, s and large [ fi | does not arise. If we want the 
behaviour for given fi and increaising n, a we can apply the method of steepest descents to 24*17 (4). Put 

= (n— a)log(«— /t)-nlog(t4*--l), 

n—a 2m4 


= 


f4— 14*— l’ 


n— a 


4nu* 


(«-/»)* («*-!)»* 

The condition for a saddle-point gives 

(n-|-a)tt = «/4*4-{n*(/4*— 1)+«*}^ s=n/t+jSf, 
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piTiftA we waat the root greater than p. for ii real and > 1; then 

/2\’* . -•■■■ (n+a)”+»^^ 

v) ^ \“) ^ 

•raJid if «-/t at the saddle-point is several tunes \ 4>''{‘U) I-***; this is satisfied if 

n n/i+M^ 

It may be verified easily that if n is large but a is not, the approximation reduces to 

/2\^ 1 


24*18 

( 20 ) 

( 21 ) 


and if we put 






( 22 ) 

(23) 


this is approximately { 2 / 7 ja!)’A «"•, which is the first te^ of the asymptotio expansion of Kh,(a!). 
For I^Qi) it is found that the rdevant saddle-point is where 


and vre get 




(»-!-«)« = nfi—M 


n 


'} (afi+MY 


(24) 


(20) and (24) are valid for all arg /t if M is defined by continuity. 

24*18. Second solution when — K/t < 1. We have from 21*022 (67) 

Hs^tw*) = -i6-^*Kh,(n«e-^*), W 

Hi,(«tt) = ie^-^Kh^nw^*), (2) 

2F,(n*t) = — e-^*'*Kh,(rwt6-^*) — e^* Kh,(«ue^*). (3) 

We take t* to be positive, . -rr / \ j m. / \ 

We see firom 21-02(42), 21-022 (69) that the coefiaoients in the espansions of Yg{x) and Bn,(aj) are 

equal m magnitude; but as ® -»■ 0 throu^ positive values Kh,(*) -»■ oo, F ,(*) -►-«>* I* is Muvement 
theorefore to take our solution as oorreEfponding to — F^»m) instead of F,(»m). We know that whenn 

islaIgethefunotional(/()hehaveslikeKh,{n(/^*-l)«•}. If/t is moved dockwise about -I- Iso as to reach 

a point between — 1 and 1, 


a*n(/i)-»-^(A*-i)’^r 


zdu 


say. If fi moves counter-doolrwise to the same point 

TTfln«A we can define a seoond solution, real in ( - 1, 1) and corretfpondmg to - F ,{»(! -ft*)*) by taking 

- ( 6 ) 


(4) 


(5) 






also 


a*(/t) = i^‘«'giO»-l-Oi) + 4e-^**"2i(iit-Oi). 


(7) 

(8) 


If niseven, 2 „(/()isan oddfimctionwhen/tisnot on the out; it follows ficom (8) that it is also 
ftmotaon when defined by (6) on the out. Similarly if » is odd, g„(/t) willbe anevenftmoti<m wthe 
TTcmnA qjjt) on the cat is idways a constant multiple of the non-terminating senes solution 
to, 16*04. • 
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To identify the constant, notice first that, from 24*17 (12), 



qnl/i+Oi) = ^|j>«Ctt)logi^-t)rp„(;t)_/„(^)|, 

(9) 


qnifi-Oi) = i{p«(/‘)log^+ »jrp,(/«) _/„(/*) j. 

(10) 

and therefoxre 

log ^ -/«(;*)} 

(11) 

/«(i») being the same polynomial as in 24-17(9) and (12). Now if» is even the odd solution 16-06 (6) is 


@ ,(n-3)(n-l)(»+2)(«+4) . 

* ^ 3! ^ 6! ' 

«2r+l 



= tanh“i/t4-0(l). 

(12) 

If » is odd the even solution, with the sign changed, is found to be 



la (»‘-2)«{»»+l)(»-i-3) 

2j /- 4t ^ 



= ^tanb-V+0(l), 

(13) 

and therefore in 

general ©, = log +0(1). 

(14) 

Hence 

2 

2«(/‘) = -0.- 
7T 

(16) 

The integiaJ 24-17 (18) can also be adapted to give a form for on the out. If /t -»■/(„ where ft, is 

on the out» we can. indent the path firom 1 to 1 by a amall semioircle below /(q ^ henoe 

1 

if 

(16) 

and similarly 

2*Ca-0i) = ir 

(17) 

2«(/*)=i-Pr ^dv. 

TT j-lfl—v 

where P denotes the principal value. 

We find also, for h small. 

(18) 


1 V(l-2M+A*)+/a-A 

jrV(l-2/iA+A») *^(1-2^+**)-/*+*' 

(19) 

How if 

r = .^(»*+y*+8*), h=alr, z = /ia-, 2? = V{** +!/*+(* -«)*}» 

(20) 

this leads to 

;^W«“(^)=wNl“gN-s+o’ 

(21) 

whence 

r— ^,0») = liin ^ Plog-®-^*-**^ 

(22) 


(-!)« 8« r+«\ 

wni 8z^\r 

(23) 

Also comparison of the terms containing log^^, usiogf 24-04 (22) 



(a.+’8s) 

(24) 



- 



026 Other solutions 24 ' 19 - 24>20 

24>19. Asymptotic approxlmatioii to Pn(/i) for n and a both large.* By the method of 
steepest descents we find, using 24*162 (29), for 0 </t < 1, 


PnW 


>J(pr)^ V n / (M+jiay{nji-'M)"-*^* 


where M = 7(«*— «*8in*0)>O. 

put N = ^(n*am*0‘-8‘)>0, axg {a fi + iN) = a, arg(n/t-iW) = 

/ 2 \ 


then 






. sin {(» + If) ^ — «a + iw}. 


( 1 ) 


( 2 ) 


24*20. Other solutions of Laplace’s equation In spherical polar coordinates. In the 

simplest possible case, n = s = 0, the solution of Legendre’s equation is ' 

0 = A + Slog^ = A + Blog— . 

1-/4 r— IS 

The term A represents that in Po* w^hioh is a constant. The second has branch points at = ± 1, and 
is a multiple of We have virtually had another harmonic of degree 0 already, since 0 = A is an 

obvious solution of Laplace’s equation in spherical polar coordinates, excluded for a complete sphere 
by the condition that the solution must be a single-valued function of x, y, z. Another is log m; and 
since any functions of zi^ixsaid. s are other solutions of Laplace’s equation, finther harmonics of 
degree 0 are the real and imaginary parts of their logarithms, namely 

log( 2 i*+«*)^ = logr-|-Jlog(l— sm®dsin*A), log(i 8 ®+ 2 /®)^ = logr+4-log{l— sin*^ oos*A), (1) 

tan"i (tan 0 cos A), tan"^ (tan ^ sin A). (2) 

[n fact if we assume a function of 6 and A only ae a solution of Laplace’s equation we get 



vhich is satisfied by the real and imaginary parts of any function of log tan ^ + i\y i.e. of tan ]fi e*K 
Cbis does not include solutions contaimng logr. The miidtiplLcity of solutions of Laplace’s equation 
n spherical polar coordinates is therefore endless. Apart tern the constant solution, however, the 
new solutions all either become infinite like logr at the centre, are infinite for some 0, A, or do not 
return to their original values when d or A is increased continuously by 27r. By differentiation 
prith regard to a?, y, is and multiplying by appropriate powers of r we can build,up harmonics of any 
other degree, just as we built up the functions of the first kind fipom derivatives of 1/r. But none of 
these solutions satisfy our fundamental rule, that they must be expansible in a sphere in a triple 
Taylor series in a?, y, and they are therefore excluded by physiocd principles at the outset from any 
solution intended to hold within a complete sphere or outside one. If we make the restriction that the 
solutions are to be iSnite and periodic in A they become limited to the solutions of Legendre’s assooia^ 
equation. This condition arises in the problems of spheroids. For the prolate i^heroid, the oonditi<m 
that ^ over a surface of constant f is finite and continuous ensures that it is expansible in a serieain 
p«(oos 7f) (cossA, sinaA), the ooefS-oients depending on But then the condition that the terms mu^ 
satisfy Laplace’s equation ensures that the factors in £ must he pS(cosh i) and gi(oosh ^). The modi- 
fications for an oblate spheoroid are obvious. The physioed conditions therefore show that the solutions 
that we have obtained are those actually required. In practice cosh ^ will be vesl and greater than 1 
for a prolate spheroid on the surface and at all external points , so that the singularity of gj is explnded 
fiom the regibn considered and the gj solution becomes admissible. For an oblate srpheroid the func- 
tions that occur are p«(tsinh£), ^(isinhg), with g real; and ^sinhf cannot be ± 1, so that the gj is 
again admissible in external problems. (We have seen that it is inadmissible in internal problexns for 
a different reason.) 

♦ Other asymptotic approxinoations are given by Watson, Mesa. Ma^a 47, 1917, 161-60; Oafmba 
Phil. Soe. Mem. 22, 1918, 277-308. 



24*21 Expansions of 627 

24*21. Expansions of In many applications of tie "wav© equation 'we need 

an expansion of this function, analogous to that of l/E in potential theory, where 
-K® = (a?^ — aj^)® and the expansion is to be in a series of terms in p,j(oos^) multiplied by 
the product of two functions, one of r and one of r'. The expansion can be determined as 
follows. The function satisfies 

and can therefore, if r < r', be expanded in a series 


We write cos^ = ft, 

i2® = ya+/8_2n-'/t. 

Then with r and / kept constant 

RdB = —rr'd/i, 

d l_ 

kR dijcR) Khr'd/i ’ 


(2) 

(3) 

(4) 
( 6 ) 
( 6 ) 


Hence 




my 

R~ 







Now if OT > «, d”pjp)jd/i‘^ = 0. T£m<n, 


lim 

r->-0 


j.jn+% 


= 0 . 


(7) 

( 8 ) 


So if we make j* tend to zero the sum on the li^t of (7) reduces to the limit of the term 
with n — m, namely 


r^-o ^rVs(A:arr')«* 2^! [ kt ')”' 


(9) 


But 

and hence (9) reduces to 


(2m) I = 2*”’m!(m— ^)!/^7r, 


(/cr')"* (OT+i)V(2»r)’ 
Putting r = 0 on the left of (7) we have therefore 


( 


KT'dijcr')} r' (/cy')"*(m + i)V(27r)‘ 


But 

and therefore 
Hence for r < r' 


8 \”*g 

xdxj 


g-tcB a ,vHi„+IA(AT')JLjA(«T) , 

ipjoos^). 


For AT SB 0 this reduces to 24*06 (4). For r > r' we must interchange r and /. 


(10) 

( 11 ) 



028 Multipole expansions 24*22 

24.22. Multipole expansion of scalar and vector potentials. In the theory of 
electromagnetic radiation we sometimes need not this exp^on but one that takes 
togetheraJlterms contaming the same power of lar'. It does not involve Legendre functLons, 
but is placed here because it amounts to an alternative expansion of the same funotioii. 
Suppose that we have a finite distribution of charge density p (a;^) and current density 
j (ajt), both containing a time factor exp {iKd), and satisfying the equation of continuity 


1^ 

dx'i 0 dt 


= 0 , 


( 1 ) 


that is, 


^+«p-0. 


( 2 ) 


Then the scalar and vector potentials {^,A) at P(af<) are given by 

p and jf being regarded as fimctions of the position of Q{x^). These satisfy the equation 


(3) 


dx4 cdt 


0 . 


for iff is any function of x^, aj, writing ^^dx'^dx^ — dr, we have 

i/cjjjp/dr = = - J/J 


(A) 


( 6 ) 


We can find a bounding surface such thaty< = 0 at every point of it; hence the first integral 
vanishes by Green’s lemma. Now iff is a function of only, 


^ 

dXf dx'i 

g— ^ acjB 

and if in particular ■ /(«<, ajJ) = — ^ 


that is. 



( 6 ) 

(7) 

( 8 ) 
( 9 ) 


In (6) put suecessively/ = 1, a^, a^a^* Then 

jjjpdr = 0, 

I 


( 10 ) 

( 11 ) 

( 12 ) 
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24*22 MuUipole expansions 

Now the Taylor expansion of ^ for r'<r may be written 

(IS) 

We define the electric dipole and quadripole moments respectively as the vector n.Ti<l 
tensor 

•P< = Iff px’t&r, i<K = // fpxial'^dT, (14) 

The corresponding expansion for A{ is 

A-J/p<exp(-4^J(f:^*. 

by (11) and (14). But by (12) the second term is 

1 ix - d 

2 r 

aoid if we define the magnetic dipole moment by the antisymmetrical tensor 

Mn = i^ihn 


(16) 


or the vector where 


If we introduce the Hertzian vector such that 


r)- 


(17) 

(18) 

(19) 

( 20 ) 

( 21 ) 
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(4) is automatioally satisfied. The fiist order terms are 

= — if— ^ , (23) 

and the second order terms 

d ler^\ d 

n* = iicPffcJKf ^ j + j • (24) 

The terms of higher orders in kx '^ can be obtained similarly. Physically the most ina- 
portant terms are those worked out iu fall here, correspondmg to the electric dipole and 
quadripole and the magnetic dipole. 


EXAMPLES 


1 . An electric dipole of moment Jlf is at a distance a from the centre of a sphere of dielectric constant 
K and radiias b{b<a) and the centre of the sphere is on the aads of the dipole. Prove that the force of 
attraction between the sphere and the dipole is 


a* 0 -f- + 1 \®/ • 

2. Obtain the gravitational potential of a thin ^herical layer of matter, the surface density of 
which has axial symmetry. 

A uniform nearly i^herical solid of density p has the surface r = a(H-eP2) ^ Its botmdary. It is 
surrounded by liquid of volume and uniform density cr . Show that, provided the solid is 

completely covered with liquid, Ihe equation of the free surface is r = 6(1 + where 


3(p— (r)a®e 

’ ~ 6*{6(p - (T) a* + 20*6*} ' 


(M.T. 1936.) 


3. A nearly spherical conductor is bounded by the surface 

r = a{l + €P^(coB 0)} (n>l), 

where e is It is insulated and placed in a uzuform held P with its axis in the direction of the 

hdld. Find the disturbance in the held due to the presence of the conductor, and show that the surfSsce 
density of the induced charge at a point of the conductor is 


^ cos ^ ^ - e{(n - 2) P„-.i{cos ^) + (n + 1) P«+i(cos 6)}. (M.T. 1939.) 

477 4i7r 371+ 1 

4. A flynftn magnet is placed at the centre of a spherical ghell of iron of radii a and 6 and pezmeability 
Show that the held outside the shdd is reduced by the presence of the iron in the ratio 





6. A condenser is formed from two conducting ^heres of radii a, 6 (a< 6) with centres at A, B, 
where AB is of lengtli o and (c/a)* may be ne^ected. Find the capacity of -the condenser when the 
outer sphere is earthed, and i^ow that if Q is the charge on the inner sphere, the surface density at 


3. point P of that sphere is 


Q I 3a*c cos PAB\ 
47ra*\ b^^a^ j 


(Prelim. 1936.) 


6. An electric charge e is distributed uiaiformly along the segment BO of a straight line OBC* 
P is any point such that OP< OB. Writing 


OP = r, OB = 6, 00 = c, cos POP = /t, 
expression in terms of r, Pq, P^, ... for the potential at P due to the charge. 
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An earthed conducting sphere of radius <z ( < 6) is placed 'with i'ts centre at 0. Obtain an es^ression 
for 'the poten'tial at a point P in the region a ^ r < 6, and show that the charge induced on the ^here is 


-ea 


log c- log 6 
c-i ■ 


7. If is a solid harmonic of degree n show that 

+ 2» + 1 ) 

If 17 is a homogeneous polynomial in x,y,z of degree 2n, show that 


JJ 




integration being over the inhere r = a. 

^ 8. Prove from the integral definition that 

(«+l)?n+i(/‘)-(2«'+l)/«2„(/t)'+wg„_i(/4) = 0. 

Evaluate qiifi) by integration; and hence prove 24*17 (9) and 24*17 (18). 

pJv) dv 

9. Prove directly that is a solution of Legendre’s equation and hence that it 

< J ~i P'—'o 

multiple of 

10. Prove that if/( is not real and between -land 1, 


IS a 


, . 1 p (l-v*)» , 

2«7rJ_i(/i-v)"+i 


11. Prove that if/t is not real and between -land 1, and vis in this interval, 

~ = iff S (2M*f l)3>*(v)?„(/»). 

P'~^ «-o 


(Heine.) 


12. Express sin^d(l+ cos d) sin 3A as a sum of tesseral harmonics. 

13. Toroidal coordinates <r,}lr,X axe rdated to cylindrical coordinates ur, z, A by the equation 

z+ivr = aoot}(f+i<r). 
a*( d(r* + + sinh* (rdlA*) 


Prove that 


diP = 


(cosh O’— cos ^i")* ' 

and hence express Laplace’s equation in terms of <r, A. 

Show 'f^t there exist simple toroidal harmonics of the type 

(ooshcr-cos ^)'* cos«i^^oosmA/(co8h o’),. 

and determine/. 


(I.C. 1937.) 


14. Prove that 


r*'* = S (2«+l)(-i)“^^7Ti>„(;(). 



Chapter 25 

ELLIPTIC FUNCTIONS 

‘Double, double, toil and trouble.* 


SHAK3QSPEABE, Mocbeth 


25*01. Definition: iilustrations. The elliptic fouotions are characterized by the 
foUowing properties. (1) They are single-valued ainal 3 ^ic functions over the whole plane, 
except at isolated points where they have poles. (2) Two numbers (o and <o' exist, whose 
ratio is not real, such that for all values of z 

f{z+oj) =f{z+o)') =/(z) 

and therefore f{z+in(ii)+n()>') =f{z), 


for all positive and negative integral values of m and n. 

The Tm-rnfl ‘elliptic function’ arose first from the relation of the functions to the integral 
that arises in the determination of the perimeter of an ellipse. They present themselves 
in physios in numerous ways. They have an extensive purely mathematical theory, 
possibly more extensive than any other family of transcendental functions, and con- 
sisting mainly of three-volume works.* Unlike most functions treated in this book they 
satisfy no linear dififerential equation; they satisfy non-linear differential equations of 
the first order. While most of the functions of mathematical physios, in one form of 
another, arise from the equations of waves and heat conduction, Elliptic functions tom 
up in all sorts of places, usually unexpectedly. 

They occur naturally in potential problems concerning the interior of a rectangle, the 
potential being kept zero over the boundary, while there may be charges inside. The 
boundary conations are satisfied if a suitable doubly-infinite series of images is built 
up by successive reflexions in the tides, and the total complex potential is easily seen to 
have the essential properties of an elliptic function. An important series of problems 
relating to lines of equally spaced vortices between rigid barriers has been solved in this 
way by Bosenhead,t and have applications to the resistance of solids in wind tunnels. 


25*02. Periodicity of solutions of a type of differential equation: pendulum 
and central orbits. A common mode of ocouirence of periodicities is l^ou^ a differ- 
ential equation of the form 



( 1 ) 


which is to be regarded as a first integral of a second-order equation x = where » 

is real and not zero at a; »= a:(„and/(a;) has simple zeros at a: = aanda? = 6,wherea<a?o<6. 
The solution is t 



StaoidaEd wodbSj 
t) by E. H. Ne 
Tranu-A, 


PX 

•*o = 

Jit* 


dx 


VtfW}' 




ttoose of Taxmery aad Molk, Enneper, and Halpbien. A recent one (in one 
achieves greater sywanstry in the treatment. 

" 9 , 275 - 329 . 




25*02 


Periodicity 633 

If xis positive at ^ = ^q, it remains positive till x reaches 6. A formally possible solution 
henceforward would be that x remains ecj^ual to 65 for then we should have cfc = 0, 
fix) ^f{b) = 0 .♦ But this solution is excluded by the condition that x == which is 
not zero because by hypothesis 6 is a simple zero o{f{x). (An equivalent condition^ if 
complex values are admitted, is that x is an analytic function of it,) Hence x must reverse 
its sign and x decreases steadily to a, where x again reverses. It follows that in the con- 
ditions stated a; is a periodic function of t, with a real period 


(0 




dx 


■sliMy 


( 3 ) 


In one of its simplest forms this type of solution occors in the motion of a simple pen- 
dnlnm given that at t = 0, ^ ^ = 6^. The energy equation is 


^ = ^o+^(oos0 — oos^o) = ^4-^(sin*^^o— sin® Jd). 

This is positive at 0 = and at 6-0, and has no zero for 0<6<do. It is negative at 
6 provided that 

^§<y(l + COS0o), 


and then has a simple zero between 6 6q and 6 = it. Similarly it has one between — Bq 
and — IT. Hence d is a function of t with a real period. 

Again, consider motion in a central orbit under an acceleration Ai^ towards the centre; 
the work fimotion per unit mass is 


U = - 


Ar"*+^ 

m+1 


(A>0). 


The energy and angular momentunr equations are 

f^+r^ = i»a+^^+2(£7- U^) = V*+2(U- U,), 

= r§^o» 

whence = p-!^+2(Cr- TJ^ ^f{r). 


The signs of /(r) are seen to run as follows {/(tq) = > 0) 



r-^0 

11 

r-^oo 

m< —3 

ff 00 

+ 

F*-217o 

— 3<m< — 1 

— 00 

+ 

F»-2l7o 

— 1<W 

— 00 

+ 

— 00 


Henoe/(r) always has a pair of zeros on opposite sides of rQ if m > — 1 , and if— 3<w< — 1 
provided V^<2Uq. They are easily seen to be simple. Hence in motion xmder a 
central acceleration r is periodic unconditionally if m > — 1 (including as an important 
special case the law of the direct distance), and if — 3 <^?k — 1 provided F*< 2Z7 The 
latter covers as a' special case the inverse square law w =5—2, and the critical case F* » 2170 
is that of pa^aboHc motion. 

« * iWessor B. R. Hartree ioforms tib that this solution is actually often given by mechanioal 
integrating machtnes unless special, precautions axe taken. 



The first eUipticintegral ; eat 25*08 

25*03. Differential equation satisfied by sn inversion of the integraL Tha 
is a powerfol type of argument because it enables us to demonstrate exact peiiodidty ia 
suitable by mere inspection of the differential equation, without the need to 

solve it first. Let us apply it to the differential equation 




( 1 ) 


where k is real and less than 1, and a is assumed always to exist. When x -0, we take 

d^x _ 1 dX^ • ^ 

dxjdt = + 1, and the right side has simple zeros at * = ± 1. Then = g— . neace 
there is a period 


dx 


say. Also, if f = 0 when x — 0, 


'i: 


dx 


a5S)(l — 




dx 




( 2 ) 


(3) 


This is known as the first elliptic integral and K as the first complete elhptic “ ^ * 
Integrals of these forms were tabulated and much studied by Euler and Legen e,^^u 
the whole theory was revolutionized by a remark of Abel. Nearly if fc = 0, t = sin z, 
and the study of the integrals as such is analogous to studying the propertiro ® ™ ® 
instead of the much more manageable function sin x. The method initiat^ by e ^ 
developed by Jacobi is to write sn (<; k) for x in the upper limit of (3) and to regM e 

equation as specifying the upper limit as a function of t, which ^ have P®™ 
analogous to the period Stt of the ciroulat functions. Then sn (t : ifc) is to be regar 
a generalization of sin «. It is usual to suppress expHcit statement of k when the same value 
is to be understood through the work. 

K can be expressed as a power series in ft by putting x = sin^; then 


K 


~Jo .lo 1 


, « 1 . 3 . 6 ... 2»-1 

1+ s - 

n—l 


2«»! 


This is a hypergeometrio series with radius of convergence 1. 

mo-o, mJT-l: 

sn(— i) = — snt, sn(2X— t) = sni; ^ 
Bn(2£+t) snt, 

^sai2K-t) = -isnt = |sn(2A:+t). 


(4) 


( 6 ) 


(6) 


So &r we have conadeied only real values of x and t. But if snt possesses ^ 

to complex values of i this can be taken as oomplet^ the d ® ^ 
^t, Enrtb«r, sange the equalities (6) hold for all real values in certain intervals ey 
' ' - 1 - ’ continuation. 



25*031 


Inversion of tJbe iviegrdl 635 

25*031. We have therefore to consider whether (3) can be inverted when x is complex, 
to give X as an analytic function of t, and whether this function will be single- valued. 
We still take h real and 0 < * < 1. Other values will be considered later. The differential 
equation shows that t, considered as a function of x, is analytic in a region that does not 
enclose a branch-point of X, where 


X^==(l-x^)(l-kh!^). 
dt‘ 2dx\dtj ~ 2 dx ’ 


( 1 ) 

( 2 ) 


so that the extension to complex values introduces just the extra condition that the 
differential equation is a first integral of a second order equation of the form x = if{x). 
The integral for t converges when x tends to infinity, so that we must also consider its 
behaviour near the corresponding values of # (which will differ according to the path 
chosen), and there will be infinities of x considered as a function of t. 

Ifais 4= where a is €iny of ±1, ± 1/Jfc, then will begin with a linear term and 

the series for t can be inverted, giving a; as a single-valued analytic function oft within 
any circle about t{a) such that no point a; = a lies within it and such that x does not tend 
to infinity. Near any point a; = a, we have . 


t—t{a) = (x—ay^^(x), 


(3) 


where ^(x) is analytic and not zero at a? = a. This is of the form considered in 12*05 (20), 
and X is single-valued near i = t(a), while dxjdt =» 0 there. 

For X large on any path going to infinity 






(4) 


where M is finite and x analytic and of order 1/a?. Hence 

where g{t) is analytic at ^ = M, The points M are therefore simple poles of or, of 
residue ± h. 

Hence a? is a single-valued analytic function of t over the whole t plane, with simple 
poles as its only singularities. 

K was quintic or some polynomial of higher degree in sc, with no triple or higher 
zeros, X considered as a function of t would still be analytic at values of t that make X* 
zero. But for x large the term in 1/a; in (4) would be replaced by one in with y > 1. 

Hence every infinity of x would also be a branch-point, and a? would not be single-valued. 
In other words we could take x along a large arc, not closed, ^d arrive at the same value 
of ^ as we started from. 

If X® was a cubic we should get a term in ar^^* instead of 1/a?, and x would still be single- 
valued as a function of t, but with double poles instead of simple poles. The student may 
examine for hiTY^aftlf what happens if X* is linear or quadratio. The result is that inversioix 
of the integral makes x a single- valued function of f, provided that X* is of degree not 
higher than 4. 



636 Second period; poles of mt 25*031 

It follows at on.ce that 25*03 (6) can be extended to all accessible t, and that snt has 
period 4K. 

Now consider the continuation when 1 <a;< 1/fc. To give X a definite sign we take x 
to pass 1 by a semicircle above it, so that in the new range 



^/(l-a:®) = 

(6) 

Then t 

_ . f ® dx „ , . 

“ V{(a:8-l)(l-*8a!8)} ~ 

(7) 

say; and when x-*- 1/fc, 


(8) 

where 

rr, dx 

« 

(9) 

The quartic in the denominator is real and posirive in the range, with simple zeros 
at 1, l/k. Then a: is a function of v with period 2E'. Therefore by (7) it is a function 
of t with period 2iE', and therefore 


SD.{t+2iK') = snf. 

(10) 

for aU t. Also 

sn(2iZ'~i) = — snf. 

(11) 

Now take x purely imaginary and the path along the imaginary axis. Then if a; = 



t-if"' 

JoV(l+y“)(l + i!V)* 

(12) 

Take 

1+fcV” 

(13) 

and take the upper limit 

as a; = { 00 . Then 



, .r^/* dz 

(14) 

Hence iK' is a pole of x considered as a function of t. Also for large y 




(15) 



(1^) 


and the residue of snf at iK' is +ljk. Since 2iK' is a period there is another pole at —iK' 
with residue 1/%., Since sn(2jS^+f) = — snt, there are poles at 2jK'±»£'' with residue —l/k 
K' can be put in another form; in (9) put 






dz 


■»»)(! -^ 88 *)}’ 
is itb^flame fbnotion of k' as is of k. 


[ 18 ) 
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Now if we use only paths starting from a; = 0 and such that ^{x} > 0 for 8fi(a:) between 
± 1/k, t will tend to when x tends to mfrnity in any direction. On the real axis it 
increases from 0 to £ as a; goes from 0 to 1; as a; increases frirther to l/jfc, the real part of t 
remains constant and the imaginary part increases to Z'; as a;-»-oo, the imaginary part 
remains constant and the real part decreases to 0. As a: goes from 0 to — 1, — l/Jfc, — oo 
(passing -land -l/*onthepositiTeside),fgoe8to -K, -Z+*Z',iZ'.Thus«isbounded 
in the half-plane of x, and both its real and unaginary parts must ta>ke their greatest and 
least values on the boundary. Hence for all a: in the upper half-plane 

-Z<SR(0<Z, 

If we tSike paths confined to the lower half-plane, we get wimilnT results except for the 
reversal of all imaginary parts. Tor any t satisfying these inequalities it follows that an x 
can be found, and is unique smoe the region contains no branch-point of t. But the integral 
provides no defimtion of t for | ^{t) [ > Z' unless the path crosses the real axis where 
9il(a;) > 1 or 9i(a;) < — 1 . We can however malre the real and imaginary parts of f as large as 
we like by mcluding oirouits about two branch-points. In the figure the integrals about 
C and C' , in the directions shown, are 4Z and 2iZ' ; and by including a sufadent number of 



circuits of dther type before proceeding from 0 to a; we can make the real and imaginary 
parts of the integral as large as we like, positive or negative, without altering dx[dt. By 
modification of the contour we can get a simple proof of the equivalence of our expressions 
(9), (14) for Z'. Bor L can be deformed into M without crossing a branch-point so as to pass 
to —i 00 as shown. The loop around part of thereal axis contributes 2iZ' as defined in (9), 
the two parts between 0 and 1 cancel, and the path from 0 to — » oo makes a contribution 
equal and opposite to the integral along L. Since the integrals along L and M must be 
equal the equivalence of (9) and (12) follows. 

We can take the path to include a siu^e loop about * = -f- 1 ; this will contribute 2Z, but 
Z is reversed in sign when we get back to 0. By taking the integral to —® we therefore get 

sii(2£j+Q = (19) 

Taking it to a; we get s]a(2jE— = sn^. (20) 

By suitable combinations of paths C and C' in either sense, with or without a loop about 
+ 1, we can therefore attach a meaning to sn^ by inversion of the integral for any value of 
Hence sni as defmed by continuation is a single-valued analytic function over the whole 
t plane, with simple poles of residue 1/k at all points 4mK + (2n -f- 1) iK% and simple poles 
of residue ^1/X; at all points (^+2yK+{2n+l)iK', where m and » axe positive or 
negative integers, and is a doubly periodic jfunction with periods 4tK and 2iK^, 


638 General theorems 25*04-25*05 

25>04. Impossibility of three independent periods. If an analytic fanction/(is) 
is not coxistant, and has a set of periods <i)i, ... there must be one of them 'with the 

smallest modulus. For if not, take any regular point z of the function; then/(*) = /(z+w,) 
for all r. If there is no smallest | o), | , there are infinitely many points * = w, with 0 as a 
limit point such that/(z+i) =/(z). Hence /(z +<)—/(«) = 0 for all t, and therefore /(«) 
is a constant, contrary to hypothesis. Denote -the (Oy -with least modulus by u. If possible 
let D be. a period with the same argument as (o but not an integral multiple ofo). Let 
m be an int^er such that m|o|<|Q|<(m+l)|<t)l. Then Q—?9W is a period with smaller 
modulus than &>, and we have a contradiction. Hence all periods 'with -the same argument 
as (0 are integral multiples of to. Let to' be the period 'with smallest modulus that is not an 
integral multiple of to. Oonsider the plane marked out into parallelograms whose comers 
are the points nuo + nto', m and n being integers. If possible 
let &>" be a third period, not expressible in the form mto+nto'. 

Then any expressiono"— mw— no' is also a period, and we can 
choose m and n so as to make it lie -within the parallelogram 
whose comers axe 0, to, to', to+to'. Denote the result by Q, and 
draw the diagonal AO coimeoting the two obtuse angles. Then 
if Q lies -witbin the triemgle OAC, the length of OCi is less than 
the larger of | o [ and | o' | , and therefore < | <w' I , contrary to our hypothesis that o' is the 
period of smallest modulus that is not a multiple of to. Similarly if Q lies -within ASC,iihe 
length BCt is less than |o' |. Hence an analytic function, not a constant, cannot have 
more than two independent periods. 

This result is rdevaat -to the inversioii of aa integral fdx/X, where X* is of hi^etr degree -than 4. 
For a contour about any -two simple zeros of X* ^ould define a period. For X* of degree < 4 it can be 
sho-wn -(hat the mtegraJs about such paths axe connected by relations of -the form eto + e'a' + e'o' = 0, 
where e,e',e' are 0 or ±1, and detenziine at most two iod^endent periods. For higher d^rees there 
are more in.dq>end6nt periods, which are possible only because -the function is no longer single- 
-valued. Such functions are called AbeiUcmfunctionB. 

We shall call the pair of periods to, to' defined as inthe last proposition the fundammttd 
^periods. Any parallelogram whose comers axe at z^, Zf^+to, z^+to', Zq-i- &)-!-&)' -will be called 
a fimdamental parallelogram. In general Zg -will be taken to be such that there is no pde 
on any side. The greater part of the theoiy of elliptic functions res-ts on two simple 
-theorems. 

25*05. The integral of an etUpHc function about a fundamental pa/raMdogrcm ia itsto. 
For if ABOD is a fundamental paxallelogram the integrals along opposite sides AB, BG, 
axe equal and opposite on account of the property of periodicity and the fact that the 
sides axe traversed in opposite directions; smulaxly those along BO, DA cancel. 

An ^Mptic function with wo ainguiarities in a fundamental ptaraUdogram is a constant. 
Por if it is bounded in a fundamental parallelogram it is bounded over the whole plane on 
•ccount of -the periodicity; and therefore it is a constant by Idouville’s theorem. 

If/(z) is an eUiptlc function,/' (z)//(z) is another. Applying the first theorem to/(z), 
ee -that sfum of the reaidnea at aU polea in a fundamental parattdogram ia 0, Applying H 

® '*^6 see that the nmnber of poles off{z) ia equal to the number of aeroa, miMph 
idea and zeros being taken imilHplg.. Applying it ^f'(z)l{f(z) — c}, where o is any constant 
he same holds. But the poles of/(z) — c axe those of f{z) ; henoe/(z) — c haa the same tvumbe 
zeros in afmhdam^dtal parjalidogram asf{z), whatever c may he. 
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!N’ow take round a fundamental 


on^, dIl^, BGt, etc. 
parallelogram 


2m J f(z) 


{*) 


dz. 


If the poles of /(a) are a,, the zeros the integral is equal to - S a^, multiple poles 

and zeros being taJren multiply. But 


[r*j: 






J/isr*-" 


a> 




wherep' is an integer, and similarly the integrals along the other two sides give a multiple 
of Hence the svma of the vcdues of z at the zeros and poles off{z) in a fundamental 
pcvraMdogram differ by an expression of the form pai+pV, where p <md p' are integers 
{possibly zero). 

25-06. Other Jacobian elliptic functions : cn, dn, etc. The ftmction sn z has poles 
in every fundamental parallelogram. This is surprising in a generalization of sin a, but we 
recall that sin a has an essential singularity at infinity. When the imaginary period 
of sn a tends to infinity, and the poles merge into an essential smgularity at infinity. 

There are four poles in a paraUelogram of sides 4£^, UK'; hence the function t«>.lrfta 
every other value four times in such a parallelogram. 

Associated with snt there are functions corresponding to the other trigonometric 
functions. The first two are defined by 

GTXt = 4^{l — SD?t), on0=l, 

dni = A^{l—T^sD?t), dnO = 1. 


The zeros and poles of 1 — sn^ 1 — P sn‘ t are double when these functions are considered 
as functions of t; hence ont and dnt are angle- valued when continued analytically. The 
other functions are defined by division: 


set = ant/aat, ost = enijsat, 

sd* = sn«/dn«, dsi = dni/sn«, 

cdf = catfdnt, dot = dnt/cnt, 

nsi = l/sn<, not = 1/cni. 

ndt = Ijdnt, 

Then the fundamental differential equation can be written 



^8n«=on#dnt. 

at 

(1) 

Hence 

A ft 

^on®< = — ^sn®< = — 2snion<dni, 
at at 



^cnt = — fflitdnt, 
at 

(2) 

and similarly 

d 

TT-dn^ = — snt cn«. 
at 

(3) 

Since 

W.K = 1, <ssxK =» 0, dxxK = fe'; 

(4) 


Bn{K+iK') = l]k, <so.{K'+ik') ^ -ih' jh, dn{K+iK') === 0. (6) 



640 Differentiation ; reaidAiea 25*07-2S’08 

To rosioh values of t between K and , x must pass + 1 on the upper side; then 

^(1 - a:*) becomes -i^(x*- 1) and cn< is negative imaginary in this range. When A =. 0, 
cnf reduces to oosi, dnf to 1, sci to tani, and so on. The functions are also reducible to 
elemeutaiy functions in the other extreme case A = 1, when 

snt = tanht, cnt = dnf = secht. 

25*07. Differentiation. By direct transformation we find the following differential 
equations satisfied by the functions: 


y — cni 


y = noi 

II 

4(y^-i)(k'Y+n> 

y = dni 


y — ndi 

dt 

4(ya-l)(l-A'V)}. 

y = scf 

§= V{(i+2/*)(i+*'V)}. 

y = nsi 

dt 

-4(2'*- 1) (S'*-**)}. 

y = csi 


y = odt 

II 

-4(l-y*)(l-AV% 

y = sdi 

V{(i-*'V)(n-W. 

y = dot 

II 

V{(2'*- 1) (S'®-**)}. 

y = ds* 






The roots are to be taken positive for 0 < t < 

We notice that the functions ns t, cs ds f have poles of residue 1 at the origin and that 
the signs of the constants in the roots are respectively both negative, both positive, and 
different. E. H. Neville finds it convenient to take these as the fundamental functions. 


25*08. Residues at poles. We have seen that all poles of sn t are simple poles of 
residue ± 1/A; henceaUthoseof cntaresimplewithresidue ±«/A, and of dn< with residue 
±t. Whenar = 8n#-»+oo,passhig +laud + 1/A onthe positive side, t-^iZ',ont behaves 
like — isnt, dnt like —ikmt. But the residue of snt at iK' is 1/A; therefore those of out 
and dnt are —ijk and — i. Since oni and dot are even functions their residues' at —iK' 
are i/k and i; for 

A A 2Afi 


t-fi 

which is an even function of t. ' 

Apart from a sign, cd i and sni satisfy the same differential equation. ButifZ<f<2Z, 

sn< is a decreasing function. Since the equation is of the first order and does not contain 

t explicitly, it follows that ^ 

^ sn(«+ 7 ) = cdt. 


where y is some constant. With 
Hence . 


7 = Z this holds for t =» 
sn(f4-Z) =s coffdat. 


0 , 


and therefore universally. 

( 1 ) 


By transformation, attending to the signs of the functions between Z and 2Z, we get 

V , on(t+Z) = — A'snt/dni, dn(i+Z) » A'/dnt. (2) 

■;iij!|ljfcilQoWB that 

. ■ sn-(#*f.'2Z) — snt, en(«4^2Z) =a^— oni, dsn(«+2Z') = dnf. (8) 
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Hence sn * and cn< have period 4K-, but dn< has period %E. This peimits us to say that the 
residues ofcni at 2^+tX' and 2Z-iZ' are +i/*and -t/ifc; those of dn fare -iand +». 
We therefore have the follo'wing set of residues. 



iE' 

-iE’ 

sn/ 

1/A 

1/A 

cat 

-ilk 

+ilk 

dat 

—i 

+ i 


2E+iE' 

2E-iE‘ 

-1/A 

-1/A 

+ilk 

-ijk 

—i 

+i 


If we put ns^ — kz, z also satisfies the differential equation for snf except for a sign. 
Hence there is a y such that 


sn(<+y) = 



To make the poles correspond we take y = and taking « small we fix the sign as positive 

since the residue of sni is + 1/fc at < = iK\ Hence 


sn {t+iK') = sn {t+ ^K') = sni. 

Further, fixing the constants suitably, we get 


(m{t+iE') = ■ 
dn(i+»Z') = 


idnj 

kmt* 

icsat 


snt ' 


(4) 

( 6 ) 

( 6 ) 


and therefore 
Also 

BD.{t+E+iE') 


(m[t+2iE') = —cat, da{t+2iE') = —dat. 


m 


.j.sat 

%k ' — 
cnf 


( 8 ) 


sn(<+2X+2tA^') = — sn<, on(*+2Z+2t.E'') = cnt, dn(«+2Z+2»Z') = -dni. (9) 

Each of the functions is therefore periodic in a parallebgram whose area is hcAf that of the 
parallelogram of sides 4cE ^d 4AE'. All are periodic in the latter parallelogram. It is 
usually convenient to use the parallelogram of sides 4E and UE’ for this reason. 

25*09.' Partial fraction and trigonometric expansions. One of the most prolific 
sources of formulae in eUiptio functions is the comparison of the principal parts at poles. 
The method is illustrated most simply by the functions, ns f, cst, dat. These are all odd 
functions with residue 1 at f =: 0. The effects of adding 2E, SiE', 2E + 2iE' to t are shown 
m the following table bf signs. 


sn 

2K 

2iK' 

4- 


on 

— 

— 

+ 

dn 

4- 

— 

— 

ns 

— . 

4- 

— 

cs 


— 

— 

ds 

— 

— 




642 Tngonomemc expanswna 25 

TTATinfl by Mittag-Leffler’s theorem (the functions being bounded on a suitably oho^ 
of paralldograms tending to infinity) 

1 1 


] 00 00 / 

ns«-7= S S' L— 

I m*" — fio n^ — oo \v 


4mK—4mK' t—{4an-\-2)K—4mK' 
1 

+ 




i— 4mZ— (4»+2)iZ' <— (4m+2)Z’— (49j.+2)iZ 
1 


— imK' {4m + 2) JT — 4mK' 

1 


t—4mK—{4!n,+2)iK' (4to+ 2)£— (4»+2)iZ 

1 


4mK—4mK' t—{4m+^)K—4mK' 

1 


t—4mK—{4an,+2)iK'^t—{4m+2)K—{4m,+2)iK 

where the sununations omit the case m = 0, » = 0. ' 

The integrals 25>03(2), 26'031(9) or (14) would define K and if ifc was comp 
{K haying singularities at £ = ± 1 and K' &th = 0), and the series just given will still c 
veige and be anal 3 rtio functions both of t and of k. Hence they lead to definitions of 
elliptic functions, satisfying the same differential equations, even if jb is complex, { 
we can now remove the restriction that h is real. 


Now 

and therefore 
■OBt 


= i+S' (-i +_i-^ . 

2K 2K \v-2m,K^2nE}’ 

-+2:'(-1)’‘(^_2^^+^), 


It KV 

^coseo^ 


= ^ oosec ^ + S |ooseo ^ (f — 2mK ’) + cosec ^ {t + 2wZ')| 


n 

'2Z 


, . nt -iMrZ'l 
4sm— sscosh — =— 

Trt “ auigx K 

OOSeO^+ S 5 

2Z 1 ^2»wrZ Tit 


cosh- 


Z ®®®Zj 


OS* = 


dsf — 


n 

M 


n 

2Z 


ootg+S 


. TTt 
sm-= 
K 


&xa- 


TTt 


J-S- 


1 i,4re7rZ' Tit " ^(4m+2)7rZ' . M 

cosh— g cosh^ gr 


cosec 


Tit 




, . Jrt , »7rZ') 


, 2n7rK' Trt 
cosh— OOB^j 


Tba^series are rapidly convergent if K'/K is not very small. A physical illustratioi 
given hy a lattice of charged wires arranged regularly in planes^ in such a way that ev 
set of taton at the comers of a cell contains two positively and two negatively oharj 

tonAtiona the potmtUd at a point is determined mainly by the ohargei 
I Ahe -tiKA nn:nM'h-Li4?;rvwiei 4 ^^*^ more distant charges nearly oancdlii 
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25*10. The addition formulae. If v is oonstant, sn (w+j;) is an elliptic function 
of u, with the same periods as sn«. For i; = 0 and & = 1 it can be expressed in terms of 
functions of u and v, as follows; 


sin(w+®) = sin cost? + cos sin z;, 
tanhu+tanhe 


tanh(«+«) = 


1 .+ tanh w tanh « * 


There is no obvious similarity between these formulae to suggest an analogous expression 
for general k. But for small v and any h 

sn(tt+») = 8nii+cn« dntt snw+ 

= sntt cnt? dne+cnii dnit snD+0(a®i;®), 


by symmetry. For * = 0 the error term vanishes. For * = 1 the right side is 
tanhii sech® v + tanh v seoh® v, + 0(«®v®) 

= (tanhtt4-tanhv)(l— tanhatanh«) + 0(«®»®) 

= (1— tanh®«tanh®t;)tanh(«+»)+0(«®»®). 

Thus both extreme oases are included in the formula 


sn(a+e) = 


snitont;dn«+onttdnttsni? 
1— /(A!)8n®«sn®e 


where /(O) = 0, /(I) == 1 ; and the formula is right to 0 (m®w®) for any k. 

Now sn (•»+ «>) j considered as a function of it, has a pole at iK' — v. But the numerator 
is finite unless it or u itself is of the form iK' + 2mK + 2miK ' ; hence the pole can arise only 
from the vanishing of the denominator. But 


sn(iF:'-i;) * - 


1 

Ibsni;’ 


and therefore this condition is satisfied for all i; if, and only if. 


' /(*) = **, 


and then 


sn(it+'ii) = 


snitcnwdnu+cnudnitsni ) 
1— i:*sn®itsn®i> 


( 1 ) 


If there is any formula expressmg sn(it+i’) in terms of elliptic functions of it and t;, it 
must therefore be (1). It remains to show that (1) is true. 

The easiest method is by comparison of residues. The left side has poles of residue Ijk 
atit —v±iK\ and of residue — 1/feat it = — v+ZJf+ijP'. Adding to it reverses both 
sidesof (1), and both sides have period2ijE'^Weneed therefore consider only It = —v+iK*. 

At any pole of snit the right side is analytic. Hence poles of the right side can arise 
only from the vanishing of the denominator, and will be simple. The denominator vanishes 
if ft = —v± iK.*, but also if it « v±iK'. We must ilxexefore also oonsid^ it = v+iK*. But 

sn (v + iK') cni;dni;+sn©on(u+ iK') dn (i> + iK') 

1 j , / idn»\/ .cno\ . 

fesne \ fesne/\ sne/ 


4*-a 
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25-11 


and therefore v + iK' is not a pole of the right side. Hence the left and right sides have the 
same poles. Again, ]£u+v— iK' is small, say 6, 


sc?{iK' —v+6) 


Psn®(«— d) k^sD?v 




and the right of (1) is 


2on«dn«j /2on«dnt; 
h SD.V I snv 


d = 


Jl_ 

kd' 


Hence both ftinctions have the same poles and the same residues, and can therefore (iiffftr 
only by a constant, which we identify as 0 by taking u = 0. 

Alternatively, knowing that both sides of (1) have the same poles and zeros we iufpir 
that their ratio is a constant; and we- show that this constant is 1 by taking u small. 

The corresponding formulae for cn (u + v) and dn (« + «) are 


cn(M+v) = 


on cn — sn u sn V dn dn V 
1 — Psn®«sn*« 


( 2 ) 


, , . dnitdnt)— ^sn«snucn«onv 


(3) 


These are easily verified by direct transformation. 

We have thought it interesting to show how these formulae migM have been discovered 
by study of extreme cases. They were actually found in a totally different way. Euler 
found a complicated identity connecting elliptic vniegrala, which became (1) when trans- 
lated into Jacobi’s notation. 

Another method of verification, quite straightforward but best suited for a long spell ' 
in a railway waiting room, is to differentiate the right sides and show that the derivatives 
of eadk -with regard to u and v are equal. They are therefore functions of u+v, and are 
identified by taking u = Q. 

25*11. Infinite products for sn t, on t, dn The function d (log snt)/d^ has simple 
poles of residue -i-l at all zerds of sn<, and of residue — latallpolesofsnf. Mittag-Leflfler’s 
theorem therefore shows that 




)• 


^logsni--=, 



— 2mK^ ZniK' + 2mK t—(2n+l)iK' — 2mK (2n+l)iK' +2mKj 

»» = 0, n = 0 being excluded from the first sum. If we take equal numbers of positi-ro and 
negative values of m and » the constant terms will cancel. Hence 

d, w ( irt .n{t—2mK') ^ ,7rft— (2»-l-l)ijE'}l 

7r{t—2mK') . 


snt = Asin 


<9 

^ n'sin: 

Tit 


2E 


«= Asin 


.-00 2K 

“ / 2»7rjff' irt\ 
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Put iK’ =^KT,q = We assume miK'IK) > 0. Then | j [ < 1, and 


TTt ^ 

sni = 4'sin^n 


1 — 2g®”cos^+g*” 

1 — cos^+ g*““* 
JL 


2*8:„,^7rf l-2?*’‘cosJ+s*» 

n ®“2jf Y (l-g*»)2 ^ 

JtL 


the constant being adjusted to give the correct derivative at t = 0, The products ai 
absolutely convergent since | g | < 1. Similarly 


whence 


Also 


d , CO m / 

^logonf-S S(,- 


(2m+l)A:-2»iZ' t-{2n+l)iK'-2mK, 
TT / « , 7r{t-2niK’) “ ^7rft-(2»+l)»Z'}1 

= 2K ^ 2K )> 

cjr f 

(1 _gf8»-l)9 (1 4. 2g*»OOS^ + 5f*”) 


) 


Irf * 

onf = eos^n 


‘ (l+g2»i)a(i_2g*»-icos^+2*»-*) 

JL 


„ (1— gr*»i-i)a (14- 22*^1 cos^+g*^®) 
dii« = n ^ . 

^ (14-2®“~^)®(1 — 22®t~^eos-=4-g*^) 

jDl 


25*111. ^functions. These formulae express the elliptic fiiuctionB as ratios of four 
integral functions aU poss^sing the period 4£. These functions can also be expressed as 
series. It is convenient to put ^ 


so that the period becomes 27r. Then any of the four integral hmctions, for z with constant 
imaginary part, can be expressed as a Pourier series, which can be extended to other values 
of the imaginary part by continuation (if it remains convergent). Take first q = 


Then 


Also if 


^(a) = 5 (l-22»^ioos22:+g^») 

1 * 

^(z+ttt) =4 n (l-2*^ie«»)(l-2*^e-«^) 

1 

1 /IT"! 

■ - iS/» r «>(») - -r‘r^#W- 

X ^c 5 , 

tj>{z) = Ao4-242 00 s 2 »+ 2 A 4 00s4s!4-... 

= 4o+-*^a(e“'+e~*^+^4(e"*+e"^) 

^(»4-?rr) « Ao+A8(2*e»*»+r*e“**')+^4(«‘fi*^+«r‘e"^) + - 
= -^ie-2fe{Ao+ A2(e«*4-e-*‘') 4- 


( 2 ) 


and also 
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On equating coefficients we find 

^{ z ) = + 2 S ( — 1)” 2”* cos 2««}, 

which we define as j4odo(a). 

Then by substituting in turn the values'® +^,z+ ■Jttt, a + J tt + for a we find 

4>{z-¥\n) = n (l-i-2gS"’-icos2a+g***“®), 


(j>{z+^rrr) — 2 ie“^sinan (1 — 2gS“oos2a+3*”), 

CO 

^(a + ^+^r) == 2e“*’cosan (l + 2£S“cos2a+g^), 

1 


(3) 

W 

( 6 ) 

( 6 ) 

(7) 


Three functions ^■^(a), d'g(a), d' 3 (a) are defined in terms of ‘fi'o(a) and expressed in series 
as follows: „ 

^o (» +^)= = 1 + 2 S 2 “’ cos 2'«a. (8) 

-d-o{z+^7rr) = iq~^*e~^d-i{z), ^^(a) = 2 S ( — l)’‘2^’^^sin(2»+l)a, (9) 

n-O 

^ 2 ( 2 ) = 2 S 2^"^^oos(2«+l)a, (10) 

n-O 

The four functions ^o» ’^u '^a» "^s Jacobi’s theta-fimctions.* , They are seen to be directly 
related to the four infinite products that we have found in the expression of sn, on, dn. 
In foot if we put IjA^ = G, 


and then 


sn 


on 


■^■0 = GJ[{l — 2qf^^ooe2z+gf^^), 

1 

(11) 

^1 = 2C?g^«sinsn (1~22 S*‘cos2s+2*”), 

1 

(12) 

^3 = 20^* cos a n (1 + 22®’’ cos 2a + 2*”), 

1 

(13) 

^8= ffn (1 + 22®”“^cos2s+2*”“*)» 

1 

(14) 

2Kz £ ^^i(a) (l-2®»-i)® 

Tt Tt^ ■®'o(*) (1—2®"')® ’ 

(16) 

2^a ^^g(a) (l-2®»-i)® ^o(0)^2(*) 

»r ^ ^o(*) (1+2®“)® w)u»y 

(16) 

2Kz ^8(»)TT(l-ff*^^)* ^o(0)^8(«) 

n ^o(*) (1+2®“-^)® ^8(0 )^o( 2)' 

(17) 


Tt is readily verified that all the d- fimciaons satisfy the equation of heat oonduotida in 
the form 

,* Vvndamenta Nova, 1829. . Whittakw azid Watson, denote by the function here called 
ilWfe A.(»e) fe 'bur 
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Theta fumtio/na 
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Since cnO = dnO = 1, 

^*(0) _ ^*(0) no) ^ 

■^ 1 * n ( 1 + ri ( 1 + gS«-i)* ' n (1 - q*^^f ~ 

(19) 

When « = ^, dn 2Kzjn = A'; hence 

^ ~M0)' 

(20) 

.Also when z = 

^TT+^TTr, <sa2Kzlv = —ik'jki then 



IK-m whence Ik-t^ 

ij k~noy ^ '^^~noy 

(21) 

and 

2Kz 1 n^) 
ir -^Uzy 

(22) 

by choosing the constant factor so that sn 2Kzlir = 1/A when z == ^+'^7rr. Hence also 


2Kz_(k'\*m 2i,_ 

w "Ia; n^y ^ n n»y 

(23) 

2Kz 

Now we can write (22) as i&i(a) = • 

(24) 

whence 

a// \ n icitf \ / \ 2J?zl 

^i(a) = -^ATO«)sn— +— ^o(*)on— dn— j, 

(26) 

and 

mo) = V*{^«-(^\(0)(1+^)). 

mO) mO) (2KY 

m no) ^ 

(26) 

But from (23) 

no) no) (2E\‘ no) no) 
no) ~ no) U ; ’ ^,(o) no) \^/’ 

(27) 

whence 

mo) no) , no) , m 
no) no) noynoy 

(28) 


But by the partial differeatial equation (18) this is equivalent to 


Alog^i(O) = ^log[^o(0)^2(0)^*(0)], 


and ' ^i(O) = o9^f,(0)‘d'f{0)&i{0), 

where c is independent of t and *. Taking the lowest powers of ^ in each series we find that 

c = l,- 

^i(0)«-&o{0)^*(0)^»(0). (29) 

(d 2Kz\ 2K 

JT /*-0 ’ 

whence from (13), (14) and (16) 

, no) 

^ ^no)no)Ho) ^i®n(i+?*«)®(i+a**-^)*(i-ff*""^)* 


wihence 

Now 
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The infinite product in the denominator is equal to 1 ; for 


25-111 


n (1 +g®“) (1 (1 = n (1 +g») (1 -g 2 »-i) 

l-g» 


= 1. (31) 

Hence G = ft (32) 

^0 fiom (22) ^ = ^(0). (33) 

and iK' = = ^ot5|(0). (34) 


The d- functions have one period equal to n or 2tt, which is an advantage iu problems 
relating to fixed boundaries. The series are extremely rapidly convergent. If K'jK = 1, 
g = e-", and g* is practically always negligible. (We can always arrange that K'jK > 1; 
for we see from the differential equations that if we put t = iu the differential equation 
for so f is converted into that for sn t with modulus k ' . This is known as Jacobi’s imaginaiy 
transformation.) On the other hand h is often among the data, and both periods are to 
be found. The sn, cn, dn notation is then more convenient. 

The transformation for the ^ functions is closely related to an identity that we have 
had in relation to heat conduction. From 20-02 (7), (12) 


a; ® 2 . uiix { nhflhH\ . “ /, -a;+2rA * /- .2(r+l)Z— a;\ 

for all positive t and 0 < as < Z. By continuation it can be extended to all a;. Differentiate 
with regard to x and multiply by Z. Then 


Put 

then 

Hence 


7TX „ , TrhH . K' 


1+2 S cos2«a!exp(<-jmV) = or-Vae-**/"®’ ( 1 + 2 2 6’^/®' cosh — ), 

n-l \ r-1 «'■ / 


t ■^8(»:<r) == 


{HY 


Tie trana^rmation is usually stated in terms of t, but is more convenient in terms of a , 
wlqoh is real in most applications. The notation adopted makes the'use of <r explicit. 

o' is small t}ie terms on the left diTninisb slowly at &Bt, those on the right rapidly, so 
|diig- ajj 9l(*) < i:,- form of the expression on the right does not maks the periodicity 
fot larger values of 9i(z) the values of the function can be inferred 
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By using the relations (8), (9), (10), we derive the corresponding transformations of 
the other -d' functions. 

■d'Qiz : <r) = ; 1 

\cr cr 

■^ 1(2 : (t) = — i(r~*/4g-4^/ir<rA . 1 

^\(r> 

25*112. Change of argument. When the argument of a ‘d' function is increased by 
in, Jttt, or in + Jnr the result is another S' function multiplied by a simple factor; the 
following table gives the results, several of which have already been used. We write 

M = M' = 


z 

Z + iTT 

Z + iTTT 

z + in+iirr 

z+n 

z+7rr 

2 ! + 7r + 77T 

So 



MSo 

So 

-M'&o 

-M'So 

Sr 

St 

iM'd'Q 

MSt 

-Sr 

-M'&r 

M'Si 

St 

-Sr 


-iMSo 

-St 

M'^t 

-M'St 

S, 

So 

MS'^ 


s» 

M'&t 

M'St 


25*1 13. Expression of elliptic function with given periods in terms of S func- 
tions. Since 

Si{z+it) rs: —Si{z), Sx{z+7rr) = —q-^e-^Si{z), 

^^(g+7r) ^ S{{z) Si{z+7TT) _ 

Si{z+n) Si{z)’ Siiz+TTT) ^S-xiz)’ 

Hence the function S’i(z)ISi{z) has period n. It has simple poles of residue 1 at 2 = 0, ttt, 
JT+Ttr, ... and its derivative has also the period irr. 

This property can be used to express any elliptic function ^(w) of periods <0 and m' 
in terms of Put 

= /(2). = T, 


where <o',' ot are taken so that > 0. 

Then/( 2 ) has the periods n, irr. Let the poles of /(z) in a fundamental parallelogrsm be 
simple poles at Oj, Oj, ... of residues A^, A 2 , .... Then 


J’(z) = S4 


*Si(z-at) 


differs from/(z) by at most an integral function. Further, 


F{z+7r) = F{z),f 


- m, 


sinoe ^Af is the sum of the residues of f{z) in a fimdamental paralldogram and therefore 
is zero. Hence 


f{z)—F{z) = constant. 
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It follo-ws that 


25*12 


J/(z) dz = 'LAi log^i{z — a^) + Gz, 


so that any eUiptio function with only simple poles can be integrated in terms of 
This can be extended at once to multiple poles by making nse of the derivatives of 
Again, if /(«) has n poles and n zeros we can take 

multiple poles and zeros being repeated in the products. Then 

Q{z+'n) = Q{z), 

since the numbers of poles and zeros a-re equal; and 


0(z+7rr) = 


exp(2iSyff<) 


Q{z). 


exp(2iSa4) 

But SOf is of the form pn+gpr, where p and q are integers; and this can be made 
zero by a sxiitable choice of the fit and if necessary going outside the original parallelo- 
gram» Then/(z)/(?(z) is a constant. 

25*12. Reduction of elliptic integrals to the standard form. Let R{x) be a 
quartic with real coefficients and no repeated factor. If we make a bilinear transformation 

cct+^ 


X = 


yt+S’ 


( 1 ) 


B{x) takes the form being another quartic, and dxfdt is proportional 

to (yt +^)~*. Hence Jda;/^2?(a;) is transformed into the form We want to choose 

the transformation so that Ei{t) will be an even function. Let the roots of B{x) be a, b, c, d, 
those of j^(<) be —h, —g, g, Ji. Try 

( 2 ) 


x—h ^ j t-\-g 
x—c t—g‘ 


Then b corresponds to —g and c to +g. For the other roots to correspond we must have 

(3) 


a-bj-h+gyh—g d—b.k+g 
- -h-g-^g+r d-c~^h~g’ 


a—c 


whence 


/gr+h \2 _• d—ba—c 
\g—hj ~ d—ca—b’ 

the cross ratio of the roots d, a with respect to b, c; also 


I 


a-bg-^h 


(4) 


(S) 


a—ch—g' 

Then if gr is taken arbitrarily (4) determines h and then (5) determines 1. 

Case, 1 . Let all the roots be real and d^b<c<d. Then if p is real so is h. Take g=^ 
Then taking the positive root j 4 . i 

j^>i, &>i. 


= Gif’- 1 ) (i*-ha) = G'{1 -t*) (1 
traa^i^ianto le&ds to t == .d sntt -With h = Ijh < 1. 


(6) 

( 7 ) 
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Second and third eUiptic integrals 
Case 2. let b and c be real, a and d conjugate complexes. Take gf = 1. Then 

£+A _ , 

g-h ~ "' 

and h is purely imaginary = ij. Then 


( 8 ) 


(9) 

and integration can he earned out by putting t = on it, sdu, or dstt. 

Case 3. Let a and d be conjugate complexes, b and e also. Take g = i. h will be purely 
imaginary since (4) is again real; and 


i2i(0 = O(l+<a)(l+v*«®). (10) 

Integration can be carried out by putting t = sck or cstt. 

Integrals of the form are called dliptic integrals of the first kind, and can be 

evaluated in terms of the functions sn, on, dn. More complicated integrals involving the 
square root of a quartic can be reduced to the form 


J 




AW ’ 


( 11 ) 


where and /a a^e rational functions. Then this can be broken up by partial fractions 
into terms of the types 



dt 


( 12 ) 


The first form gives an elementary function. Tor definiteness we take the case when 
RJf) = (1 — t®) (1 — W). In the second, if we put f ■= snit, we have 

Up = fsn‘P udu. 

J 

But ^(sn^“*«on«dn«) = (2p— 3)Bn**’~*«cn%dn*«— sn*i’”*ttdn®tt— A*sn*P~*«cna« 

= a8n^«+)ffsn**’~®«+7sn**’~*tt, 

where a, y are constants. Hence by successive reduction Up can be reduced to u and 
Jsn* The usual standard form is 

and is called the second elliptic integral. 

The second complete elliptic integral is 

E = E(E) = f dn*w(iM. (14) 

jo I 

E{u) is not periodic; but the function 

2H!u) = E(v)—^u (15) 

has period 2K. It is called the elliptic Zeta function, not to be confused with the Bdemann 
C function 

?(«) = s 
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The third form in ( 1 2) is called the third elliptic integral. It can be evaluated in terms of ^ 
functions at the cost of a good deal of algebra; direct recourse to arithmetic is probably 
usually the best method. 

Integration of eUiptio functions can alwa 3 ^ be carried out in terms of d' functions. 
For the necessary transformations the special treatises should be consulted. 

25*13. Complete elliptic integrals. The complete elliptic integrals often arise by 
themselves as definite integrals. They are fuUy tabulated, but care should be taken in 
using the tables; h is sometimes denoted by sin a, sometimes by sin the latter being a 
survival from the time when the pendiilum was the only application oi K. a: is often 
denoted by sin^, ^/(l — hhs^) by A^. Approximations to K' and E' when h is small are of 
interest. We have 

rVsff d<f> 

fo AW 

rVa»i'sinj6 


''=J, 

J^^ l — ^'sin^ 


where A' = (1 — F®sin®^)^/* 


= /1 + I 2 , say, 


A'M>) A'(« 

*log2. 

is integrable exactly; 


l/gJT 

0 




and 


JS:' = log|+0(i;). 


rVsir 

Similarly if % is small E' = | L'(6)dd^ | cos^d^ 

Jo JO 


= 1 . 


v^e 


E 


/•Vair 

=J. ' 


A{^)d^ = ^+0{Jc^). 


25*14. Reduction of integrals containing a cubic. If 


■/, 


® dx 
fo;^’ 

we can put a?— a = apd then 

< = 


X® = {x—a){b—x){c—x), 


j{{b-a-i 


m 


IwMch is in one or other of the standard forms according to the signs of 6 —a and c— a. 
;1|9 ||!|h^ forms ejte.niore generally useful than the Weierstrass one, which takes the standard 


on as 




1 


imb')® (nw+nti)' 


l-JMw')®)' 
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This satisfies p(u) -g^, 

where g^ and g^ are known functions of w, o' . This function has the property that for u small 

^(u)_l=0(„a). 

Had Abel been alive he would probably have remarked that this property corresponds to 
taking the fundamental trigonometric function as coseo^a:— 

The square of any of sn, on, dn and their reciprocals and ratios is a function with only 
double poles, and having the periods 2K and 2iK'. These functions can therefore be used 
in the same way as ^{u) in Weierstrass’s method. 

25*15. Change of modulus: Landen’s transformation. This important trans- 
formation is most symmetrically expressed if we take the integral 

T _ # r“ ^ 

“ Jo {o*oosV+5*8in®^}% -Jo V{(l+«2){a*-h6%*)} 


where <i> 6 > 0. We put 




then 7=r 

Jo[{(A-H®*)*+ea}{a*(A-B»*)a-h6V}]V»- , 

With a suitable choice of A and B we can arrange that the second square root is pro- 
portional to the numerator; this is seen to impose only one condition, and we can add the 
• farther condition that the first factor in the denominator is to vanish when v® = — 1. 
The result will be a new integral of the same form as that in u. The conditions are 

(A-hJ5)® = 1, 4AB^h^ja\ (4) 

and A and B can be taken as ^ J — b^ja^). Then 




“ J 0 {(1+®®) 

a* = (A + H)®a*, 6* = 4dBa*; 


r* dv 1 f“ . 

1 0 {(1 +v^) (a®-h 2 J 0 [(1 -htt*) ’ 


Jo {a®cos*^^^-l-/^®sin®^^•}^ 2jo 

(«-f-/?)tan^ 

with 

If ^ <f> == IT, and we have a simple relation between the complete elliptic int^rals. 

If we denote the integrals by i we have - 

sin^&- = sn|o5f|^l-^j |, ain^ = sn^J(a4-^)<j^-^^, (10) 

■with (9) holding between the corresponding so, functions. 




* cos* -I- /ff® sin® 




2jo{i(a- 


•with 


tan^ a: 
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In (8) the constants a, fi axe replaced by their arithmetic and geometric means. Thus 
if a = 0*9, p = 0*1, the arithmetic and geometric means are 0-6 and 0-3; repeating the 
transformation we get 0*40 and 0'387. By successive applications of the transformation 
we can therefore reduce the elliptic integral as closely as we like to a hnear function of 
the new argument. 

The complete integrals of the form (8) are symmetrical in a and /?; but 


Jo (a®cos®^+y5®sin®^)’/9 jo {a®— (a®— /ff*)sin*^P <*^ll «*/ r 

in which the symmetry is no longer obvious. But it is also equal to 


( 12 ) 


in which the symmetry is obvious since Z is an even function of k. 
The second elliptic integral can be treated similarly. We take 


~ j* {i(“ + cos ®^^ + afi sin®^}*/® 

- -u /?^a (oeoos®i^+^sin®f)® 
m+P) (a®cos®iJ'+y?®sin®i4-)%‘*^’ 


(13) 


by the same transformation. We have 

_d cos^fr sin^ 

(a® c( 

and 


_ g® cos* ^ — jff® sin* ^ 
(a® cos* ijf+p^ sin® (a* cos® i/r+P^ sin® ’ 


(5^ 0 O 8 ®iir+^*sin®^J') + (a® cos®^+yS®sin®i^)®. 

The easiest way to find the coe£S.oients is to insert a factor oos®^+rin®^4^ in the second 
term on the right and then equate coefficients. Then 

J = - l(a>-m r oosi^sinf ^ 

^ T(a*oos®^i^+/?®sin®^)V»Jo 

wbiph can be written 

. ' r# 

|^^(j**oos*|^+^sina^)’AdV(r = 1^ {i(a+/)®cos®^+a/?sin®^}'Ad^ 
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Equivalent relations were found by Landen in 1776 in determining the length of an arc of 
a hyperbola. 

For the complete integrals vre have 

{a^ooe,^ir+^m^f)^df = 2\ {|(a+;?)2cos*^+a;ffsin2^}’&ti^ 

* Jo {i{a+/ff)®cos®^+a)9sin®5iy^* 

These relations were used by Legendre in his numerical calculation of the elliptic integrals. 


EXAMPLES 

1. Prove that BaiK=i~{^{Hlt)-^(l-k)}, 

and find what values of 2 make sns equal to the four e3q)iee3i<ms obtained by reversing the aigna of 
the roots. (Use onX s 0.) 


2. Prove that aaiiX' = i/^, 

and find what values of 2 nmke sns s 1/^. 

3, If tt = J“ 


ix 


loV(®*“7a!*+10)' 


espresso; as at 
4. Solve the pendulum equation 

in tenns of eOiptio fimotions. 

6. Prove that 

m « ; 

kmt=s lim lim S S ^ 

m-^oon-t-n my— n 


j(sin*ido-sin* Jd) 


1 


1 


m n / 

licsntslim lim S P ^ 


\i+4/tE+(2v-l)iK:' «+(4/*+2)X+(2v-l)iB:'r 
, 2S:' 2K' 


) 


m A ( 

dni^ =s lina lizn S 


[t+{iii+2)K+4;viK')^+K'^j * 


S S f \ 


and espress the doable series as series 
of2X't/ff. 


6. Prove that liJsnMdw=: log^ ^(«-iE')|+l®g;^|^(<*+®0 


dn«-i!cntt . . . 

= ilogT ; +CODBtaat. 

dn«+*on« 



NOTES 


1*041 a. Infinity is excluded from the rules of algebra, not because there is 
consistency in the notion of infinite numbers, but because they foUow different : 
fact the notion of an infinite set is implicit in most of our theory, since there axe i 
many values of a; in any interval of x. A consistent algebra of positive infinite 
was set up by Cantor, and has been extended by many later writers. But it is 
from ordinary algebra. If a and b axe positive infinite numbers we can define a + 
uniquely; but a + 6 need not ba greater than a — ^in fact it is in general equal to ( 
It is not possible to define a — b and ajb uniquely. Consequently an algebra that 
both finite and infinite numbers must still distinguish between them in its rules, 

When we speak of a closed interval (a, 6) it is always understood that a and 6 a 
or, what is the same thing, that the interval is bounded. 

1-072 a. The Heine-Borel theorem can be stated as follows. If every point q 
set E bdongs to some open interv<d I of a family F, then there is a finite svh-family < 
that every point of E bdongs to at least one interval of the svib-family. The condit 
template that the family F may have an infinite number of members; but the 
enables us to dispense with the consideration of the infinite set and use a finite sel 
Also, so long as is specified, the theorem is true irrespective of what the ru] 
defines its members. Consequently the theorem is of extreme generality. There ai 
methods of proof; we shall give one on similar lines to the proof of the theorem 
A closed set is not necessarily aninterval;* we shall however take JSi to be an inte] 
is in our applications. 

Let the interval be (a, b). a belongs to E, and therefore there is an interval 


10= [a-^a.a+7j 

of F, where ^«>0, i 7 a> 0 . An interval of F, say where Xi<a+ri^< 

overlap 2J,. h. namely Ix^,^^, where a; 2 <^i> ^^7 overlap Then all 

such that a^x<ii 2 members of at least one of Jq, Ix> /g- We assert that then 
where n is fiboite, such that every point of (a, 6) is a member of sore 
if there is not, there is a c such that a<c<b, and such that any x less than 
included in some for some finite n, but no x greater than c can. (In other wo] 
evex we choose the intervals, their lengths wUl tend to zero as we approach c, in sn 
that c is never passed.) But c is a point of (a, b). Hence there is an interval ( 
[c — 6 + where >0,%> 0. But for some w, c — is included in it fol] 
c + is included in 4i+i» which contradicts the supposition that no x greater tl 
be induded'in a finite set of overlapping intervals of F starting from a. Hence the 
foHows. 

applications of the theorem the fiamily F is defined by some common pr< 
thej Kotervals composing it. If I is an interval of F, such a property ^(Z) 
is ^x oil such that for all | of Z either a proposition x) is true or 
mend^. E*. In its mmplest form the theprem ^vefi the ‘axiom of Archim 

It that all its Ihhit-poiiitB are also xaeinbers of the set: this is obviously 
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<l>(g,x) is “I I <a>”. where <u is fixed, it specifies an interval of g for any x, and the 
theorem states that a fimte set of open intervals of length 20 will cover the whole of {a, b). 

If ^(l)is false,foreverypomtarof /thereisa^of j^andof /suchthat^(g.iB)isfaise. 

Many important propositions aro immediate corollaries. For a continuous function, 
take i>(i,x) to be the proposition ] <e. It follows that we can find a fimte 

number of open intervals,/,, overlapping the whole of (a, b) such that | /(£) -/(*,) ] < e for 
an Xf and all ^ of /,. Hence for any g' of /„ | /(g') -/(g) | < 2e. 

For a fonction everywhere differentiable in (a, 6), ^(g, x) may be the proposition 

1 M) -/(*) - (S- «)/'{«) 1 < e I g - a; ] . 

It follows that we can find a set of intervals /, such that 

l/(l)-/(»r)-(g-*,)/'(»,) \<e\^-x,\ 

for some x, in /, and every g in /„ the /, covering (a, b). It does not follow that for given 
e > 0, ^ exists such that 

1 \<2e\g'-g\ 

for all g, g' such that | g' - g | < ^. 

The Heine-Borel theorem can be extended to any number of dimensions, ‘interval* 
being replaced by ‘region ’ , We start at any point of the boundary, say A , and at each step 
about some point already included in an we take another, if possible projecting 
beyond the regions already covered. If the whole region cannot be covered in a finite 
number of steps there will be a point C of it such that we can approach 0 as closely as we 
like in a finite ntunber of steps, but cannot include (7 as an interior point. But if we add 
a region of F that encloses C7 we do include C7 in a finite number of steps. 

, It makes no difference to the argument whether G is supposed to be an isolated point 
or a point of a continuous barrier, and there is no restriction on the shapes of the regions 4. 

The theorems of rmiformity of continuity and differentiability of an analytic function 
(11'042 and 11*044) are applicsations. 

1*09 a. We assume repeatedly that the sum and product of two continuous functions 
(and therefore of any finite number) are continuous, and that those of two functions of 
bounded variation are of bounded variation. The proofs are simple : for the last, notice that 

+ i{9ip^) ff (^r+l)} )} 

andit follows that if Jf, ^ are the upper homids of |/(a5) ], | g{x) |, aad 17, V the total varia- 
tiozis of/(a?), g{x) in the interval, the total variation off{x) g{x) is not greater than MV + NU • 

1 * 101 1 a. If we take a nest of intervals enclosing a discontinuity, the leaps in them have 
a positive lower bound, which we may call the leap at the discontinuity. An alternative 
form of the condition is then: a necessary and sufficient condition that a bounded function 

f{x) shM have a Siemann integrcilj f(x) dx is that for any e, S the discontinuities where the 

leap is can enclosed in a finite set of intervals of toted length < For the fonotion has 
no disck>ntinuities where the leap is in the rem aini n g intervals. Then about any point 
in the remaining intervals we can find an interval such that the leap in it is < ej hence, by 
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the Heine-Borel theorem, we can subdivide the remaining intervals into a jSnite number 
of subintervals satisfying this condition. 

ITote that if Du Bois Beymond’s condition is satisfied we can take a set of positive 

quantities 65,61 e^, ..., tending to zero. Classify the discontinuities according as the 

leap I at them satisfies 6 o> 2 > 6 i, ..., ^>Z>6r^i. Enclose the rth class in a set of 
intervals of total length then all the discontinuities off{x) ^ enclosed in an enumer- 

able set of intervals of total length Hence Lebesgue’s condition (1* 1012) is satisfied. The 
converse is more difficult. 

It does not follow that the discontinuities themselves are enumerable, since some of 
the intervals may contain a non-enumerable set of discontinuitieB. Examples are given 
in most books on the Lebesgue theory. 


1*1011 6 . If /(*) has a Riemann integral, {/(os)}’* {n > 0) and | /(») | have Briemann in- 
tegrals over the same (finite) interval; for if /(a;) is bounded and its discontinuities form a 
set of measure zero, {/(a;)}** and | /(a:) | have these properties. The converse is not true. 
For if /(a:) = 1 for rational x and = — 1 for irrational x, {/(a:)}® and [ f{x) \ have Biemann 
integrals over any finite interval, but /(a:) has not. 

l* 1012 a. This condition is due to Lebesgue. We do not use it directly; proo& are given 
by Lebesgue* and Hobson, f We do, however, firequently need the notion of a set of zero 
measure. 

If /(a;) is continuous at a: = o, there may nevertheless be discontinxuties of /(a:) arbi- 
trarily near a, provided their amounts decrease rapidly enough as a!->a. If /(a;) = 1 for 
X rational, and/(a:) = 0 for a; krational, then for every a, rational or not, there are values 
of X arbitrarily near a where /(a:) = 0 and values where /(a:) = 1; thus every value of a; is 
a discontinuity of this function where the leap is l,.and/(a;) has not a Biemann integral. 
But if /(a?) = 0 for a: irrational, and/(a;) = l/» for » = mjn, where mjn is a proper fraction 
in its lowest terms, f{x) is discontinuous only at rational values of x. For any irrational a 
can be enclosed in an interval (of length 1/n!) containing no rational fraction with a 
denominator less than n, where n is arbitrarily large. Hence the discontinuities of this 
fimotion form a set of measure zero. Also the number of those where the leap exceeds e 
is not more than the sum of the integers less than 1/e, and is finite. Hence this function 
has a Biemann integral, 

1*102 a. If .gr(a:) is of bounded variation in (o, 6), and/(») is bounded, a necMsary and 
rb 

sufficient condition that f{x) dg{x) shall elist is that for any cj, 8 the interval can he 

J x^a 

divided into a finite number of intervals such that the total variation of g(x) in the 
intervals where the leap of f(x) is greater than o) is less tbau 8 . The proof is substantially 
as for the Biemann integral. The same condition is of course necessary and sufficient for 

the existmoe of I g{x)df{x). Note that it is not satisfied iff{x) and g{x) have a dis- 
Ja!»a ‘ 

sontanijity at the same value of x. For in any interval including the discontinuity neither 
he leap off{x) iwr the total variation of g{x) is arbitrarily small. Note also that if g{x) 
8 constant oveap Jaart of the range, it does not matter wla&iif(x) does within that part. 
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If a < 6 < c, and we write Z(d, e) = /(») then if Z(a. c) exists both I{a, b) and 

J m^dk 

1(6, c) exist, and their sum is J(o, c). The converse is not alwajrs true. If 


/(*) = 0 (a5<0), ?(*) = ! (x<0), 

= 1 (a;>0), =0 (»>0). 

J* ^^djandJ* both exist and are zero, but J* does not exist. The converse 

is true with a slightly different definition of the Stieltjes integral given by Pollard. 


1*10310. TakiDg/(a:) = a;, we have the corollary that /?(*) da: exists if gf(a!) is of bounded 
variation; and therefore a function of bounded variation satisfies Du Sois Peymond’s 
and Lebesgue’s conditions for having a Riemaixn integral. 

I‘lll0. A corresponding theorem to that of 1*111 holds for Stieltjes integrals of the 

form Un(pB)dg{x) where g(x) is an increasing function. Poflard shows also that if 

{?»(*)} ^ * sequence of bounded non-decreasing fimctions, a <6, and gn(a:) ->-p(a;) for 

a < a: < 6, g{a), g{b) bdbtig finite, and if j f{x) dgjix) exists for all %, then j* f{x) dg{x) 
rb rb Jx^a * Jx">a 

exists^ and | The remarkable feature of the theorem is 

J x^a J X"^a 

that it does not assume the convergence of {g',i(a;)} to be uniform. 


l*114a. By a theorem of EgorofF, proved in Titohmarsh’s book and L. 0. Yotmg’s 
tract, if/n(a:) ->■/(«) in (a, b), thsafnix) -^/{x) uniformly in (a, 6) except possibly in a finite 
or enumerable set of intervsds of total length S, where S is arbitrary. The proof is beyond 
the scope of this book. It follows immediately that if ffjtx) almost everywhere in 

(a, 6), and l/,i(aj) | < JIf for all » and all a; in (o,6), and if f /„(a:) dx exists, then lim f f^(x)dx 

pt> J<* 

exists, and that it is equal to | f{x) dot if the latter exists. 

Jo n 

This result can be made the barns of a definition of f{x) dx by a device similar to that 

used in defining infinite and improper integrals. is uniformly boused and has a 

Biemann integral, and/,,(a;} -^f{x), except possibly at a set of measure zero, we can define 



even thou^/(a;) may not have a Biemann integral. 

The integral so defined is equivalent to the Lebesgue and Young integrals; the definition 
is an extension of Young’s. The L integral is equal to the Biemann mtegral when the latter 

exists. Iffn{«)^f{x), SO that different sequences of 

. J® 

fimetipns both tending tof{x) will define the sanle value of the integral. The same results 
are true for infinite and improper integrals if | /»(*) ] < Huf), where the infinite or improper 
integral of h{x) exists. With tluis extension of ^e definition of an integral vaAay awkward 
conditions for the inversion of limiting processes can be avoided. In particular uniform 
oon.vergenoe is required as a condition in fewer theorems. Spemal metiiods are still needed 

48-« 



660 Notes l*12a-i 

for the treatment of infinite and improper integrals when they are not absolutely 
vergent. 

It will follow at once from this definition that if /(a;) = 0 for irrational x,f{mln) • 
or 1 when m/n is in its lowest terms, L f f{x) da; = 0. 


I/O 

I/O 


l'12a. The remark in italics inline 3ofl‘12 is needed becausethe ezistenoeof 

does not guarantee that of I* f{x)da;. Butif f '/(a:) da; exists for all finite X, and 

J a J a , 

1*00 

exists, then f(x) dx exists. There are two distinct considerations involved, the exis 
rx ^ 

of •/(a;)da;foranyfiniteZ,andtheoonvergenceof f{x)dx. Itiswiththelatter, 

Ja jo 

the former, that we are concerned in the following sections. 


assi] 


l*12h. Another type of justification of the reversal of the order of limiting pro( 
rests on absolute convergence. If f(x,y) is a non-decreasing function of both x t 
(either or both of which may take only integral values), and 

y) = fim/(a:, y) = h(x), 

X-^ao y->-oo 

then lim g(y) = lim h(x) 

y-4-00 aj->-oo 

in the sense that if either of the limits in (2) exists the other exists and the two are e 
Note first that g(y) is a non-decreasing function of y. For if < ^2 

= lim{/(a;,y2)-/(®.yi)}>0- 

*->-00 

Similarly ifx 2 >Xi, hixj) > ^(xi). 

IfUmgiy) = M, for any e there is a F such that for all T, 

M'^g{y)>M-e. 

Fat alix,y,M'^ giy) >f{x, y). Also X existe such that for all a; > X, 


and therefore for all y > F 
Hence for a;>X 


f{x,7)>g{T)~e 
Hf >A(a;)>Jlf— 2e 


and li^x) also has limit M as a;->oo. 

The essential point is that dther double limit is the upper bound of /(a;, y) for all '< 
tions of X and y. 

If is a function of integral variables m, and 


m n 

f{m,n) = '£ 

r*l 


ttie theorem- gives the rule for inversion of order of siunmation in a double ser 
d pbsitive terms. 

fe . If *„{x) is noorn^ative, then 


m. 


» /•« ^ / 00 \ 

2 it„(a;) dar= 2 «»„(*) <**• 

J 0 / 
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If ^{x, y) is non-negative, 

Jo ‘^^Jo “Jo 


{») 


■vrhere we write /(*, y) for the assumed common value of the integrals for upper termini 
x,y. 

If in (7) some of the are negative, we can write 


«»i.n = 1 V« 1 +“< 


'OT,n> 




%,« 1 '~^m,n ( 10 ) 

*^•*1 “^m, m ^m,n all non-negative. If S S | | exists we see easily that and 

satisfy the conditions for inversion of the order of summation, and by subtraction 
does so. 

By a similar device we can show that (8) and (9) are true if the convergence condition 
is satisfied by | | or | <l>{x, y) \. 

The corresponding theorem for unifonn convergence is as follows. If for aivy positive X, 
'uniformly as y-^cofor O^x^X; if f{!c,y)-^g{y) asx-^aa inswliaway ihait 
for <my e an X exists such -ffiat | f(x, y) - g{y) \<6foraUx>X andatiy; then 


lim h{x), lim g{y) 


( 11 ) 


hotii exist and axe equal. Take X so that | /(«, y) ~g{y) \<taiotx>X and all y. Then take 
r so that |/(X,y)— A(X)|«ufory>F. Thenfor!c>Zandi/>r 

My)-A(Z) ={/(a:,y)-flr(y)}-{/(X.y)-fffy)-t.{/(X,y)-A(Z)}, (12) 

|/(aj,y)-A(X)I<3<tf, Igr(y)-ft(X)|<3o), (13) 

and therefore gr(y) has a limit. Denote this by F. 

Hence we can take 7' sothat | gr(y) — F |<<uforally> F'. If F" is the greater of F, F', 
and a?>X, v> 

|/(».l/)-?(y)I + |9(y)--y|<2a>. (14) 

Hence, making y->- 00 , | A(x) — F| <26)and%(a;)-»-F. Hence the two sidra of (11) axe equal. 
There are corollaries for sums of double series, sum| of infinite integrals, and double 
integrals, analogous to (7), (8), (9). For integrals, note that if ^{x,y)-s-6{x) uniformly 

for 0<aj<X, then J ^(g,y)^->-J 6(^)d^ uniformly in the same interval. For if for all 

\^{x,y)-6lx)\«i>, (16) 


« in (0,X) 


jya,y)~9m^ 


<(i>X<e 


if ft)< e/X. 

l*123d. The behaviour off(x) and 

lim f f{x)dx, (* lim/(*)<te 

fl-^QoJO Jo Tl’^tO 

should be studied for the cases . 

f(x) = f(x) = noe-"*, f(x) = 


( 16 ) 
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The follo'wing applioation of Dirichlet’s test is sometimes useful. Let 

1=1* ooB{f(x)}da:, 


■vrhere /'(*) > 0 for x>a, and /'(») ^oo as a:->oo. Put f(x) = y, /'(») = Ijgiy), f(a) = b. 
Then ^ is an inoieasing function of x, and 



Sut g{y) > 0, and is a decreasing function mth limit 0 if 6 is large enough. Hence a sufficient 

^OO ^00 

condiUonfor I cos {/{»)} d!a;, I sin {/(a:)} da: to converge is ihcdfor some suffieiendy large a, 
andx^a, we havef'{x) > 0, awd/'(a:)->oo. For instance, 


converge. 


^00 1*00 

cos da;, I cos (a?— ma;) da: (mreal) 

Jo Jo 


l*131a. Change of variable in an integral. Ifx = h{y) = J g{u) du, and if 

1 = P f{x)dx, J = r f(x)g{y)dy 
Jy^a Ja 


both exist, then I = J. Since both integrals exist by hypothesis, it is enough to prove that 
the Bdemann sums tend to the same limit for some way of forming them. Take Xf = h^y^), 

= 4 = S/(g,)(a;^i-a;,), 4 = -?/,). (1) 

Since g(y) is integrable, the intervals of can be chosen so that those where the leap of 
g(^) is greater than (i> have total length < S, where o, d are arbitrarily small. Also | g(y) | 
is bounded, say < G; hence if the greatest interval yr+i—t/r ^ 1®®® greatest 

I **+!"*»■ 1 ^ ^® ■fchan OX. Hence Now if G„ p, are the upper and lower 


bounds of g[y) for y, < y < y^+x, 

9r(if r+l - Vr) < “ ®r < (2) 

, gt^9{Vr)«^r> (2) 

and therefore l®r+i-«r-fl'(’^r)(ym-S'r)|<(<?r-9r)(y*n-yrV W 

|4-41^S/(|,)(G,-p,)(y,^x-2^r)* (fi) 

Let the leap of gi^/) in the whole interval be N', and let G,— y, be < w exc^t in a set of 
intervals of total length 8. Then 

|4-J„|<FN3+a>J’(6-o-^), (6) 

where F is the upper bound of | fipt) |. This is aicbitraiily small; hence 

I = J. ' ' (7) 

The usual form f /(a;)daj= j* /(a5)^dy (8) 

, ’ «..i J»-a Ja ■ ay 


is:'4^9what less general because it assume dxfdy to exist everywhere. If this condition 
tbe'ti^nreni is. pr^ed vet^ easily by an application d BoUe’s theorem. , Put ' 
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the more general form is needed, for transfoimaiMon of integrals along curves, which msy 
hsive comers where there is no defimte tangent. (8) can be made valid if Sit any point c 
where dxjdy does not exist, we understand it to be replaced by any value between the limits, 
as iy-> 0, of the upper and lower bounds of daldym{c-S,c+8). 

I’lSo. An important case is where/(a?) satisfies a lipschitz condition of order 1 uni- 
formly in (o, 6) ; that is, if a constant A exists such that | /(seg) < A [ *a - *1 [ for all 

jtj, X 2 of (a, 6). dearly /(as) must be both continuous and of bounded variation. It is not 
necessarily differentiable at all points of'(o, b), as we see from the example /(as) = [ as | in 
( — 1, i). But it can be proved (with some difficult) that /(as) has a derivative almost 
everywhere and is a Lebesgue integral;* the derivative, where it exists, is obvioudy 
bounded. Consequently the condition that %) of the note to 1*131 satisfies a lipschitz 
condition of order 1 uniformly is enough to justify the change of variable if the Lebesgue 
integral is used. 

3*03(1. The statement that the only isotropic teusom of orders 2 and 3 are scalar 
multiples of and respectively is easily proved by the method of 3*031. 

5*05(1. It may appear that the assumption that x,y,z are continuous functions of a 
continuous parameter t is not obviously true for all three-dimensional sets that we should 
be willing to <}all curves. But the definition gives more generality than we need, not less. 
Curves have been defined satisfying this definition that pass through every point of the 
closed region bounded by a unit square. The possibility of obtaining useful results about 
curves arises from the further restriotiou that they have lengths. For references see 
Lebesgue’s Legona sur Vintegration, pp. 44-5. 


5*052 a. An elementary direct proof that a curve with a ficnite length has a tangent 
almost everywhere is given by Besicovitoh.f 

• 5*06(1. Lebesgue gave what appeared to be a satisfactory definition of the area of a 
surface by means of the sum of a set of approximating triangles, involving a double limit. 
This has recently been proved unsatisfEtctory by Besicovitch,^ who has defined a surface 
with a finite area according to Lebesgue’s definition and a positive three-dimensioiuil 
measure. That is, we can imagine a bbUoon enclosing the 4 |axface and another within it; 
however much we exhaust the outer ahd inflate the inner balloon, subject to their not 
intersecting the surface, we cannot mahe the volume between them arbitrarily small. 

Some authors meet the difficulty by defining the coordinates Xf directly as functions 
of two parameters «, v. Then the area of a surface element is taken as [ J ] where 



The area ofthe surface is defined as JJ|/|(i^((ivandthedireotionoosinesofthenormalby 


I J I 


8(!gfc.a!m) 

0 («,«) 


* Titchmaish, Theory of FimcHoru, 366-9, 864-7; W. H. and G. 0, Young, Proe. Zond. MaA. 8oe, 
{2), 9, 1911, 326-36. 

' t Lond. MaA. Boo. 19, 1944, 206-7. 

t Q-J. MoA,. (Oxford series), 16, 1946, 86-101 
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This treatment makes the meanings of some of the theorems less intuitlYe, but has the 
advantage that once u, v are specified we can give a precise condition for the existence of 
the area. 

9*04 a. The throw-back can also be used with Bessel’s formula, as has been pointed out 
by Comrie. The coefficient of the fourth difference in this formula is A(^+l)(^— 2) 
times that of the second, and this ratio varies firom — i to — the variation is even less 
than that of the correq>onding ratio in Everett’s formula. The ratio of the coefficient of 
the fifth difference to that ofthe third is ^(d-i- 1).(0 — 2). Consequently it is advantageous, 
if fourth and fifth differences cannot be neglected, to take 

+ 0 * 108 ^ 6 /,^). 

9-05 o. This method of transforming the equation is given by Newton in Be 
Anahjsi, 1669, and illustrated by the equation 2a; — 6 = 0. Synthetic division 
is not used in Homer’s origmal paper;* he used another method of transformation. 
Synthetic division was introduced and applied to this problem by Homer in a further 
series of papers.f He did not multiply the roots by 10 at each stage. He emphasizes the 
importance of proceeding one figure at a time in the early stages of the work, and this is 
perhaps his most important contribution. As it happened, the real root of the equation 
used by Newton for illustration is very close to + 2*10. Consequently it is impossible to 
say from this example alone whether Newton habitually tried to obtaia several figures 
at a time or not. He does so in the later stages of the work, when higher powers are 
becoming n^ligible, but so does Horner. 

It appears ficom Homer’s papers that Newton’s method had been completely forgotten. 
When he speaks of ‘Newton’s method’ he means the iterative method stated in geo- 
metrical form in the Piinoipia (Lib. 1, Prop. 23) for solving ^~emx^ = N(e,N given), 
and still usually known as Newton’s method. It seems to have been first applied to 
algebraic equations by Baphson. It contains no provision for making the determination 
of early figures facilitate that of later ones. For non-algebralc equations such provision 
is best made in the method <n inverse interpolation. 

9*09 a. The comparison of the Simpson and three-eighths rules takes the total range 
the sstme for .both, so that Simpson’s rule uses one iutermediate value and the three-eighths 
rule two. If the lengths of the intervals are the same for both the advantage is the other 
’^y. Thus 

f a;‘d!a; = 4x243 = 97*2. 

J -3 I 

Using imit intervals we have 

X _3 _2 -1 ,0 1 2 3 

81 16 1 0 . 1 16 81 

^hapscxp’s rule gives -{-4 x32H'^x2} = ^x 294 = 98*0. 

• pm. Trane. 109, 1819, 306-S6. 
t L^botune’s Mathemdiieal Be/poeikary, 6, 1820. 
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The three-eighths role gives 

1(81-1- 3 X 16-1-3 X l + 0)-|-f(0-f 3x l-l-3x 16-f81) = f x 132x 2 = 99*0. 

The possibility of this comparison arises only when the number of intervals is a multiple 
of 6. 

9*10 o. W^ith any method, of numerical solution of differential eq^tions, rounding-off 
errors tend to accumulate, and as each is carried on to the next step they cannot be 
detected by differencing. This is particularly serious for a differential equation of the form 

y''=f{x)y, 

where /(*) is positive. One solution, increases with *, another, y^, decsreases. Then the 
first two values of a solution y can be represented exactly by a fimotion of the form 
Ay^ + By^, If we start j&om 0 and try to compute y^, the first two values actually chosen 
will have rounding-off errors, which can be represented by a term in and the latter 
will increase steadily throughout the work, while y^. itself diminishes. Thus the pro- 
portional error will mcrease for both reasons. Consequently it is desirable, in solution of 
equations of this type, to work in the direction of inoreasiog * if we want y,, , but m that of 
decreasing a; if we want y^. 

9'lla. Since 

/(o-!-fe)=/(a)-FV/(a+A), V’tf(o) = (V"- V«+i)/(a-hA) 
we can write the Adams-Saehforth formula as 

i J“'^V(») d* =/(«+ A) - V/(a-j- A) -H (iV ...) (1 - V)/(a-h A) 

In this formula the coefficients of the second and higher differences are much smaller tham 
in the original one, and it is correspondingly more accurate. As for the central-difference 
formulae, the procedure is first to exijrapolate a value of/(a-f- A) and then improve it by 
successive approximation. 

9- 14 a. The Gauss-Jackson method can be adapted to the solution of 

if we have a means of calculating dyjdx at the tabular values of a?. We have 

Substituting y from (10) we find 

The coefficients are the same as in 9*084 (8), The extra trouble of forming 
• and taking the mean is not prohibitive. 
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1 1*053 a. The notion of differentiability in three dimensions permits proofs of 6*08 (2) 
and of Green’s lemma under somewhat wider conditions than those given in the text. 
If P is Xi, and Q is Xi+x^, where = r*, and each component is differentiable, 

“<( 0 ) = • ( 1 ) 


where with r. is continuous and therefore the upper bound of | | for given r 

also->-0 with r. Consider a surface enclosing P. Then 

jjlfUidS = 

If we take a sequence of surfaces jS„, and the volume of /S„ is Jca%, where k is constant, 
such that the upper boimd of r on is (?(aj, and the area of 8^ is 0{a%), then as o„->-0 


which IS 5*08 (2). 

A gain, if is differentiable throughout a dosed region, it will follow as in 11*044 that 
for any e a set of cubes can be superposed on the region such that for any cube there is a 
point P of the cube and of the region such that for any point Q of the cube and not outdde 
the r^on (1) is satisfied. Then as in the proof of Cauchy’s theorem we can show that 




( 4 ) 


when the cubes are taken arbitrarily small; where Sr is the volume of the part of any cube 
that lies within the region, and summation is over all cubes. This does not complete the 
proof because divu might have disoontinuiti^, and its values at other points of the cube 
might not be arbitrarily near its value at P. But if the volume integral of divi« exists 
the second term in (4) is arbitrarily near to it; hence 


subject to the previous conditions on 8; provided that Uf is differentiable 'in the dosed 
region and that the volume integral exists. Since differentiability is a necessary condition 
for dtttjdxji to be a tensor these conditions cover all oases where we should want to use 
the lemma. 


ll*16a. In the Weierstrstss theory a function is defined at the outset only within 
the oirde of convergence of the original power series. The. function is then defined by 
the values given by the series together with all its continuations, which may pass 
branch points on opposite sides and. thus give more than one value of f{z) for given s!. 
But if /(») is a rational function, not with a pole at the origin, the Wderstrass method 
.would define it initially only within a drde extending to the pole of smallest modulus, 
.,iMi|, the process pf .cCntinuation is needed before we can calculate it anywhere outside 
dn^. The melhod that we have adopted, on the other hand, enables us to 
dite«f^y 4 $cb!al| 'the fixadalnental xhleB for ai^ value of z. except thd poleck 
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Similarly, definitions by definite integraJs are often directly applicable over larger 
regions than power series. ® 

The introduction of artificial barriers to replace many-valued functions by single- 
valued ones IS an awkward feature of the present method, since the same object would 
usually be attained by many different cuts. It is possible either with the Weierstrass 
or the Cauchy method to dispense altogether with the use of cuts and to consider the 
function as a whole; we can choose one possible value of /(«) at » = say, and con- 
sider how /( 2 ) behaves if 2 varies continuously ficom 2 o to 2 i, f{z) varying oontinuouslv, 
or we can use the method of continuation by Taylor series. The value found for /(i) 
wiU then depend on the route chosen if f{z) is many-valued, and the route therefore 
must be specified. This is done most systematicaUy by the Riemann surface method, 
which replaces the 2 plane by a number of sheets winding into one another at the 
branch points. In this theory it is always true that there is a singularity on the circle 
of convergence, and the possibility of the series converging but not being equal to the 
fimction in part of the circle does not arise ; the sum of the series is always one value 
of the function. The general treatment is beyond the scope of this book. We have 
however a number of oases, especially in chapters 21 and 26, where special attention 
has to be given to different paths of integration in presence of one or more branch 
points. Fortunately in these cases the distinctions between the paths are fairly simple. 

The treatment of ftmctions with branch points is particularly important in the theory 
of conformal representation, but there the principle of one-one correspondence between 
points of the two planes compared makes the introduction of outs unavoidable. 


1 1 ' 1 61a. It follows from the Heine-Borel theorem that if /( 2 ), a function of the complex 
variable, has a power series expansion about every point of a closed region, a finite set of 
squares can be found, covering the whole region, so that every square, or the part of it 
that is not orutside the region, lies wholly within the drole of convergence of ^he expansion 
of/( 2 ) about some point of the square. 

12-051 a. It follows from the Heine-Borel theorem that if ^ =/( 2 ) is analytic, single- 
valued, and nowhere stationary in a region, the region can be coveted by a finite set of 
overlapping squares each lying within the drcle 0 corresponding to some point of it. 
Hence the inverse function 2 =: wiU be single-valued and analytic over the whole of 

the correspondmg region in the ^ plane. 

Functions with this property are often called simple or ecUvM. 

14'08a. Lebesgue* has given a direct proof of the theorem for polynomial approxi- 
'.mations, not depending on the use of integration. 

16-051 a. This argument shows that/(») = 0(1/®), g{x) = 0(1/*®) is a necessary con- 
dition for the esdslienoe of two power series solutions near » » 0. The argument of 16-05 
shows that if a; is an ordinary point or an isolated singularity of/(as]) and g{x), the solutioos 
be expressed in terms of functions with, convergent Laurent expansions near 12 = 0. 
ItdoeBnotshowthat/(a!) » 0(l/»),g(a:) = 0(1/®*) is a sufficient condition for the exwtenoe 
of two solutions in terms of ascending power series, for either Laurent senes might r^re- 

* BiHl- dfis Sei. MaOt. 22, port 1, 1898» 278-87. 
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sent a function with an essential singularity at a; = 0. The argument can be completed 
on the lines of 16-03. Note that if «2 are the roots of the indicial equation, we can write 


/(*) = 




where p{x), q{x) are analytic at a; = 0; and the differential equation can be written 




where 


}i{x) = q{x)-xf^-^{3?'-^p{x)} 


and is analytic at a; = 0. If we start at a; == a;o and define 

q4>{x) = Nm, 

Jxo 

we get y = + Baf* + a:** Q{x-*ip{x) y} + ®»» $[a;*i^-i ${ar»i h(a:) y}]. 

By successive substitution we find that the approximations lead to a convergent series. 
If Si > Sj, ar»» y is bounded near a: = 0. If Sj = Sj, ar* y is bounded for all s < Sj. Hence the 
functions ar*i xr^» W^, or ar*(B^ - TJ5[ * log a:) have not an essential singularity at a? = 0, 
and therefore can be expressed by ascending power series. 

17*03d. The argument applies with little change to integrals of the form 

I = 

where » > - 1 ; this is equivalent to Watson’s form. 

The oondition'that/(a;) is bounded on the real axis is fax fix>m necessary. The only use 
made of this' condition is in (3). If for some m and k, z^f{z) is bounded on the real axis 
for 91(z) > k, g{z) will be bounded for any % greater than and the rest of the argument 
wiE follow. 

f{z) may also be mfinite at isolated points on the real axis provided that for such a point, 

say 6, the integral S[z)dz existe as a principal value or an improper integral. This 
J 

condition arises in the -method of steepest descents when the path goes through two 
saddle points. 

18’05a. There are many papers on Matbieu’s and related equations, espedaJly by 
E. L. Inoe and S. Qoldstein, who first produced adequate general methods for computa- 
tion. References are given by W. G. Bickley.* 


• PWI. Mag. (7), 30, 1940,. 310-22. 



APPENDIX ON NOTATION 


The difficulty of leaniing matheinatioal ph 3 rsios is much, increased by confusion 
of notation, especially the overworking of certain letters and the introduction of 
awkward sign conventions. The only criterion usually recognized is confonnity with 
‘standard practice’. This appears to assume that mathematical physics will come to an 
end before the books regarded as standard need new editions. We see no reason to accept 
this principle. It would be far better that the authors should adopt new conventions in 
their next editions than that students should be puzzled for generations by unnecessary 
complications. 

The following principles are important in choosing conventions : 

(1) Complications should be reduced to a Tnini-mnni Negative signs should not be 
introduced without good reason. 

(2) Grenuine physical diffierencds should be recognized as such and not disguised as 

conventions; attempts to disguise them always lead to later difficulties that have 

been forestalled. 

(3) Where a mathematical theory has applications in several subjects the notation 
should be such that it can be carried over into those subjects rmohanged; so far as possible 
it should not use symbols already used with other meanings in those subjects. 

The outstanding difficulty of notation at present is the ambiguous use of V and 
V is used for potential energy, which is a property of a complete system, but also for the 
various potential functions, which are functions of position within the system. It is also 
used for Hamilton’s oharaoteristio fauQtion, and, in hydrodynamics, for a component of 
the velocity at a great distance. There is a tendency at present for potential ffinctions to 
be denoted by a usage long established in hydrodynamics. This would remove most of 
the difficulty. The characteristio function, which has a rather special field of application, 
oo^d be denoted by A, and the velocity component by if tensor notation is adopted. 
It would therefore be easy to remove the ambiguity of V. The trouble is now that ^ is 
also used for one spherical polar coordinate, corresponding to the longitude, and there are 
many potential problems that require this coordinate. One alternative would be to use 
capital C> for potential in such problems, but this is difficult to write. The other is to find 
a new symbol for longitude and, with it, Euler’s second angle. Lamb here uses w in pro- 
blems where a velomty potential exists and <j> where none does. The disadvantage of o 
as a regular notation for this purpose is obvious. if> has the disadvantage that in geodesy, 
which also depends greatly on the theory of the gravitational potential, ^ is used for the 
JaHtvde, and the longitude is denoted by A. The same notation is used in meteorology. ' 
Again, in oktssioal hydrodynamics we often require to use the velocity potential and the 
gravitational potential in the same problem, and it is therefore imposinble to use jS for 
both. If we maintain its original use for the velocity potential, therefore, we must for this 
reason alone firict another symbol for the gravitational potential. A universal rule that 
potential fimctions are to be denoted by is out of the question. The exertional treatment 
of the gravitational |)otential would remove the difficulty in ^desy and dy nam ical 
meteorology, where velocity potentiajts do not occur, but not that of electriohl and hydro- 
dynamical systems with avial symmetry, where we need another symbol for the osixaxij 
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coordinate anyhow. The geodetic practice suggests A as a suitable one. Something could 
be said for ijr‘, its use as the allied function to ^ in two-dimensional theory would lead to 
no confusion because the corresponding angle is there usually denoted by 6, and was 
used in the works of Routh for the second Eulerian angle (% would be available for the 
third). The replacement of ^by^was made only inrecent works. Lamb’s Higher Mechanice 
uses d, X- Either change would lead to changes in the notation of spherical polar co- 
ordinates, but there seems to be no escape, and in fact the notation given in matbfl nfifl.t,i oa l 
textbooks is not used in a large fraction, perhaps the majority, of problems where position 
on a sphere has to be specified. 

In dynamics it is generally convenient to use the work function, the work done on a 
system in transporting it from some standard state to its state at time t. This avoids a 
negative sign in the formation of generalized force-components. The potential eneigy; 
which is the work function with its sign changed, is convenient in the general theory of 
small oscillations about eqtulibriimi, since it is then a positive qua^atic form. This is a 
case where a little extra complication in notation is j.ustified. The interest of potential 
energy in its own right really arises in rela^on to stable systems and becomes dominant 
in electricity and thermodynamics. In the treatment of large motions it is a nuisance. 
There is therefore a definite advantage in having both the work function and the potential 
energy as part of our equipment. In electrical problems potential energy is often denoted 
by W when F has been preoccupied by the potential function; but if we denote the latter 
by <f> we can use F for the potential energy and release IF. The position therefore is that 
we need symbols for work-function and gravitational potential, and U and W are available. 
17 is at present widely used for both. It is suggested that W should be used for the work- 
function and U for the gravitational potential. 


With regard to the choice of signs, the following usages have become common, for the 
sake of formal similarity: 


Generalized force: 

0 -J-l 

(1) 

Electric intensity: 


(2) 

Velocity in fiuid: 


(3) 

Gravitational acceleration: 

II 

1 ■ 
Oil Ci) 

. W 


The first arises if we use potential energy; the sign is reversed if we use the work function, 
which is, for instance, the easier in all problems of orbits. The second usage has definite 
recommendations. In electrostatics the potential energy is a TniTiimnin and is convenient 
to write down, since that of two charges is ee'/r iu electrostatic units. We must either have 


■the negative sign in the function to be differentiated or insert it after the differentia^on, 
usual potential is the change of potential energy per unit change of ohaage^ at the point 
l^^dered; IfWe need the ,work function per unit charge instead we should have toput a 
?55l|a||||tiye si^ ifrto the definition of which wpuld mpan reversing the signs of all recorded 
Ahbordingly (2) must be kept. (4) was introdticed by Lamb tq make 
witil^^t^i^nt this is a false anrdogy. ^here is a fundamental physical diffe^ 
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enoe between gravitation and eleotrostatios: two masses attract, two like charges ropel, 
wod a difference of mgn somewhere is inevitable. What Lamb’s convention does is to make 
TOO gravitational potential always negative and reverse the sign in Poisson’s equation, 
a heavy price to pay for a thin analogy. The obvious course here is to call the work 
&nction per umt mass U, and replace (4) by the form in use before Lamb’s convention 


«i = 4- 


0*/ 


The negative sign in (3) was also introduced by Lamb. It has never been used outside 
Britain, but several other British writers have copied it on the basis either of Lamb^s 
authority or of a belief that the usage w6w general in this country. The latter belief is 
mistaken; the chief users of the velocity potential in this country are the workers on 
aerofoil theory, who have continued to use the positive sign as in Glauert’s book. Purther, 
Lamb’s book is as generally recognized as the chief authority abroad as here, but his 
convention is not adopted; and Love’s Elasticity, an equally authoritative work, uses the 
positive sign when irrotational displacements occur. The negative sign in (3) can therefore 
be regarded only as an annoying and useless complication. Accordingly all considerations 
of convenient expression indicate that the b^t relations to take are: 


Qr^ 




(general case) = — 


dV 


(small oscillations), 






dXi 


(1') 

(2') 

(30 

(40 


The difference of sign in (20 and (3') is of little importance because electrostatic and 
hydrodynamical aspects seldom occur in the same problem. Gravitation is often important 
in hydrodynamics and it is convenient^to have the same sign in (30 and (4'). 

A few words are also desirable about the constant y. This has different values in difbrent 
subjects and special symbols may be introduced. It is desirable not to suppress it in 
electrostatics and magnetism even though its numerical measure has been ma^o 1 by 
a choice of units. The choice of a unit does not make it into a number, and inadequate 
analysis of the nature of physical measurem^t has led to the assertion, which still appears 
in textbooks intended for mathematioal students, that the ratio of the eleotroatatio and 
electromagnetic units is the velocity of light. Pnrther, the theprc^oal absolute electro-' 
tpaguetic units are never used, and with the practio^ units these constants are fer &om 
having numerical measure .1.. They are not even exact powers of 10; fiw the practaeal 
'^i^plomb is defined jn terms Qfd®ip®<dfiedainount of dteposition of silver, andthepraotioal 
ohm by a standard column of merouiy, and the eonditioo that the absorption of eoeigy 
t^ust be PE joules second is not eptotly satisfied by the practical mute. The omfewm 

oif the oonstants is, possible only if thfe teaching of elecfoomagnetio tiwoiy is omnplet^y 
s^Mtirated concrete systems. 
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In Tiaserand’s M&(xmqm Celesta, and in many other works on the subject where the 
law of gravitation is most used, the constant is denoted hy/ (roman or italic). No reason 
appears to have been given for its replacement by G in some recfent works. / appears to 
be quite free from objection. It has been suggested that it might be mistaken for a 
function, but one of us has been using it since 1914 without finding a case where some 
letter other than /was not indicated for any function considered. 

The choice of units recommended by Lorentz and Heaviside, so as to absorb the 4?r 
of Poisson’s equation into y, seems to have about as much to be said for it as against it. 
The theorei!a.of Green’s equivalent stratum asserts nothing but relations between values 
of j5,'and contidns the 47r, and there is no way of removing it from one place without 
putting it in in another. 




